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Preface

This book contains original research articles and tutorial surveys on the interac-
tion and combination of symbolic and numeric computations. It has evolved from
the invited and contributed presentations given at the International Workshop on
Symbolic-Numeric Computation (SNC 2005 — http://www-calfor.lip6.fr/ wang/
SNC2005/) held in Xi’an, China during July 19-21, 2005. Among the 23 chapters
in the book, four are contributed by the SNC 2005 invited speakers, Robert M.
Corless, Matu-Tarow Noda, Victor Y. Pan (and co-workers), and Hans J. Stetter,
18 were selected by the SNC 2005 Program Committee from 39 submissions with a
double-refereeing process, and one additional tutorial survey was submitted under
invitation. The collection of articles covers various topics of symbolic and numeric
computations:

— GCD computation and factorization for polynomials with inexact coefficients
— Symbolic-numeric methods for solving polynomial systems

— Symbolic-numeric linear algebra and nonlinear algebra

— Resultants and structured matrices for symbolic-numeric computation

— Differential equations for symbolic-numeric computation

— Numeric polynomial algebra and algebraic geometry

— Numeric computation of triangular sets, Grobner bases, and border bases

— Implementation of symbolic-numeric algorithms

— Applications of symbolic-numeric computation

The growing demand of speed, accuracy, and reliability in scientific and en-
gineering computing has been accelerating the merging of symbolic and numeric
computations, two types of computation coexisting in mathematics yet separated
in traditional research of mathematical computation. SNC 2005 was organized as
a satellite conference of the 2005 International Symposium on Symbolic and Alge-
braic Computations to facilitate the symbolic-numeric interaction and integration
and meanwhile to resume the previous meetings SNAP ’96 held in Nice, France
and the SNAP mini-symposium at STAM 98 organized for the same objective of
designing and implementing algorithms and software tools for hybrid computation.

The SNC 2005 program featured four invited talks and 27 technical presen-
tations. It provided a lively forum for researchers in the fields of computer algebra
and numerical analysis to interact and exchange ideas and views. Informal pro-
ceedings of SNC 2005 were printed and distributed at the meeting. The workshop
attracted 55 participants from Austria, Canada, China, France, Germany, Japan,
and USA.

We acknowledge the generous support received from the National Natural
Science Foundation of China, the Key Laboratory of Mathematics Mechanization,
Institute of Systems Science, Academy of Mathematics and System Sciences, and
the Key Laboratory of Mathematics, Informatics and Behavioral Semantics, School
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of Science, Beihang University. Our special thanks are due to the members of
the SNC 2005 Program Committee and external referees for their expertise and
timely help. We thank all the authors for their contributions to SNC 2005 and this
volume, and Kaitai Li and his organization team from Xi’an Jiaotong University
for their efforts with the local arrangements of SNC 2005. We are also grateful to
Thomas Hempfling and Stefan Goller at Birkhauser, Basel for their support and
cooperation on the publication of this volume.

Beijing Dongming Wang
October 2006 Lihong Zhi
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On a Generalized Companion Matrix Pencil
for Matrix Polynomials
Expressed in the Lagrange Basis

Robert M. Corless

In memoriam: Karin Gatermann (1961-2005)

Abstract. Experimental observations of univariate rootfinding by generalized
companion matrix pencils expressed in the Lagrange basis show that the
method can sometimes be numerically stable. It has recently been proved
that a new rootfinding condition number, defined for points on a set contain-
ing the interpolation points, is never larger than the rootfinding condition
number for the Bernstein polynomial (which is itself optimally small in a cer-
tain sense); and computation shows that sometimes it can be much smaller.
These results extend to the matrix polynomial case, although in this case
we are not computing polynomial roots but rather ‘polynomial eigenvalues’
(sometimes known as ‘latent roots’), i.e. finding the values of z where the
matrix polynomial is singular. This paper gives two theorems explaining part
of the influence of the geometry of the interpolation nodes on the conditioning
of the rootfinding and eigenvalue problems.

Mathematics Subject Classification (2000). Primary 68W30; Secondary 65F99;
Tertiary 65D99.

Keywords. Lagrange basis, companion matrix, polynomial eigenvalue.

1. Introduction

There are two parallel threads of recent research into polynomial computation us-
ing alternative bases, other than the power basis. The motivation for both threads
is that conversion between bases can be unstable, and the instability increases
with the degree [17]. These threads are of interest both to the computer algebra

This work was supported in part by a grant from the Natural Science and Engineering Research
Council of Canada.



2 R.M. Corless

community and to the numerical analysis community because both threads involve
hybrid symbolic-numeric computation.

One thread, exemplified by the papers [7, 14, 15, 30, 32] investigates poly-
nomial computation via the Bernstein basis, which is well-suited to applications
in computer-aided geometric design. The paper [31] compares the average-case
behaviour of monomial and Bernstein bases and shows that Bernstein bases are
better. Further, the papers [13, 22] prove that in a certain sense Bernstein bases
are optimal both for evaluation and for rootfinding.

The other thread, exemplified by the papers [1, 5, 9, 27], investigates com-
putation with polynomials expressed in the Lagrange basis, or in other words
directly by values. Related works include [16, 28], which use the Lagrange basis as
an intermediate step in the computation and analysis of polynomial roots.

The condition number of the rootfinding problem for scalar polynomials ex-
pressed in the Lagrange basis was studied in [11], which showed that while Bern-
stein bases are optimal in the class of bases nonnegative on the interval [0, 1],
Lagrange bases can sometimes be better (although they can be negative on the
interval). See Sect. 2.5 for a summary of those results. Another result of that paper
was that the rootfinding condition number can sometimes be arbitrarily better, in
the case when a node is arbitrarily near to a root.

Recent papers by Berrut and Trefethen [6] and Higham [19] show that work-
ing directly in the Lagrange basis is both numerically stable and efficient, more
stable and efficient than had been heretofore credited widely in the numerical
analysis community. These recent results strengthen the motivation for examining
algorithms for direct manipulation of polynomials by values. We use the notation
of [6, 19]. They show that one may write the (scalar) polynomial P(z) that takes
on the values Py at the distinct nodes xj in either of the two barycentric forms:

Py (1.1)

or

-1
- wkI - Wi
P(z) (;_oxxk> kg%xkpk (1.2)
where ((z) = (z — zo)(z — 21) -+ (x — z»), and where the wy, = 1/[[, . (zx — 2;)
are the (scalar) normalization factors, called the barycentric weights in [6], of the
Lagrange polynomials Li(z) = wy [[; .4 (z — z;).

Extension of the first form, (1.1), to the matrix polynomial case is straight-
forward: the formula holds componentwise. To see that the second form is valid,
interpolate the constants 1 and 0 on these nodes to find that

I:Z(x)zn: R |

r — T
k=0 k

—1
and hence that ¢(z)I = (ZZ:O o ) . This is equivalent to division by a scalar.

T—Tk



On a Generalized Companion Matrix Pencil 3

The works [6, 19] show that these formulae are numerically stable, in that the
values obtained by evaluating these formulae for a given numerical = are the exact
values of polynomials that nearly go through the given data Py. More particularly,
they show this in the scalar case, but this just extends componentwise to matrix
polynomials.

All the usual caveats about the use of high-degree interpolating polynomials
and their sensitivity to changes or errors in the data must be considered in any
given application. This observation motivates the present paper, where we explore
how the placement of nodes affects the conditioning (sensitivity) of the polynomial
eigenvalue problem for a matrix polynomial given in the Lagrange basis.

This current paper takes the results of [11] further, extending the results to
the matrix polynomial case, and investigating the effect of the geometry of the
interpolation nodes on the conditioning of the problem.

2. Summary of Previous Work

2.1. A Generalized Companion Matrix in the Lagrange Basis

Following [9], the generalized companion matrix of the polynomial given by its
values is defined below. If the values of the (matrix) polynomial at ¢ = xg, x = z1,
..., and x,, are (the matrices) Po, P1, ... and P,,, then the generalized companion
matrix pencil is

SC()I PO
Ill P1 X
. . ™
Co = . : =: [ wT o ] (2.1)
z, I Pnu
wol wI -+ w,I 0
where X := diag (zo, 21,...,2Zn), 7 is the last s columns and first (n + 1)s rows

of Cp, and w' is the last s rows and first (n + 1)s columns of Cp, and C; =
diag (I, I,...,I,0) where the blocks I are conformal with the s x s square blocks
Pyx. Then we have

Theorem 2.1.
det(xCl — Co) = det P(l‘)
and degdet P(x) < ns.

Proof. See [9], or use the Schur complement. |

In the s = 1 (scalar) case, we will write p(z) instead of P(x). In that case,
the eigenvalues of the pencil (Cg, C1) are, aside from an extraneous double root at
infinity, exactly the roots of p(x). Notice that the Lagrange polynomial is not con-
verted to monomial form, or indeed even formed explicitly, though the barycentric
weights wy, are formed.
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2.1.1. Scaling. Clearly, we may multiply all the Py by any nonsingular matrix
whatever without changing the generalized eigenvalues, because this simply mul-
tiplies the matrix polynomial by a constant matrix. This can be shown to imply
that we may also multiply the final s rows of Cy by any nonsingular matrix also
without changing the generalized eigenvalues.

Finally, we may scale all xj by a constant, say X = max |zk| and put & =
xr/X. This induces a scaling of the barycentric weights by X™. The polynomial
eigenvalues of the scaled Co, C'1, say p;;, are related to the original polynomial
eigenvalues >\ij by Hij = )\”/X

Remark. We will assume henceforth that the nodes x; and the values Py are scaled
in a fashion suitable for computation (e.g. by dividing by a constant so that the
maximum norm ||P,,|| = 1 and by dividing all the w by their maximum) by a
person knowledgable about the particular application context. We do not yet know
enough about this to recommend any particular automatic scaling in what follows,
though we do recommend that the person doing the computation pay attention
to this issue. Use of unscaled data corresponds to using non-monic polynomials in
the monomial case.

Remark 2. Experiments with the companion matrix pencil for the scaled Wilkin-
son polynomial p(z) = iO:l(x — k/21) show that a proper scaling! such as dis-
cussed above is crucial for accurate results if the standard QZ iteration is used
to solve the polynomial eigenvalue problem via the linearization to Cy, C7. That
is, simply forming Cjy and C; and passing these unbalanced to an iterative eigen-
value problem solver such as QZ iteration does not give good results, because the
balancing necessary is not permissible (in general) for a generic matrix pencil and
thus is not part of any standard implementation of the QZ iteration. Since the
generic QZ iteration is of cost O(n3s®), as either n or s goes to infinity with the
other fixed, and does not take advantage of structure, we would hope to do better
in any case.

In some detail, the example was to find the roots of a 2 by 2 matrix poly-
nomial formed from the scaled Wilkinson polynomial p(z) = Hiozl (x —k/21). We
chose nodes randomly near the interval [0, 1], by the MATLAB command nodes =
linspace(0,1,21) + (rand(1,21)-0.5)*(.007+.007*sqrt (-1))/21;, and then
set up the polynomial values at the nodes by the following iteration:

rts = (1:20)/21
yd = nodes - rts(l1)

for i=2:20,
yd = yd .* (nodes-rts(i));
end;

1T will call this ‘balancing’ in the future, but it is different from the standard ‘balancing’ of
matrices for stability in computing eigenproblems, where a diagonal similarity transformation is
used to make the row and column norms more-or-less equal. Here we have more flexibility.
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This evaluates p(z) accurately at each node, using the product form. We then made
a two by two system by using the Kroenecker product: y = kron(yd,eye(2)). We
then set up the generalized companion matrix pencil, and balanced it:

[cO,cl,w] = gcmp( nodes, y’ )

% Must balance cO for good numerical results!

c0( :, 43:44 ) c0( :, 43:44 )/norm( c0(:,43:44) );
c0( 43:44, : ) c0( 43:44, : )/norm( c0(43:44,:));

The computed eigenvalues of this companion matrix pencil, i.e. the eigenvalues of
the linearization of the matrix polynomial, were different from the true latent roots
by no more than 7-10~%, and are plotted in Fig. 1 together with the roots and with
the roots obtained by interpolating the y values (forming the matrix polynomial
in the monomial basis) and calling polyeig. The errors in the interpolate-then-
solve-with-polyeig case were nearly 100 times larger, as is visible in the Figure.

Without balancing, the errors in the eigenvalues of the pencil Cy, C; were
also smaller than the errors in the interpolation case, but only accidentally so:
the nodes themselves are close to the roots, and the computed eigenvalues of the
unbalanced pencil were just the nodes.

< Roots
O Lagrange
. * * _Monomial

0.02- 4

L *
o & @ = # § @ © © © © © @ © © o o P 2 & @ 4
* *
0.01F * B
o. .
* *
-0.02 * * B
*

_0.03 . . . . . . . . .

o 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

FIGURE 1. Roots of the scaled Wilkinson polynomial, embedded
in a two by two matrix polynomial, as computed by the lineariza-
tion (generalized companion matrix) of the Lagrange form, and as
computed by first interpolating and then using MATLAB’s built-
in polyeig. The errors in the interpolate-then-solve method are
nearly 100 times larger than the direct method.

2.2. Eigenvectors for Simple Finite Eigenvalues

2.2.1. Barycentric Form. If r is not a node but is an eigenvalue of the matrix
polynomial P(z) and v (w7 is a corresponding right (left) null vector of P(r), then
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the eigenvectors of the generalized companion matrix pencil (2.1) corresponding
to the simple finite eigenvalue r are

P()V/(T — 1‘0)
P1V/(T — 1‘1)
R— : (2.2)
Pov/(r—z,)
and on the left
L= [wO/(T — o) th w1 /(r — 1) Wt7 cewp /(1 — xn)wt7 Wt] . (2.3)

2.3. Generalized Eigenvectors of Multiple Finite Eigenvalues

Letting an eigenvalue r; approach another eigenvalue r5 and examining the linear
combinations of eigenvectors (Ry — R1)/(r2 —r1) and (L2 — L1)/(r2 —71), with the
obvious interpretation of symbols, shows that the right eigenspace of a multiple
eigenvalue is spanned by R, D(R)(r), and indeed all derivatives up to order m — 1
where m is the order of multiplicity of the eigenvector. This is exactly what would
be expected, and a similar result holds for the left eigenspace.

2.4. The Reducing Subspace at Infinity
Consider the scalar case, s = 1.

Theorem 2.2. If p(") % 0 then there is a double eigenvalue at infinity, with only
one eigenvector [0,0,...,0,1]T. Another vector in the reducing subspace at infinity

18 [p07p17 <y Pn, O]T
The case s > 1 is similar:

Theorem 2.3. IfP(™) is not singular, then there are s double eigenvalues at infinity,
with eigenvectors [0,0,...,0, e{] for 1 < k < s. Another s vectors in the reducing
subspace at infinity are the columns of [Po,P1,...,Py,0].

For a proof, see [10].

Remark. These ‘intrinsic’ roots at infinity do not usually bother our computa-
tions. If we use the RQI method (or any other numerical method that undoes
the linearization, by taking account of the structure) then these infinite roots are
automatically avoided. However, we see in Sect. 4.3 that if the degree of P(x) is
actually less than n, then there are still more spurious roots at infinity; and the
higher the multiplicity, the more chance that they may affect the computation of
the finite roots.

2.5. Conditioning

The conditioning of a problem measures sensitivity of the solution to changes in
the problem data. This notion is extremely useful in applied mathematics and in
numerical analysis, because it can also be used to estimate the sensitivity of the
solution to changes in the problem formulation and, by virtue of backward error



On a Generalized Companion Matrix Pencil 7

analysis, the sensitivity of the problem to numerical errors. There are hierarchies
of condition numbers for several problems, and in [22] we find an analogue of the
structured condition number of linear algebra (see [18] for an overview) defined
and used for evaluation of polynomials; the paper [13] shows that dividing an
evaluation condition number by |p/(r)| gives a rootfinding condition number. We
summarize the analogues in the context of Lagrange bases, here.

Let U be a finite-dimensional vector space of functions defined on Q € C*®
and let b = (¢o, ¢1,...,¢,) be a basis for U. Let T' € Q be a (possibly finite) set
which we will use to characterize nonnegativity of the basis: both [13] and [22] take
T = Q but we will occasionally take T' C €2 to be a set containing the interpolation
points. If f € U has simple finite roots, and the expansion f(z) = Y ;" c;¢i(z),
we consider the relatively perturbed function g = >." (c; + d;¢;)¢;(z) and look
at the differences between the simple roots of g and those of the unperturbed f.
Similar considerations hold for the values of g compared to the values of f.

CULo) = |y 2 lestn(o) (24)
1=0

cond(b; f, z) ﬁf}ﬁ:) (2.5)

condr(b, f) = sggcond(b;f,x) (2.6)

With € = ||d¢|lcc we have (asymptotically as € — 0)
|7 — RootOf (g, z = r)| = Cy(f,r)e + O(?)
where RootOf(g, x = r) means the root of g closest to .

Remark. A similar definition holds for the matrix polynomial case, but the for-
mulae are more complicated, involving the left and right null vectors of P(r). For
example, the conditioning of a simple eigenvalue r with left null vector w’ and
right null vector v is given by the formula

_wIAP(r)v

0 Py (2.7)

Here the eigenvalue 7 + §, of P(z) + AP(z) is related to the eigenvalue r of P(x).

3. Numerical Methods for Computing the Eigenvalues

Without efficient and stable methods for computing generalized eigenvalues of
matrix pencils, this new companion matrix pencil would be a curiosity only. In
this section I make some remarks on numerical methods.
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3.1. Use of Existing General-Purpose Methods

The simplest approach is just to call existing routines in Maple or MATLAB or
whatever libraries the user has handy for the computation of generalized eigen-
values of matrix pencils. This is so successful an approach that the motivation
for searching for better methods is considerably lessened. Indeed, all previous ex-
amples of computation of roots in this method, including the over 400,000 roots
computed in [9], were computed by calling standard routines. However, there are
three pertinent observations:

1. For standard methods, such as QR iteration for the ordinary eigenvalue prob-
lem or QZ for the generalized eigenproblem, the cost in storage is O(n?) and
the cost of the arithmetic is O(n3) flops (if that matters: on some parallel
machines, for example, the claim is often made that floating-point arithmetic
is free, taking place as it does in the shadow of memory accesses). In theory,
the storage cost for these special matrices should be O(n) and the arithmetic
cost could (at first glance) be expected to be O(n?), and so one would ex-
pect that special-purpose methods would be cheaper. One would also expect
that in certain applications this cost savings of a factor of n would actually
matter.

2. The proof that ‘finding roots by way of standard methods to compute eigen-
values of companion matrices’ is numerically stable [12, 29] is published only
for companion matrices in the monomial basis, and apparently, in a Ph.D.
thesis by Gudbjorn Jénsson, for the Bernstein basis (see [21] for a citation).
It seems clear that the proofs will carry over to this new companion matrix
pencil, but the details remain to be worked out. In particular, the observa-
tions about balancing (more special-purpose balancing than can be done for
general matrix pencils) by scaling the zy, the Py, and the barycentric weights
may play a significant role.

3. Some older methods, such as Rayleigh quotient iteration, have natural in-
terpretations in terms of matrix-vector products and can easily be cast in a
way that requires only O(n) storage and O(n?) arithmetic cost; but possible
problems with deflation, basins of attraction for initial guesses, etc remain to
be investigated.

3.2. Rayleigh Quotient Iteration

Amirhossein Amiraslani, Dhavide Aruliah and I have implemented two variations
of Rayleigh quotient iteration for the computation of eigenvalues and eigenvectors
of these generalized companion matrix pencils. These will be reported on more
fully elsewhere [3], but, in brief, we attain O(ns?) storage use and O(n?s* + s3)
arithmetic cost in both variations; however, the constrained case requires initial
guesses to be near the convex hull of the interpolation nodes, and thus is inferior
to the slightly-more-expensive-per-iteration unconstrained method, which experi-
mentally shows convergence almost everywhere.
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3.3. General Methods for Quasi-Separable Matrices

Dario Bini and co-workers have discovered and implemented a Q R-based algorithm
that preserves the structure of a class of structured matrices, including the type of
matrix pencils used in this paper [8]. This is a very significant development, and in
particular their methods ought to be easily extendable to the matrix polynomial
case, where we would get, again, O(ns?) storage cost and O(n?s + s%) flops, all
the while maintaining numerical stability.

3.4. Weierstrass Iteration

Both Rayleigh quotient iteration and the quasi-separable matrix methods alluded
to previously use the structure of the matrix pencil but only indirectly use the fact
that the eigenproblem is that of a matrix polynomial expressed in the Lagrange
basis. One wonders if the use of Weierstrass iteration for simultaneous approxima-
tion of all zeros [20, 26] might be a viable, stable, efficient alternative. Weierstrass
iteration in the scalar univariate case may be expressed as

P(z)
[ Pl1Q(25)
where Q(z) = a(z —21)(z — 22) - - (2 — z,,) and « is chosen so that ||Q|| = 1. Each
iteration thus requires the evaluation of P at each z;, and the evaluation of the

derivatives of @) at each z;, which may be carried out by the differentiation matrix
method of [5]. Relevant works include [16] and [24].

zj = 2j — ,1<ji<n (3.1)

4. The Influence of Geometry
4.1. Experimental Results

By direct computation on many examples we have noticed that roots inside a
region defined by the interpolation nodes tend to be well-conditioned, whilst roots
even a short distance outside this region (think of the convex hull) can be badly
conditioned. A thorough study of the average case conditioning of roots, as done
by Joab Winkler for the Bernstein basis case [32], would be welcome.

As a first attempt at a systematic exploration, we consider scalar polynomials
with values either +1 or —1. For low numbers of interpolation nodes, an exhaustive
study can be carried out. Note that the constant polynomial has no roots, and that
the polynomial with values —px has the same roots as the polynomial with values
Dk, and therefore we may choose without loss of generality one node, say zp, to
have the value 41, and insist that one of 21, 29, ..., z, have the value —1. This
gives n2" 1 different sets of roots of polynomials defined on n + 1 nodes.

We have computed all the roots for n + 1 = 15 in Maple, using the built-in
generalized eigenvalue solver, on a 2003 laptop. Remember, such a computation is
guaranteed to be at least a factor of 15 slower than a special-purpose method, but
even so computation was successful in less than a day, producing an intelligible
plot. See [9].
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4.2. The Condition Number of a Faraway Root

We have experimentally observed that roots far away from the interpolation nodes
are poorly conditioned. This can be explained analytically, as follows. Suppose we
consider a family of polynomials with a root z = Rrj, and n — 1 other, fixed, roots
at ro, T3, ..., Ty, but scaled so that p(zr) = O(1) as R — oo. That is, put

e =)@ —r2)--(a—1a),

for some constant c. We now consider the condition number for relative pertur-
bations at the nodes zj to the values pg, that is, changing them to pr(1 + o)
which is

p(x) =

1 n

Since |p/(z)| = [p/(Rr1)] = O(R"2) as R — oo, and while the sum without the
absolute values is zero (z is a root) each Lagrange polynomial becomes large for
large R, ie:
(z—z0)(z—21) - (2 = Tp-1)(2 — Tpy1) -+ (2 — 2n)

(xr — zo)(zgp — 1)+ (T — T1)
and as R — oo this clearly grows as O(R"™). Since there are n + 1 terms in the
sum, we have proved:

Lk (Z) =

Theorem 4.1. For n + 1 fixed interpolation nodes, a distant root of a polynomial
(O(R) distant from all interpolation nodes) has a condition number that grows at
least as fast as O((n + 1)R?).

Proof. The above computation gives the exact condition number for one family
of polynomials with a simple large root, thus providing a lower bound on the
condition number. (]

Remark. The condition number estimates the effect of small relative changes in the
values of the polynomial at the nodes, but gives absolute changes in the root. The
above computation shows that there exist polynomials with large roots that each
have condition number approximately proportional to the square of the magnitude
of the root; so a relative change in the coefficients of O(¢) may result in an absolute
change in the large root of O((n + 1)R%), or a relative change in the root of
O((n + 1)Re). By restricting ourselves to a problem with one single, simple large
root, we have only established a lower bound on how bad things can be.

4.3. Perturbing Roots at Infinity

A subtly different issue is the possibility of roots at infinity, caused for example by
oversampling. This is different from the previous case because we will be perturbing
to or from a multiple root, not a simple root. If p(z) has exact degree d, and we
interpolate it on n 4+ 1 > d + 1 nodes, then rounding errors (or other interpolation
errors, such as measurement errors) will give us computed values py = p(xy) + ex
for some errors ey. Exact interpolation of these n+1 values will give a polynomial of
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degree n > d. We would expect that the d exact roots of p(x) would be reasonably
close to d of the n roots of p(z), but where will the n — d extra roots be? A
perturbation analysis as ||e|| — 0 is illuminating.

Theorem 4.2. The n —d extra roots grow like 1/||e||'/ =% as ||le|| — 0. Moreover,
the roots are asymptotically symmetric, in the sense that they approach infinity
along the n — d rays of a star with equal angles and at equal radii.

Proof. Without loss of generality, consider the family of polynomials

k n
x
p)=c]] (R *Tj) II @—rp).
j=1 j=k+1
This is without loss of generality because any given polynomial may be embedded

in such a family of polynomials by appropriate choice of the O(1) constants rg.
Expanding the product of the first k factors gives (with & = z/R)

gk7(T1+T2+“‘+Tk)§k71+“‘+(71)k7‘17"2“‘7‘k.

If it so happens that r1 + 72 + - -+ 7 = 0 and likewise for all the (symmetric)
sums of the intermediate terms except the last, we are left with a factor

x\k &
(R) + (=) %ryrors -1 .

This differs from O(1) by a term O(1/RF). Therefore p(z;) = pn_i(x;)(1 +
O(1/R*)), making only a small change in the values of p at the nodes z;. More-
over, the only way that we can have all the intermediate symmetric sums zero is
if 71, 79, ..., r, are kth roots of a constant, which establishes the second part of
the theorem. O

Remark. The computation shows that we may take any degree d < n polynomial,
evaluate it at n + 1 nodes, perturb the values at those nodes by O(1/R"~4), and
introduce zeros lying near a circle of radius R. This is typically seen by having
rounding error perturbations of size u, the machine epsilon (typically something
like 2% or 10~1), and seeing spurious roots near a circle of radius x~'/*, where
k is the number of excess nodes. For example, if n = 15, and the nodes are the
16th roots of unity, and the polynomial being sampled is 1 (so d = 0 and all
roots are spurious), the computed eigenvalues all have norm about 8.3, and are
symmetrically placed about the origin. For comparison, (246)'/1 ~ 8.3, and
separate investigation of Maple’s machine epsilon reveals that on this machine, we
have =~ 2746,

4.4. Pseudospectra

The thesis [2] contains the following lemma, which extends a similar one for the
monomial basis [23] to the case of arbitrary bases. We can therefore separate the
spectral properties inherent to the matrix polynomial P(z) from those arising from
the choice of representation. For an example, see Fig. 2.
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FIGURE 2. Nodes at origin and at the eighth roots of unity,
omitting —1, have a benign influence on pseudospectra where
B(z) = Y1 _o ok|dr(2)| is small. In the centre region here, B ~ 1,
while for each four (logarithmic) contour lines, B(z) grows by a
factor of about 10.

The weighted pseudospectrum of P(z) = Y _, Cr¢r(z) is defined to be
A(P) :={z € C:det((P + AP)(z) = 0 with |ACy|| < ake} ,

where the weights oy, are nonnegative and not all zero. The lemma says that this
set can also be described as

A(P)={2€C: P} (2)] > (eB(2)) '} ,

where the scalar function B(z) := > _, ok|¢r(z)| depends on the weights and on
the (scalar) basis functions ¢ (z), but not on P. This formula contains quantities
that also appear in the condition number of Sect. 2.5.

Pseudospectral results will be explored further in a future paper. See, mean-
while, the poster [4].

4.5. Lebesgue Constants

This paper has concentrated on complex nodes, especially near-circular nodes (be-
cause of their beautiful conditioning, and their natural character of surrounding
points of interest). However, even more work has been done on sets of real nodes,
for obvious reasons. We summarize some of the implications of these standard
results here.

By abstracting out the values of the polynomials being interpolated, we arrive
at a generic characterization of interpolation nodes by themselves: the Lebesgue

constants.
" [Tk (2 — )]
k
AQ(IO»Il»"'vIn) ‘= sup 7 ’

S 2 T, — ) “1)



On a Generalized Companion Matrix Pencil 13

This is a measure of how good or bad the Lagrange polynomials based on the
nodes {xy} are at representing arbitrary polynomials in the region .

Remarks.

1. The Lebesgue constants are the maximum possible condition number for a
polynomial taking on values with |px| = 1.

2. It is possible that some functions can be well represented for rootfinding or
for evaluation, by interpolation at the x; in €, even if the Lebesgue constant
is large for those nodes in 2; the Lebesgue constants represent the worst
possible behaviour.

3. A lower bound for the Lebesgue constants on n + 1 nodes is given in [6]:

A 1 m{?LX W '
~ 2n2 minwy
This shows that if the barycentric weights wy vary widely, then the interpo-
lation problem is ill-conditioned on these nodes.

5. Concluding Remarks

One interesting problem in Polynomial Algebra By Values is “what is the degree”?
If the degree is known a priori then many algorithms (particularly that of division)
can be carried out without difficulty. However, what if the degree is not known?
How does one deduce the degree, without converting to a monomial basis? This
last restriction disallows least-squares fitting, for example. One possible suggestion
is to use the perturbation result of Sect. 4.3: compute the roots (!) and count the
ones that are not large enough to be perturbations of a multiple root at infinity.
Another is to use dual norms to find the nearest polynomial of lower degree, much
as one finds the nearest polynomial with a given root [25]. This approach will be
explored in a future paper.

Another interesting problem is that further work is needed to adapt the proofs
of [12, 29] to show that standard numerical methods do, in fact, give the exact
roots of a polynomial (polynomial eigenvalues of a matrix polynomial) nearby in
the Lagrange basis. Since there are twice as many degrees of freedom as in the
monomial case (here, we may also perturb the nodes), one expects this to be
possible.

There are a surprising number of elementary questions remaining to be ad-
dressed, now that it seems reasonable to work with polynomials entirely by values.
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Abstract. Approximate algebraic computation (AAC) has been one of the
most important research areas in algebraic computation. The basis of AAC is
an algorithm of computing approximate greatest common divisors (AppGCD)
proposed by T. Sasaki and the author. AppGCD and its applications work
well, especially, for obtaining accurate results of ill-conditioned problems. Al-
gorithms and implementation methods of AppGCD are briefly surveyed and
its applications such as hybrid integral, hybrid rational function approxima-
tion (HRFA), data smoothing by using HRFA and new hybrid method for
computing Cauchy principal value integral are described. Further, a patho-
logical feature of HRFA and relations of HRFA and ill-conditioned problems,
and their applications are discussed.
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Keywords. Hybrid computation, ill-conditioned property, algebraic equation,
rational interpolation, quadrature.

1. Introduction

Traditionally, the word scientific computation means computation done numeri-
cally, i.e., numerical computation. The successes of numerical computation have
brought about today’s development of the Computer World. Numerical computa-
tions have a very wide application area, and a number of research works on applied
mathematics have also been proposed. Further, this research has supported cur-
rent developments of the so-called engineering society. However, as is well known,
these developments have some defects. They include:

1. the results are always in danger of numeric error,

2. since a number of algorithms are proposed, problems related to algorithm
selection occur, and

3. algebraic or symbolic computations are impossible.
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On the other hand, rapid progress of computer hardware and software has led
to the use of symbolic computation. Symbolic computation wastes a significant
amount of computer memory and computing time as well. Computations done
symbolically give exact results. Thus, if numerical computation is effectively com-
bined with symbolic computation, some problems in numerical computation may
be solved more quickly and accurately.

Many approaches have been used for combining numerical computation with
symbolic computation. Some of them are shown by Kaltofen et al. [13, 4]. One
of the candidates for such type of computation that may be used effectively is
the problem of solving ill-conditioned polynomial equations. A polynomial is said
to be ill-conditioned if small changes in its coefficients result in large changes in
its zeros. An ill-conditioned polynomial equation has at least one of the following
properties:

1. the existence of several roots having ratios close to unity,
2. the existence of multiple roots.

The first property means the existence of close zeros in a polynomial equation. For
multiple roots, let the polynomial equation be

P.(z) = ap + a1z + azx® + -+ apz" =0, a, #0,

and let m; be the multiplicity of a solution x; of P,(x) = 0. If a coefficient as, is
perturbed slightly to ai + Aay, then the perturbation in z; is

mj!x;kkAak L/m
YO @y Py f
where Aay < ai [2]. Many numerical algorithms have been proposed to obtain
zeros effectively. However, most of them are not effective for ill-conditioned prob-
lems.

If the polynomial P,(z) has integer coefficients and its roots are integer,
then multiple roots are easily separated by symbolic computation. For s-fold mul-
tiple roots, P,(z) is divided by d®) P,(z)/dz®, with residual equal to zero. It
follows that the greatest common divisor (GCD) of P,(z) and its (s — 1)-times
differentiation by x are not primitive. The GCD of two univariate polynomials P;
and P, with exact coefficients, GCD(Py, P»), is obtained by algebraic Euclidean
algorithm. Sasaki and the author applied the Euclidean algorithm to polynomi-
als whose coefficients are inexact, i.e., with limited accuracy or perturbed within
small tolerance. In this case, GCD is replaced by approximate GCD (AppGCD)
with accuracy €, AppGCD(Py, Py;¢) [26, 21]. There are two simple approaches to
computing AppGCD for polynomials with inexact coefficients. One is the method
known as AppGCD (with accuracy ¢) and the other is the method using interval
arithmetic [20]. These two methods will be briefly described in Sect. 2. AppGCD
has been applied to several kinds of scientific computations. The first is an integral
of a given ill-behaved function which is obtained in the symbolic-numeric combined
environment. AppGCD plays an important role in the integration procedure. The
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method is called hybrid integral and will be described in Sect. 3. Section 4 is de-
voted to hybrid rational function approximation, which is abbreviated simply as
HRFA. In HRFA, AppGCD is effectively used. If a given function or set of data
is approximated by a rational function, there often occur approximate common
factors in numerator and denominator polynomials of the rational function. These
approximate common factors are eliminated by the AppGCD of the numerator
and denominator polynomials. Hybrid algorithms are applied to some practical
problems such as data smoothing and Cauchy principal value integral. These ap-
plications will be shown in Sect. 5.

2. Approximate GCD Computations

Two implementation methods for AppGCD are discussed. One is known as App-
GCD with accuracy e, which is the basis of every kind of AppGCD proposal.
The other is AppGCD using interval arithmetic. After the successful application
of AppGCD for solving an ill-conditioned algebraic equation, other AppGCDs
have been proposed by several researchers from different viewpoints. They are
also summarized briefly.

2.1. Approximate GCD with Accuracy ¢

The AppGCD of two polynomials P; and P, with accuracy e, AppGCD(Py, Ps; ),
is a natural extension of the usual GCD computation by Euclidean algorithm.
Here, coefficients of both polynomials P; and P, are inexact and are represented
by floating point numbers. The polynomial remainder sequence (PRS) is obtained
by the Euclidean algorithm as follows:

P;_1 = PQ; + Py, 1=2,...,

where @); is a quotient polynomial. Because coefficients are inexact, all coefficients
of the polynomials in the PRS contain error by division operations. A cutoff op-
eration which regards the coefficients of polynomials in the PRS smaller than a
tolerance ¢ as zero is introduced. Thus the PRS is written as

Pl,PQ,Pg,...,Pk #O,P]H,l =0 (cutoffs).
The approximate GCD with accuracy ¢ is defined as
AppGCD(Py, Py;¢) = P.

The above procedures are shown in an algorithm below:

Algorithm 1: Approximate GCD Algorithm

Input: Univariate regular polynomials P;(z) and Ps(z) with deg(Py) > deg(Ps)
and a small positive number ¢.
Output: Approximate GCD of P;(z) and P»(x) with accuracy less than e,
AppGCD(Pl, PQ, 6).
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Algorithm:
1. Calculate a PRS

Py, Py, ..., P, # 0 (cutoff €), Pry1 = 0 (cutoff ¢)
by the iteration formula
Q; = quotient(P;_1, P;) ;
P,_1 = Q;P; + max{l,mmc(Q;)} x P;y1, i=2,...,k,

where mmc denotes the maximum magnitude coefficient of the polyno-
mial.
2. Return the primitive part (pp) of Py as

AppGCD(P; (), Pa(x);e) = pp(Pr).

The univariate AppGCD has been used to solve ill-conditioned polynomial
equations (as shown in detail in [26]) and extended to obtain the AppGCD of
multivariate polynomials [22, 21].

2.2. Approximate GCD by Interval Arithmetic

The PRS is computed by using the circular interval arithmetic. An inexact floating-
point number is considered to be a pair of its center, M, and an error radius,
r(M), which corresponds to a perturbation with small tolerance in a circular in-
terval number. Thus the circular interval number is represented as < M, r(M) >.
The circular interval arithmetic is defined as arithmetic between circular interval
numbers. The PRS computation is similar to that of AppGCD with accuracy e.
The difference is on a stopping criterion of the PRS. In AppGCD with ¢, the
cutoff operation is introduced to regard small coefficients as zero. However, in the
interval arithmetic, the condition that the circle contains zero is used as the cri-
terion. There arises a difficulty on division by an interval number. The fact that
the denominator must not include zero in the interval arithmetic. In the circular
interval arithmetic case, if the condition

| M [<|r(M) |

shows the circular interval contains zero. Thus the PRS is stopped at a polynomial
whose coefficient satisfies the above condition. Later, Shirayanagi and Sweedler
discussed the condition in detail with rigorous mathematical proofs by using the
rectangular interval arithmetic and established a theory to stabilize algebraic al-
gorithms [30].

2.3. Computation Examples of Both AppGCDs
Consider the polynomial equation
P(z) = z* — 10.42° — 70.962* + 29.6x — 3 = 0.

It has roots x = —5,15 and a double root at = 0.2. The polynomial equation is
ill-conditioned because of its double root. The two methods mentioned above may
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be applied to solve the equation. The Eucledian algorithm with inexact coefficients
gives the following PRS:

P, = z* —10.42% — 70.962% + 29.62 — 3,

Py = 42% — 31.22% — 141.922 +29.6 (= dP,/dx),
Py = —85.782% — 107.76614385x + 24.98461538,
Py = —0.46563934x + 0.09312787,

Ps = 2.77555756 x 1017,

The maximal value of P is less than 10716 times than that of P;. Thus, the
cutoff operation regards Ps as zero. After a normalization of the head term of Py,
the AppGCD with accuracy ¢ = 10716 is obtained and shown as

AppGCD(Py, P2; 10719 = 2 — 0.2.
On the other hand, the PRS generated by the interval arithmetic shows

P =<1.0,22x107" > 2*+ < —10.4,1.8 x 107*° > &*
+<—=70.96,1.4x107 %> 224+ <29.6,3.6 x1071°> 24 <—3.0,4.4x 10710,

Py =<4.0,1.8x 107" > 2+ < —31.2,8.9x 107 *° > z?
+ < —141.92,5.7x 107 > 24 < 29.6,7.1 x 10715 >,

P3 =< —89%x10%38x10712 > 22+ < -1.1x10%,93x 1072 > ¢
+<2.6x10%1.8x 10712 >,

Py =< —4.7x10%1.1x1077 > 24+ < 9.5 x 10°,2.2 x 1078 >,

P; =<1.3x10757.8x107*>30.

PRS computations terminate because P5 contains zero in its interval. By the algo-
rithm stabilization technique [30], Ps should be rewritten to zero (zero rewriting).
Then, we obtain

GCD(P, P) = GCD(P(x),dP(x)/dz) = z— < 0.2,4.7x 10710 > .

Both GCDs give approximate double root of P(z) that exists very close
to x = 0.2. Many kinds of algorithms to obtain approximate GCDs have been
proposed. It follows that approximate GCD and its applications become one of
the most interesting research subjects of computer algebra.

2.4. Solving Ill-conditioned Algebraic Equation

The first success of applications of AppGCD is to solve a univariate ill-conditioned
algebraic equation. A polynomial equation, P(x) = 0, is called ill-conditioned when
the equation has multiple and/or close roots as mentioned in Sect. 1. If the coeffi-
cients of P(x) are integers or rational numbers, say ezact, multiple roots are easily
found and separated by the traditional GCD operation based on the Euclidean
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algorithm. However, if coefficients are inezact and represented as floating-point
numbers, it becomes impossible to use traditional GCD and then, the equation
should be solved numerically. But, in numerical computation, close roots reduce
the accuracy of all roots of the equation. Then, we should make an algorithm
which separates not only multiple but also close roots effectively for the algebraic
equation with inezxact coefficients. This was the first motivation to propose the
AppGCD algorithm [26].

The given polynomial P(x) is, first, decomposed to a square-free form by us-
ing AppGCD with accuracy e. The square-free decomposition of P(z) is written as

P(z) = Q1(2)Q3(2) - Qi (@), (2.1)
where Q" (z) contains all the m-multiple factors of P(z); hence each @; has no
multiple factor. To obtain (2.1), the following method is used:

appacD (P, T ) — Qi) @@, e

Dividing (2.1) by (2.2), the product of square-free factors are obtained as

Q1(2)Q2(2) - - - Qum().

With repeated use of the above procedure, P(z) can be separated to Q1, Q2, . . ., Q.
The procedure by using AppGCD may be called approximate square-free decom-
position.

After the square-free decomposition, for each Q;(z), I=1,...,m, Q;(x) =0
is solved by rough, numerical computation. Let the roots of the computation be
Uy, Uiy, - - .. For each w in w;,, uy,, ..., expand P(u + v) up to v' terms by Taylor
expansion as

l

P(u) + P" f, +~'+Pl(u)1l)' + O =0, (2.3)

where
d'P(x)

 da! la=u
The expansion (2.3) gives an equation on v, p(v) = 0. Since the degree of the
equation is [, [ solutions, vy, ..., v;, may be obtained. By adding these [ solutions to
the solution of Q;(x) = 0, all roots of P(x) = 0 are obtained with high accuracy. We
show an example of how to solve the univariate ill-conditioned algebraic equation
by the method mentioned above [21]. Let an algebraic equation be

j210] (u)

P(x) = 27 — 3.50425 + 0.7620032° + 6.87799x* — 4.026013
— 2.62198z% 4 2.51201z — 0.504006 (2.4)
= (z+1)*(z — 2)*(z — 0.5)(z — 0.501)(z — 0.503) = 0.

The equation (2.4) has two double roots at x = —1 and z = 2, and also three close
roots around z ~ 0.5. Our method is divided into three steps.
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1. Obtain the AppGCD with accuracy ¢
PRS is obtained as

P1 = P(l‘),
dP(z) 6 5 4 3 2
Py, = d =T7x"—21.0242°+3.810012"+27.5122°—12.0782°—5.243972+2.51201,
T

Pz = —1.285722° + 3.22017z* — 0.33318823 — 2.7365522 + 1.77815z — 0.324372,

Py = 1.23979z* — 2.48289x3 — 0.924883x2 + 2.17459x — 0.623204,

P; = —3.37499 x 10~ %23 4+ 5.06537 x 10 522 + 5.505959 x 10~ — 3.38077 x 10°
~ 0 cutoff 107%.

Thus the AppGCD with € = 10~* is obtained as

AppGCD(P, P',10™*) = pp(Px)
— 2% — 2.00266672° — 0.7459989922 + 1.7539990z — 0.50266867,

where P’ denotes dP(x)/dx.

2. Approximate square-free decomposition
By using the AppGCD obtained above, the following square-free factors are com-
puted:
Q3(z) = x —0.50133334, Qz(x) = z* —z — 2.0.
Then P(z) is decomposed as
P(z) = Q3(2)Q3(x) = (2 — x — 2.0)*(z — 0.50133334)>. (2.5)

Roots of Q)2 are easily obtained as ¢ = ug, = —1 and z = ug, = 2. On the
other hand, a common factor Q3 gives x = uz = 0.50133334. These solutions may
correspond to two double roots and close roots of P(z) = 0.

3. Expand procedure of close roots

The remaining problem is to obtain the detailed behavior of P(z) at © ~ —1,2
and 0.50133334. The first, a root = —1, is considered. P(z + v) is expanded up
to v? at £ = —1 and one obtains the result

v? — 1.16651 x 10 "% + small term (< 107'%) = 0.

Thus, v = 0 is obtained with a sufficient accuracy. Thus, the root z = —1 is a
double root of P(x) = 0. Similar procedure may be applied to the root z = 2.
Then, the root = 2 is also a double root of P(z) = 0. The next, the approximate
triple factor Qs(x), is considered. Taylor expansion of P(x 4 v) at £ = us up to

v3 gives

5.06250° + 1.32583 x 10~ "v? — 1.18125 x 107° — 3.75007 x 1072 = 0.
Roots of this equation are

vy = —0.00133334, v2 = —0.00033334 and w3 = 0.001666666.
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By adding these values to us, the following results are obtained:
x=0.5, z=0.501 and =z =0.503.

They are the three close roots of P(z) = 0 with high accuracy.

The method above can be straightly applied to solve a system of multivariate
algebraic equations. In this case, coefficients of equations are also inexact and the
system is ill-conditioned. Detailed discussions are described in the papers [22, 21].

2.5. Other Approximate GCDs

Before the proposal of the paper by Sasaki and the author [26], similar approaches
have been discussed by Schonhage [28], Auzinger and Stetter[1]. However, the ap-
proach in the former study is considerably different from ours, and the discussions
in the paper are devoted mostly to the computation time complexity of the al-
gorithm. Further, coefficients of input polynomials are assumed to be arbitrarily
precise, i.e., belonging to ezact. The authors of the latter paper describe a method
of solving a system of algebraic equations by using a numerical resultant algorithm.

Thus, in this paper, six different approaches for the approximate GCD are
briefly reviewed.

Approximate GCD proposed by Sederberg and Chang [29]: The algorithm is
considered and applied as a numeric-symbolic algorithm to a problem of
computer-aided design. Let P (z), Po(z),. .., P,(x) be polynomials. The set
of polynomials is perturbed so as to induce a linear common factor. That is,
for a set of the perturbation polynomials e(x) = €1 (), . .., en(z), ged (P1(x)+
e1(x), Po(x) + e2(z), ..., Pp(x) + €n(z)) induce a linear polynomial, common
factor. A norm of perturbation polynomial is written as

n

lella,p) = maxa<o<s, | > e?(x)

=1

over a prescribed parameter interval [a, b]. If we represent ¢;(z) by the Cheby-
shev polynomials, we can determine £ which gives the minimum norm, uni-
quely. The result is applied to the problem of approximating high degree
curves by small degree ones.

Approximate GCD proposed by Corless, Gianni, Trager and Watt [3]: For two
given univariate polynomials P (z) and Pa(x), write the Sylvester matrix of
the coefficients of P;(x) and P(z). The Singular Value Decomposition (SVD)
technique is applied to the matrix to compute an upper bound on the degree
of the approximate GCD. By SVD, if the matrix becomes rank deficient by
one, then there exists a common factor of both polynomials. Further, the
number of rank deficient rows shows the degree of the GCD. The method is
applied to a multivariate polynomial case. In the paper [3], an optimization
problem is first used on the problem of obtaining approximate GCD. The
Euclidean norm (2-norm) is used and this selection of the norm is in the

paper.
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Approximate GCD proposed by Karmarkar and Lakshman [14]: The
approach to find the approximate GCD is similar to the above-mentioned
method proposed by Corless et al. [3]. Two monic polynomials Py (x), Pa(z) €
C[z] with deg(Py) = m, deg(P2) = n, where C[z] denotes a polynomial with
complex coefficients, are considered. The problem is stated as to find poly-
nomials P;, P, € C[z] with deg(P,) < m, deg(P,) < n such that P, + P; and
P3 + P; have a non-trivial GCD, and ||Py|| + || Ps|| is minimized. The norm
used here is also the Euclidean norm. The running time of the algorithm is
a polynomial of the degrees m, n. Further, a concept of the nearest singular
polynomial to P;, that is a polynomial h € C[z] with deg(h) = m such that
h has a double root and || P || is minimized, where P, = h — Py, is proposed.
Many works on the nearest singular polynomial have been considered.
Approximate GCD proposed by Hribernig and Stetter [7]: The approximate
GCD is here called the near-GCD. For two given polynomials Py, P, € C[x],
at the accuracy level «, the polynomials possesss a near-GCD g if there exist
polynomials P}, Py € Clz] satisfying

GCD(P{,Pf)=§, and ||P,—P![|<a, i=1,2.

Equivalently, a near-GCD g of Py and P, at accuracy level « is denoted as a-
GCD(P, P;) and computed via the Euclidean algorithm. Here, as the norm
of the polynomial, the 1-norm is used. The algorithm gives a lower bound on
the degree of the approximate GCD.

Approximate GCD proposed by Emiris, Galligo and Lombardi [5]: Several
Approximate GCDs of two univariate polynomials obtained by the above
algorithms depend on the rounding mode or the accuracy e selected for
floating-point computations. Further, as mentioned above, algorithms based
on Euclidean algorithm give the lower bound of the degree of the approxi-
mate GCD. The purpose of the algorithm, developed here, is to obtain the
maximum-degree approximate GCD depending on the given tolerance €. For
two given polynomials Pj, P, € C[z], whose degree is n and m (n > m)
respectively, and torelance ¢ € (0, 1], upper bound on the degree of the ap-
proximate GCD, e-GCD of P, P», are obtained. The degree of the e-GCD is
defined to be the maximum integer r such that there exist P, P, € C [x] of
degree bounded by n and m, respectively, with | P, — Py |, | P, — (P) |[< ¢
and deg(GCD(Py, Py))= r. To guarantee the maximum-degree approximate
GCD, SVD computations on subresultant matrices and a gap theorem are
effectively used. The norm used here is the Euclidean norm (2-norm).
Approximate GCD proposed by Pan [23]: Several methods for computing the
approximate GCD have been proposed by Pan. Here, for P;(z) and Ps(x),
polynomials P; and P; are considered. The approximate GCD of P;" and
Py, GCD(Pf, Py), satisfies the following relations for a real value b:

deg(Py) < deg(P1(x)), deg(P3) < deg(Pa(w)), (2.6)
I1Pf — Pi(z)]| <27°|| Pu(x) I 115 = Pa(x)]| < 27°|| Py(a)]]-
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The maximum §-GCD satisfies the relations in (2.6). Let the two given poly-
nomials be

Pi(z) =ux H(x —y;), and Ps(z)=wvX H(x - z),
i=1 j=1
where u and v are the leading coefficients of P;(z) and Pa(x), respectively.
Thus, y; and z; are zeros of Pi(x) and P(x). Further, a small constant 9§ is
given. The maximum §-GCD gs(z) of Pi(x) and Py(x) is defined as

i
g}g(x):kl;[l(x—xk), xk:ylk;%k, k=1,...,m,

where the set of pairs (y;,,2;,), .- ., (¥i,, ;) 1S @ maximum matching which

maximizes r and satisfies | y;, — 2;, [< 20. If § is bounded by 6 < (1 +

270)1/7 _ 1, then the polynomials P; = Py(z)js(x) and Py = Py(x)js(x)

satisfy (2.6). The maximal norm is used to define the maximum ¢-GCD.

After successful introduction of approximate GCDs as described above, many
algorithms for computing approximate GCDs have been proposed. There are also
new developments on approximate algebraic computation such as computing near-
est singular polynomials and approximate factorization. Most of the algorithms are
based on AppGCD. They have been published in recent proceedings of interna-
tional conferences on computer algebra and are summarized in [13, 4].

3. Approximate GCD and Hybrid Integral

Obtaining an indefinite integral of a given function is one of the most important
operations in scientific computation. If the function is given by a rational function
with exact coefficients, it can be integrated symbolically. There remains, however,
several cases such as (1) even if the function is given, a closed form solution is not
obtainable, (2) the function is defined by a table or a set of discrete data, and (3)
the function has inexact floating-point coefficients with limited accuracy. Numer-
ical algorithms give only numerical results for definite integrals. Here we show an
algorithm of hybrid integral in which numerical methods are effectively combined
with an algorithm of symbolic (algebraic) integral. The hybrid integral algorithm
gives symbolic results, a kind of indefinite integral, for given functions. Accurate
numerical results of definite integrals are easily obtained by simple substitutions of
upper and lower bounds of integrals into symbolic results. The algorithm proposed
here is an extension of an algebraic algorithm of integration for rational function
by Horowitz [6] to the inexact coefficients case. A rough sketch of the algorithm
of the hybrid integral is given below.

Algorithm 2: Hybrid Integral Algorithm

Input: Univariate rational function f(z) = P(z)/Q(x) whose coefficients
are known with limited accuracy and represented by floating-point
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numbers. Here, the approximate GCD of the two input polynomials
P(z) and Q(z) is reduced to 1 and deg(P) < deg(Q).
Output: Approximate indefinite integral of f(z).
Algorithm:

1. Decompose f(z) into rational and transcendental parts:

/f Vdz = 52+/58dx.

In this step, AppGCD is used. If AppGCD(Q(x),dQ(x)/dx;e) = 1, then
s(z)/H(z) =
2. Integrate the transcendental part p(x)/q(x).

a) Determine all zeros of ¢(x) by numerical Durand-Kerner method.
Since the coefficients of ¢(x) are real, zeros are limited as real or
complex conjugate pairs and written for m + 2n = deg(q) as real
ZE€ros aj, Gz, . . ., am,, Or complex conjugate zeros by +icy,...,b, +
iCp.

b) Decompose into a partial fraction

P ixik Jrzn: 2(fxr — b fr — crgr)

qi ak x? — 2bgx + b2 + 3’

k=1 k=1

where ey, fr and g are determined by the residue theory as follows:
e Let r(z) = p/q, where ¢’ = dq(z)/dx,
e for real zeros, e = r(ag);
e for complex conjugate zeros,

fe = R{r(bx +ick)} and gr = {r(bx +ick)},

where 8 and < represent real part and imaginary part, re-
spectively.
¢) Substitute two well-known formulas of logarithmic integrals

m

/pda::Zekloghcfak |
g k=1
- b
+ka10g|x2Qbkx+bi+ci|29ktan1(x — k).
k=1 €k Ck

Some properties of the algorithm are:

e An indefinite integral for a given function with floating-point coefficients is
obtained.

e Accurate value of a definite integral is obtained only by substitutions of upper
and lower bounds of integral.

e Errors caused by the algorithm are reduced to errors contained in numerical
root finding process (Durand-Kerner method) and can be estimated by the
Smith theorem.
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Results obtained by the hybrid integral algorithm are compared with well-
known and widely used numerical integration methods, such as Gaussian quad-
rature of 32 points (Gauss32), Double-Exponential formula (DE), the Romberg
method (Romb) and adaptable Newton-Cotes method (NC). Comparisons are done
for three ill-conditioned rational functions:

1. A singularity outside the integral region but close to both ends,

! d
x
I = .
/0 1000z (z — 1) — 0.001
2. The integrand has a sharp peak in the integral region,

/1 dx

I = .
o 1000(z — 0.5)%2 4+ 0.001
3. The integrand has both properties I; and I,

I ! dx

- /O 25 — 24 — 0.752% + 22 — 0.252 — 10-6°

Results are shown in Table 1. To obtain accurate value of each integral, I, I»
and I3, Noda et al. [17, 18, 19] used a quadrature by parts. Each integrand which
changes rapidly is carefully divided into small but smoothly changing parts and
integrated numerically. These values of small integrals are added and accurate
result for the integrand is obtained.! Results are the same as the results obtained
by the hybrid integral algorithm. Thus, it can be said that the hybrid integral
algorithm gives better results than well-known numerical methods. Especially it
works well for ill-conditioned integrals.

TABLE 1. Comparisons of results of the hybrid integral algorithm
and numerical methods

Hybrid Numerical Integration
G32 DE Romb NC
I; -0.02763097 -0.01622972 -0.02763097 -0.68482819 5.40966656
I, 3.13759266  0.19994034 24.6736125 2.98225113 3.13759258
I3 -5195.24497  -580.39410 -24965.007 -5759.10716  230.75544

The key strategy of the hybrid integral algorithm is to decompose into a
partial fraction by computing all zeros of a denominator polynomial of a rational
part of the given integrand numerically. For an integral with a parameter or a
double integral, the algorithm described above may be easily applied. Here, a
denominator of a rational part of an integrand with the bivariate case may be
decomposed into a partial fraction by using an approximate factorization algorithm
such as [27, 12]. Thus, a kind of indefinite integral of the bivariate integral may
be obtained.

LCurrent powerful CAS such as Maple 9 or its successor gives the same results and assures the
correctness of the hybrid integral algorithm.
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4. Hybrid Rational Function Approximation

For rational approximation of a given function or a set of discrete data, the rational
interpolation, especially the so-called naive rational interpolation, may be one of
the simplest methods. The function is first evaluated at several data points in
an interval and changed to the set of discrete data. The set of discrete data is
interpolated to a rational function. If the interpolation is done with floating-point
computation, pathological features have been observed by Noda et al. [18]. To
avoid the feature, the AppGCD algorithm is effectively used. Then the rational
interpolation approximates a given function or a set of discrete data accurately. We
refer to the algorithm as the Hybrid Rational Function Approximation (HRFA).
Hereafter, it is simply called HRFA. We introduce HRFA briefly and discuss its
theoretical considerations of pathological features.

4.1. Rational Interpolation and Pathological Feature

A rational interpolation is defined as a ratio of numerator and denominator poly-
nomials as
Pm () ZZO a;xt ao+ a1z +asz?+ -+ apx™
Tmn(T) = = > = . (4.1
an(x) 14>, bixt 1+ box +bra?+ -+ bya™

It interpolates a function f(x) or a set of discrete data on a segment [zg, Tymtn)-
The rational interpolant (4.1) is called (m, n) rational interpolant. Here, the naive
rational interpolation is considered. For m + n + 1 (= N) discrete points, zg <
21 <+ < Typin, values f(zg) = fr (K = 0,...,m + n) are evaluated. Then
m+n+ 1 (= N) simultaneous linear equations

Zazx;c*szbzk;c:fk7 k:07177m+n7 (42)
1=0 1=1

are obtained. The inexact, floating-point coefficients a;, b; of the rational inter-
polant are then determined by solving the system by Gaussian elimination. Noda
et al. [18] discussed the problem and found that

1. even if a continuous function is interpolated, the denominator of the rational
interpolant may have a zero, and the zero causes an undesired pole,

2. except for the above zero and pole, the rational interpolant gives accurate
approximation of f(z).

Further, the fact that the zero of the numerator polynomial may arise which is very
close to the undesired pole has been shown by Kai et al. [11] through numerical
experiments. The zero and pole, mentioned above, are referred to as undesired zero
and pole. They also describe the appearance of approximate common factors in the
numerator and denominator polynomials. These factors are caused by undesired
zero and pole and eliminated from the rational interpolant by using HRFA.

The approximately common factor which causes a pathological feature of
the rational interpolant is eliminated by using AppGCD. The procedure HRFA
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ensures high-quality approximation without undesired zero and pole for any pre-
cision computations. The algorithm of HRFA is shown below. The details of the
method and its accuracy are discussed by Noda and Kai [18, 8, 11].

Algorithm 3: HRFA Algorithm
Input: Rational interpolant (naive rational interpolation)
_ Pm (z)
qn(z)

Output: Reduced rational interpolant without singularities

Tmon (T)

7(x) = pi(x)

q(x)
Algorithm:

o pm(@)/e@)
2 @)= (@) g(a)

We show the pathological feature of the rational interpolant and how Algo-
rithm 3 works well using an example. Suppose that r4 4(z) is a rational interpolant
of the function f(x) = log(x + 2); we obtained the following rational interpolant
with a single precision floating-point computation:

0.6931 + 214.8599z + 318.6295x2 + 113.589723 + 9.1269z*

1+ 309.2559z + 236.784422 + 48.781923 + 2.1131z*
(z + 8.77124) (z + 2.6710)(z + 1)(x + 0.0032415)
(z + 16.999)(z + 3.8532)(x + 2.2286)(x + 0.0032416)

The last terms of the numerator and denominator polynomials, = 4+ 0.0032415
and z + 0.0032416 respectively, show an approximate common factor. The ratio-
nal interpolant 74 4(x) causes undesired zero and pole by these terms and shown
in Fig. 1(a). However, except for a small interval containing undesired zero and
pole, the rational interpolant constructs an accurate approximation of the function
f(z). The HRFA successfully removes the undesired zero and pole by taking the
AppGCD of p,,(z) and ¢, (z). The AppGCD g(z) of the numerator and denomi-
nator polynomials of r4 4(z) is computed as

g(x) ~ z+ 0.0032423543 .

7"4’4(56) ~

~ 4.3195

Then, after dividing r4,4(z) by g(z), a reduced rational function approximation,
Ryurra (), is obtained as follows:

9.126960523 + 113.560102 + 318.26127x + 213.82796
2113186723 + 48.77505122 + 236.626202 -+ 308.48869
(z + 8.7712482)(x + 2.6710225)( + 0.99999856)

( +16.999383) (x + 3.8532500)(x + 2.2286457)

Rurra(z) ~

4.3190507
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The reduced rational function Rpgrpa(z) does not have undesired zero and pole,
and is shown in Fig. 1(b).

0.6925 1
0.7
0.692

0.6915 1

0.691

~0.005 ~ -0.004 ~0.003 ~0.002 ~0.001 —-0.005  -0.004 ~0.003 ~0.002 ~0.001

x x

(a) ra,4(x) (b) Rurea(z)

FIGURE 1. Rational function approximation of log(x + 2) by r4.4(x)

4.2. Rational Interpolation and Ill-conditioned Property

Rational functions discussed in the literature [24, 25] are restricted to be irre-
ducible, i.e., the numerator and denominator polynomials have no common factors
other than a constant. Litvinov [15] discussed an interpolation of given functions
by a rational function and mentioned that the system of linear equations for the
rational interpolant turns out to be ill-conditioned in many cases. Although the
system itself is ill-conditioned, the fact that the rational interpolant ensures accu-
rate approximation by means of the best approximation is also described. However,
Litvinov does not refer to the importance of the appearance of undesired zero and
pole. On the pathological feature of the rational interpolation, the following facts
are shown through numerical experiments by Kai et al. [8, 11].

1. An undesired zero and pole always appear very close and as a pair.

2. The position of the undesired zero and pole changes by degree of the rational
function ry, »(z) and by digits of computations.

3. Except for a small interval where the undesired zero and pole exist, the ra-
tional interpolant gives accurate approximation of a given function or set of
data.

Among the above facts, the second refers to the ill-conditioned property of the
system of linear equations constructed by the rational interpolation method as
mentioned in [15]. The system turns out to be highly ill-conditioned by error prop-
agation during computation and the result in losses in accuracy, i.e., the system
(4.2) is sensitive to the precision of computation. Thus, the position of undesired
zero and pole changes by digits of computation without definite rules. A reason
for facts 1 and 3 is discussed below.



32 M.-T. Noda

From (4.1), we write a system of simultaneous linear equations which deter-

mines the coefficients of the rational interpolant, a;,b; (1 =0,...,m;j=1,...,n)
as
T
Ay = B, y = (ao,al,...,am,bl,bg,...,bn) 5 (43)

where A is a matrix whose size is N x N for N = m+n+ 1. A triangular system,
Ay = B, is obtained from (4.3) by Gaussian elimination. Solutions of the system,
y = (Y1,¥2,...,Yn), are obtained by back substitutions as

1 L . o .
Yo = . (Bk — Ak kr1Yk+1 — Ak kt2Yy2 - — Ak,NyN) , k=N-1,...,1,

k,k

where }LJ and Bj denotes the (i, j)-element of A and the jth-element of B, re-
spectively. Since the rational interpolant is ill-conditioned, the resulting A may
have bad rows and become a rank deficient matrix, in many cases. Here, the bad
row is defined as a row whose elements all take zeros or negligible small values.

Thus, in usual computations, it is impossible to obtain Yy, Yn_1,...,YNy_y41 for
A whose v rows are deficient. Then we substitute undetermined symbols t1,...,t,
as

Yn=ty,YN1 =ty 1,..., YN 41 = t1.

All elements of y, i.e., the coefficients of the rational interpolant, are represented

with undermined symbols. The rational interpolant for the rank deficient case is

written as [16]

po(x) + t1p1 (@) + tapa () + - - - + typy(2)
q0(z) + tiqa () + - - + tyqy(x)

which approximates the given function or a set of discrete data, f(z), accurately.

, (4.4)

Tman(T) =

For the case when system (4.1) is not ill-conditioned, A becomes a full rank
matrix. In this case, we should take v = 0. Then (4.4) is written as

_ po()

qo(z)
It is evident that there are no undesired zero and pole for the v = 0 case. Thus, the
appearance of undesired zero and pole may be strongly related to v > 1 cases. That
is, the terms depend on the t’s in both the numerator and denominator polynomials
and may be considered to be a cause of the undesired zero and pole. On the other
hand, Litvinov discussed a similar problem from a somewhat different viewpoint.
In Litvinov’s work [15], perturbations of coefficients a; and b; are considered.
Suppose that a; and b; are perturbed and become a; + Aa; and b; + Ab;. The
rational interpolant 7., () = pm(z)/gn(z) is perturbed to 7 n(x) = pm(x) +
Apm(2)/qn(x) + Agp(z). Although the rational interpolant has some redundant
coefficients, the following relation exists:

Tm,n(% ~ f(z) with high accuracy.
. g

qn(xl) = Aqn(xi) = f(xz) (4-5)
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holds for arbitrary i. The function Ap,,(z)/Ag,(z) is called error approximants
[15]. The function, error approzimants, can also approximate f(x) accurately. The
fact suggests that the errors in the numerator and denominator polynomials of the
rational interpolant compensate each other. Our v = 0 case seems to agree with
the Aa; = Ab; = 0 case of Litovinov’s results.

For understanding the facts more clearly, we show practical examples of a
rational approximation of a rational function, i.e., f(x) is taken as a rational
function.

4.3. Practical Example for Approximating a Rational Function

Suppose that the rational function f(z) = 1/(z — 3) is interpolated by a rational
interpolant 7, () in the interval —1 < x < 1. Here, the results of two types of
computations, symbolic computation and numerical computation, are compared.

The case of exact computation

Case m = 1,n =1 Since r1 1 = (ap + a12)/(1 + b1z), the coeflicients ag, a; and by
should be obtained by solving a system of linear equations (4.2) for a set of

discrete data, xg = —1,21 = 0,22 = 1. We obtain
1 1
== ,a1=0b=—_.
ao 3 a 1 3

Then, 71,1 gives an exact interpolation for f(x) as

_1
ri,1 = o= !
’ 1711,)50 z—3

Case m = 2,n = 2 A set of discrete data

1 1
=(-1,—_,0, ,1
(Io,xl,$2,$3,x4) ( ) 27 727 )
is used. After Gaussian elimination, Ay = B shows
1 1 1
1 -1 1 - 1 aop —1
2 3 5 1
0 1 =3 4 —u a1 14
1 3 _ 1
0 0 1 14 14 a2 | = | T4
0 0 0 1 3 by 7:1,)
0 0 0 0 0 bo 0

Because the fifth row of A and the element Bs are zero (bad row), we should
substitute by = Bs/fls’s = 0/0 = ¢; by an undetermined symbol ¢;. The
rational interpolant corresponds to the case of v = 1. The coefficients of 73 o
are then obtained as

1 1
a0:737a1:t17a2:07 b1:*3*3t17 b2:t1-
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Thus rg 5 also interpolates f(x) exactly. A common factor which depends on
t; which appears in its numerator and denominator. 73 o is written as

*éthlSC 1 -3tz 1

227 éx—Btlx(l — éx) C(z-3)(1-3tx) -3

Further, the following facts are shown in rj o:
e terms independent of ¢; give exact expression to f(z),
e terms dependent on ¢ also give exact expression to f(x).
m = 3,n = 3 The coeflicients of r3 3 are obtained from a set of data for

(zo,x1, T2, T3, T4, T5, Te) = (fl,fg,fé,o,é,g,l). The resulting system
Ay = B gives two bad rows. Thus the rational interpolant corresponds

to the case of v = 2 and two undetermined symbols, ¢; and t2, should be
introduced. The coefficients are written as

1 1
aO:—3,a1:3t1 +ta,a2 = t1,a3 = 0,by = 9t; — 5 — 3ta, by =t3,b3 = t;.

After substitutions of these coefficients to 73 3, we obtain

—3 + 31T + tox + ty 2 1

AT o) (1914 )~ 3tha) 73

The rational interpolant r3 3 gives a satisfactory result. A second degree
common factor appears in its numerator and denominator. Further, similar
to the case of 73 5, the following facts are shown:

e terms independent of ¢; and t» give exact expression to f(x),

e terms dependent on ¢ also give exact expression to f(x),

e terms dependent on ¢ also give exact expression to f(x).

The case of numerical computation

The same computations as in the exact cases are done by floating-point operations.
Given a set of discrete data which is the same as above, a function value f(x;) is
evaluated as a floating-point number.

Case m = 1,n = 1 Gaussian elimination gives a triangular matrix A without bad

row and we obtain
ag = —0.33333, a1 = 1.0 x 1078, b, = —0.33334

as coefficients. Then, the rational interpolant becomes

033333 _ 1
T 1-033334c -3

T1,1

The result approximates a given function f(x) accurately. The small coeffi-
cient a; should be ignored.
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Case m = 2,n = 2 The results A and B are obtained after Gaussian elimination

as
1.0 —1.0 1.0 —0.25 0.25 —0.25
0 1.0 —0.66666 0.21428 —0.35714 —0.071428
A=10 o0 1.0 0.071428  0.21428 |, B =| —0.023809
0 0 0 1.0 3.0 —0.33333
0 0 0 0 —0.7%x 1079 ~0.3x107°

Different from the exact computation case, the last row of A and B contain
very small values. They may be caused by errors of floating-point compu-
tations. Straightforward numerical computations give the coefficients of 73 o
as

ap=—0.33333, a1 =0.43611, as=—2.0 x 10~2, b; =—0.975, by = —0.43611.

Although all coefficients are not reliable, the above coefficients give the ra-

tional interpolant

_ —0.33333+0.43611x —0.43611(x + 0.76433) 1

© 1-0.9752 — 0.4361122 ~ 0.43611(z — 3)(z +0.76433) ~ 2 —3°
The result is satisfactory. Approximate common factors appear in the nu-
merator and denominator of ry 9. If we apply HRFA to the above rj o, then
approximate common factors are reduced.

Case m = 3,n = 3 Similar computations with the above elements in two rows of
A and B become very small and depend on the environments of computers.
However, the results are always meaningful and similar to the case of m =
n = 2. A set of coefficients obtained with one computation is

ap = —0.33333, a; = —0.72881, ay = 0.17352, a3 = 0.29 x 1077,
b1 = 1.8530, be = —1.2493, b3 = 0.17352.
The resulting rational interpolant is obtained as
0.17352(z2 — 4.2x — 1.9207) 1
387 0.17352(z — 3) (22 — 4.20 — 1.9209) -3

Approximate common factors which are the second order polynomial appear in
the numerator and denominator of r3 3. They may cause an undesired zero and
pole of the rational interpolant but this is reduced by HRFA.

T2.2

4.4. Facts Obtained from Practical Examples

If we wish to approximate a given function or a set of data accurately, we should
increase the number of evaluation points in an interval. If the function can be
written as a lower degree rational function, then there are many redundant points
which could occur. They may cause bad rows in the triangular matrix. If undeter-
mined symbols are substituted, then we can obtain all coefficients of the rational
interpolant as shown in (4.4). However, in the approximate floating-point compu-
tation, the above computations for f(z) = 1/(z — 3) show some interesting results
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in terms of the appearance of pathological features of the rational interpolant.
They are summarized as follows.

Exact computation

e In the case v =0, po/qo represents f(z) exactly.

e In the case 7 = 1, there is a bad row in the triangular system. An
undetermined symbol t; should be introduced. The rational interpolant
shows » »

0 1
% o f(x). (4.6)

e In the case v = 2, two undetermined symbols ¢; and ¢y should be intro-

duced. The rational interpolant shows

Po b1 b2
= = = f(x). 4.7
q0 q1 q2 f( ) ( )

Approximate floating-point computation

e Instead of the introduction of undetermined symbols, negligible small
values appear in the triangular system. Coeflicients of the rational inter-
polant are obtained by straightforward numerical computations. Results
of the interpolant contain approximate common factors in its numerator
and denominator.

e The undesired zero and pole are caused by the above approximate com-
mon factors and are removed by the HRFA algorithm.

The above facts, especially (4.6) and (4.7), suggest an interesting relation
Po _P1 _ P2 Dy

B = f(x)
q0 q1 q2 q~

for the case of exact computation. It also agrees with Litvinov’s result (4.5) for
floating-point computation.

Next we consider the case of applications of HRFA to functions or a set of
data which is not a rational function but a general continuous function such as a
logarithmic function. As already discussed in this section, when we approximate
f(z) = log(xz + 2) by a rational function, we know the appearance of an ap-
proximate common factor in the numerator and denominator polynomials in the
rational interpolant. By the approximate common factor, the pathological feature,
undesired zero and pole, of the rational function appears. As future theoretical
work, it is important to discuss much more the undesired zero and pole of the
HRFA algorithm. In any event, in almost all cases, HRFA gives accurate rational
approximation for a given function or a set of data.

5. Practical Applications of Hybrid Algorithms

Practical applications and developments of the HRFA and AppGCD hybrid algo-
rithms are considered here. They are (1) smoothing data containing small and/or
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large errors and (2) obtaining the Cauchy principal value integral. In the former,
we can show the robustness of our method by comparisons with traditional meth-
ods such as the least square method. In the latter, we use the hybrid integral
algorithm in which the AppGCD is effectively used [18].

5.1. Data Smoothing by HRFA

We show how HRFA works well for data including small errors and also large
errors such as input errors. A set of data which includes some types of error is
approximated by a naive rational interpolation. Here, a set of data with large
errors is considered as an unattainable point and causes an approximate GCD of
the numerator and denominator polynomials of the rational function. Thus the
error is removed from the reduced rational function. An early work of our method
is given in [8].

5.1.1. Method for Data Smoothing. Two cases, (1) small error (noise) and (2)
large error (experimental error), are considered. Let the input be a set of discrete
data
D={(zi, fi)|i=1,...,m+n—+1}.
Small error case: Almost all the (z;, f;)’s are approximated by a rational
function but with a small error. If we compute the approximate GCD of nu-
merator and denominator polynomials with relatively large ¢, we obtain a
lower degree rational function by the approximate GCD. The resulting ratio-
nal function gives a smooth function which approximates the given data D.
Large error case: We show how HRFA is effective for smoothing a set of data
including a large error. The rational interpolation is shown as ry, ,(z) =
Pm () /qn(z) for D. The rational function is written as
n(xi)fi = pm(xs), i=1,....m+n+1.
Thus, if g, (x;) # 0fori = 1,..., m+n+1, then p,,(z) is uniquely determined.
On the other hand, if g, (xx) = 0 is satisfied for a k € [1,m + n + 1], then
Pm (k) vanishes also. Further, in this case, the following expression may be
satisfied:
i P (®) s
The rational function 7, , is not through a point (zy, fi) in D. We call
this point an wunattainable point. Further, it is easy to say that if (xg, fi) is
the unattainable point, then p,,(z) and g,(x) have a common factor at = =
x. With detailed considerations, we write the above facts as the following
theorem.
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Theorem. Let s and t be positive integers satisfying s +t < m + n. Further
let st = ps(z)/qi(x) where ps and q; are polynomials with degrees s and t,
respectively. A data set D is divided into two groups

D:: {(zj, f;,)i=1,...,maz(m+t,n+s) + 1},
Dy {(zk,, fx,)|i=1,...,min(m —s,n —t)},
where {1, ..., Tmint1 } = {&j1, Tjoy -+, Thys Thy, - - -1 If the relations
fis = rep(zj), i=1,...,max(m+t,n+s)+1,

fki 7é Ts’t(l‘ki)7

hold, then the points in Do are unattainable points.

t=1,...,min(m — s,n —t),

The theorem may be easily proved by contradiction. Suppose that rp, ,(x) =

Pm(2)/gn(x) is a rational function that interpolates the given set of discrete data
and is not the same as the rational function rs; = ps(x)/q(z),s < m,t < n
described in the theorem above. If a relation 7, n(z) = rs(x) holds, then the
numbers of solutions of the relation are at most max(m+mn,n+s). However, there
are max(m + t,n + s) + 1 points which should be on 7 ;. Thus, the assumption
that 7, n(2) # rs,(z) leads to a contradiction. This shows that 7., , () = rs ().

5.1.2. Examples of Data Smoothing. Next, we show with some examples how our
method works well for a given set of data with small and large errors. We consider
here two given types of input experimental data with small error as shown in
Fig. 2(a) and large error as shown in Fig. 2(b).

data ¢ data ¢

(a) Including small error (b) Including large error

FIGURE 2. Given an experimental set of 19 discrete data

Small error case: Since the given set of discrete data consists of 19 points
(m+n+1 = 1), it is interpolated by a rational function rg ¢(z) = pg(x)/qo(z).
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Following the above method, the AppGCD of both polynomials is computed
as
gs(z) = AppGCD(py(z), go(),0.1)
= —1.991 x 107 + 6.532 x 10732 — 0.154922 + 1.400z> — 6.367z*
+15.992° — 22.432°% + 16.412"7 — 4.86225.

The result of our method is obtained in dividing 79 g(x) by the AppGCD as

~35.66 — 7.560x
~ 1.000 + 6.871z"

The result 71,1(z) is shown in Fig. 3(a) and compared with the result of the
least square method for the same set of discrete data shown in Fig. 3(b).

7"1’1(66)

40 T T T T 40

T T T
least square approxima&ionf
ata o

35 35¢

30 30 -
25 25+
20 20+
15

10

0 02 04 06 08 1 0 02 04 0.6 0.8 1
(a) 711(x) (b) Least square approximation

FIGURE 3. Results of our method and the least square method

Large error case: The main parts of the given set of discrete data are the
same as in the small error case. The data smoothing method is the same as
above as well. We also obtain the AppGCD whose degree is 8 from a rational
function rg 9 = pg()/ge(x) as

gs(z) = AppGCD(pg(z), go(z),0.1)
= —1.558 x 107° + 6.067 x 103z — 0.1460z> + 1.3392> — 6.167z*
+15.652° — 22.132°% 4+ 16.2927 — 4.85025.

The result of our method is obtained in dividing rg ¢(z) by the AppGCD as
~35.43 - 7.532z
~ 1.000 + 6.815z"

The result 71 1(x) is shown in Fig. 4(a) and compared with the result of the
least square method for the same set of discrete data shown in Fig. 4(b).

771,1(.113)
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FIGURE 4. The results of our method and the least square method

The above results of data smoothing for experimental data with small/large error
show the possibility of our method based on HRFA as one of the powerful methods
for data smoothing.

5.2. Cauchy Principal Value Integral by Hybrid Methods

We apply HRFA to the Cauchy Principal Value integral (CPV) and a kind of the
Cauchy-type singular integral equation. Through examples, we show how com-
putations by HRFA give more accurate and stable results than usual numerical
computation. Detailed discussions are in [9, 10].

The CPV is defined as

b A—e b
p/ /(@) dxr = lim / /(@) dx + /(@) dx | .
. T—A e—=0+ \ J, T —A Abe T— A
The difficulty on the numerical evaluation of such integral is that the integrand

£ (_w; is unbounded in the neighborhood of x = A. The Hilbert transform of f(z) is
a well-known method of subtracting the singularity as

b b _ b
of @) 4y - / & 10 4y 1 / I o (5.1)

A lot of methods have been proposed for numerical evaluation of the CPV, when
the singular point A is known before the evaluation. Most of the methods are based
on function approximations such as polynomial approximation and spline approx-
imation. However, it becomes difficult to evaluate the CPV by traditional numer-
ical methods for the case when the integrand is complex or given by experimental
data. We propose an efficient approach to evaluate the CPV by a straightforward
application of HRFA as follows:



Ill-conditioned Properties and Hybrid Computations 41

data ¢

FIGURE 5. Given data from the analysis of optical waveguides

1. Obtain a set of data D = (a;, f(z;)/(x; — A)), i =0,...,m+n, where z;
and f(z;)/(z; — ) show the control variable and the associated value of the
integrand, respectively.

2. Approximate given points and values to a rational function r(x) with HRFA.

3. Obtain approximate indefinite integral of r(x) by the hybrid integral algo-
rithm.

We consider an example of using this approach. The experimental data from a
problem on the analysis of optical wavewguides are shown in Fig. 5. In this case,
the location of the pole is not known a priori. Thus numerical methods are difficult
to apply. Naive rational interpolation 712 12(x) which has undesired zero and pole
in the interval [0, 10] is first obtained. Then the HRFA algorithm reduces it to
79.9(z) whithout these zero and pole for the accuracy ¢ = 10~* [8]. We can obtain
the approximate indefinite integral, I, of g 9(z) in [0, 10] by the hybrid integral
algorithm. The value of the CPV is obtained by estimations of I at x = 10 and
z =0 as

I(z = 10) — I(z = 0) ~ 16.8932.

The result is consistent with the experimental results concerning optical waveg-
uides. Many physical /engineering problems are described by equations involving
the CPV and given by discrete experimental data. Traditional numerical methods
and methods using Hilbert transform cannot be applied to thse problems. Our
method, the hybrid integral algorithm using HRFA, can give approximate but
stable results for such problems.

The method is naturally extended to solve a Cauchy-type singular integral
equation. The equation is written as

ag(a)+ /1 g(t)dt +>\/1 ko, Og(t)dt = f(@), —l<z<1.  (52)

™ 1?5*:1,‘ 1
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The so-called dominant equation, a special case of (5.2),

ag(z) + b / 9(t)dt =flz), -l<z<l,

T)J 1 t—x

is considered in [10]. The result is compared with that obtained by other numer-
ical methods, such as the Lobatto-Chebyshev scheme. The resulting value of our
method agrees but requires smaller interpolation points than other methods.

6. Conclusion and Future Work

In this paper, hybrid symbolic-numeric computation and its applications are de-
scribed. We show how hybrid computation which first began with the introduction
of the notion of approximate GCD (AppGCD) works well for obtaining accurate
results for many kinds of ill-conditioned problems. It can be applied to most prob-
lems which appear in scientific/engineering computations. The variables treated
in them are inexact and are represented by floating-point numbers. The hybrid ra-
tional function approximation (HRFA) algorithm in which AppGCD is effectively
used has theoretical implications and many applications. Regarding its theoretical
implications, a pathological feature, the appearance of undesired zero and pola, is
considered through practical examples. The fact that this may be caused by the
ill-conditioned property of a system of simultaneous linear equations which deter-
mines all coefficients of the rational interpolant is mentioned. On the other hand,
as applications of HRFA, several problems such as smoothing a set of data which
contains small and/or large errors, integrating ill-conditioned functions or a set of
data (hybrid integral) and also applying the Cauchy principal value integral are
discussed.
The discussions herein are summarized as follows.

e AppGCD forms the basis of today’s developments of hybrid symbolic-numeric
computations.

e A hybrid integral algorithm, which is an extension of Horowitz’ algorithm
to an integrand with limited accuracy or perturbed within small tolerance,
i.e., in the inexact case, works well for obtaining definite/indefinite integral
of ill-conditioned rational functions.

e HRFA gives accurate rational approximations for a given function or a set
of discrete data. An ill-conditioned property of the system of simultaneous
linear equations which determines the coefficients of the rational interpolant
causes the pathological feature, undesired zero and pole. However, the feature
is eliminated by the AppGCD of numerator and denominator polynomials.

e A set of discrete data including small and/or large error is well smoothed by
HRFA. Here, errors containing input data correspond to unattainable points
and are removed by HRFA. The results of data smoothing show the robustness
of our method.
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e HRFA is used for computing the Cauchy principal value integral (CPV).
Different from many proposed numeric methods for CPV, it is not necessary
to have a priori knowledge of the position of singularity.

The following problems are important for further developing research related
to hybrid computations.

1. Apply hybrid computation to practical engineering problems in a wider area,
such as control theory.

2. Make clear the relation between hybrid computation and ill-conditioned prob-
lems mathematically such as the appearance of the pathological feature of
the HRFA algorithm.

3. Apply the hybrid integral algorithm to obtain a kind of “indefinite” integral
of a rational function with a parameter or a double integral.

Finally, the author wishes to acknowledge his collaborator Prof. Tateaki Sasaki
of the University of Tsukuba and many graduate students who worked hard to es-
tablish the basis of hybrid computation during their studies at Ehime University.
Especially, among them, Mr. Masaaki Ochi, Mr. Ei-ichi Miyahiro and Ms. Yumi
Takashima, formerly Murakami, developed studies and obtained important results
of Sects. 2, 3 and 4 of this paper, respectively. Further, Dr. Hiroshi Kai who is also
one of them has been involved with almost all parts of the research.
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Rational Interpolation and Its Ill-conditioned
Property

Hiroshi Kai

Abstract. A rational interpolation is obtained by solving a system of linear
equations. However, when the system is solved by floating point arithmetic,
there appears a pathological feature such as undesired zeros and poles. In this
paper, a method is described with the help from computer assisted proof to
eliminate the feature.

Keywords. Approximate GCD, rational interpolation, ill conditioned property.

1. Introduction

A rational interpolation approximates a given function to a rational function,
which is defined as a ratio of numerator and denominator polynomials as

_pnle) _ oot e o
Qn(l‘) 1+bix+ -+ by ’
This interpolates a function f(x) or a set of discrete data on a range [« §]. For

any given points a < xg < 1 < -+ < Tyy4n < B we have
Tman(Tk) = f(zg) == fr, for E=0,...,m+n.

Then we obtain the linearized equations

Zaix}; — fr ijxi = fk. (1.2)
i=0 j=1

The unknown coefficients a;, b; can be determined by solving the Equ. (1.2) by
Gaussian elimination.

However, when the linearized equations are solved by floating point arith-
metic, there appears a pathological feature such as undesired zeros and poles [6].
A reason of the appearance of undesired zeros and poles is highly ill-conditioned
property of the Equ. (1.2) [4, 5].

Tmon ()



48 H. Kai

For the well-conditioned case, there are modern fast algorithms for rational
interpolation (see, e.g., [8]). When we consider only the ill-conditioned case, the
naive method such as Gaussian elimination may be investigated.

In this paper, the reason of the appearance of undesired zeros and poles is
stated more precisely. A method to eliminate the pathological feature is presented
using computer assisted proof.

2. Undesired Zeros and Poles

Suppose that the system Equ. (1.2) is Ay = B. Here, the coefficients a;, b; are
represented by a vector y € R™™ ! as y = (ag,...,am,b1,...,b,)T. Then the
matrix A € R(mtnt)x(m+n+1) and the vector B € R™T+! are represented as
follows:

1 o g —fozo <o —foxg

A 1z R i —fiz e —fiet e
1 Tmin o Toyn —fmtnTmin 0 —fmtnTmin

B = (fo, fro- s fman) " - (2.2)

The matrix A containing two column blocks of Krylov matrix is known as ill-
conditioned matrix [1]. The ill-conditioned property of the system gives the patho-
logical feature such as the appearance of approximate common factors. The approx-
imate common factors cause undesired zeros and poles in the rational interpolants.
We analyze the system in the following two cases:

1. the matrix A is a singular matrix,
2. the matrix A is an ill-conditioned matrix.

2.1. Case 1: A Is a Singular Matrix

Suppose that the given function f(z) is a rational function 7,y () =par () /an (),
where M < m and N < n; then the matrix A will be singular. In order to show
this, we need the following property of the rational interpolation.

Lemma 2.1. Suppose that . (x) is a rational interpolant of the rational function
ryn(x). Then

T (T) ~ 1o N (T). (2.3)

Proof. If we assume ry, () # ra,n(z), then the number of intersection of these
functions is up to max{M + n, N + m}. However we have m + n 4+ 1 points to
interpolate s n(x). This leads to contradiction of the assumption ry, ,(z) #

’I"M’N(l‘). O
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Lemma 2.1 implies that 7., ,(z) is represented by the following equation:

oy @)

’ 9(z)qn (x)
where g(z) is a polynomial and the degree is v := min{m — M, n — N}. From this
observation, the number of the unknown coefficients for this problem is reduced
to m+n+ 1 — . Thus, the following property holds immediately.

(2.4)

Corollary 2.2. The matriz A is singular and its rank is m +n+1 —

Suppose that Ay =Bisa trlangularlzed system by Gaussian elimination of
Ay = B. The last v rows of A and B will be all zero. We may substitute symbols
t1,...,t, in the solution to have a unique solution, such as b, =1t,,...,bp_y—1 =
t1. Then, we have the following form:

po() + tip1 () + -+ + typy (2)
qo(x) +t1qa(z) + - - - + 1145 (2)
Since rar,n(z) is free from the symbols ¢1,...,ty, pu(z) = po(z) and gn(z) =

go(z). From Lemma 2.1, p;(z) = v;(2)po(z) and ¢;(x) = v;(x)qo(x) must be allowed
as well, where v;(z) are polynomials. Hence, the following property holds.

(2.5)

Tmon(T) =

Theorem 2.3 (Murakami et al. [5]). If A is singular (has the rank m +n+1—+~),
then rm n(z) may be represented as follows:

9(z)qn (x)
1+ tvi(z)  for >0,
g(x) = { 1 for v=0. (2.7)
The converse may also hold.
Ezample. For v = 1, if rjr n(x) is represented as
ag+ - +ayzM
’I"M’N(l‘) = 0 M (28)

1+bx+--+ by’

then Theorem 2.3 shows that g(z) = 1 + t1v1(z), where vi(x) = /by by easy
derivation.

The rational interpolant r,, ,(z) may be computed in floating point arith-
metic, but the symbols ¢; will be substituted by rounding errors. This computation
will raise an approximate GCD in 7y, ,(x).

2.2. Case 2: A Is an Ill-conditioned Matrix

If the given function f(z) is not a rational function, the matrix A is not singular
in general. But, there are undesired zeros and poles in the rational interpolant, as
we have observed experimentally in [3] and [6]. As is well-known in numerical com-
putation, if the condition number of A is large, then the matrix A is numerically
singular.
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Ezample. We compute a rational interpolant ry4(z) for the function f(z) =
log(z + 2) in x € [0, 1]. By using the similar procedures discussed in the previous

section, A and B are obtained after Gaussian elimination as

1 0 0 0 0 0
0 1 -1 ~1.1 ~1.1 ~1.1
0 —0.4  0.09 0.3 0.4 0.5
0 0.08 0.004  —0.02 ~0.06 —0.1
0 —0.03 0.0005  —0.002 0.008 0.04
0 0  0.0002 —0.00007  0.0002  —0.001
0 0 0 —0.0000007 0.000006 —0.00007
0 0 0 0 0.2-1077 —0.7-107
Lo - 0 0 0 0 0.5-1077

and

(0.7, 0.4, 0.02, 0.001, 0.0002, 0.000009, —0.00000006, 0.5-10~?, —0.3 - 10*9)T

by 9 digits floating point arithmetic. More precisely, the elements 1219’9 ~ (.52292-
10~7 and Bg ~ —0.27990-10~Y in the last row are very small. By a straightforward
computation, we can obtain the following rational interpolant:

(z 4 11.392)(z + 2.9853)(x + 1.0001) (z — 0.8305033948)

(x4 21.676)(x + 4.4851)(z + 2.3139)(z — 0.8305033945)
We can observe an undesired zero and pole appearing around 0.83053 in r4 4(x).

Here, we eliminate the undesired zero and pole from 74 4(z). Then the re-
maining part is as follows:

T4,4 (fL‘) ~ 4.5843

(z 4 11.392)(z + 2.9853)(x + 1.0001)
(x4 21.676)(x + 4.4851)(x + 2.3139)
0.69315 + 0.98608x + 0.31337z2 + 0.020379z3

1+ 0.70126x + 0.12658z2 + 0.0044453923
In order to show that A is numerically singular, let us assume that the given func-
tion f(z) is this rational function r3 5(z). From Theorem 2.3, since t; = By/Ag ¢ =
—0.27990 - 1079/0.52292 - 10~7 = —0.00535265 and bz = 0.00444539, the GCD is
constructed as follows:
t —0.00535265
b 0.00444539 "
This result agrees with the position of undesired zero and pole. This shows that
the matrix A is numerically singular.

4.5843

7"3’3(66)

gl@) =14 ‘z~1+ = —1.20409(z — 0.830503).
3

3. To Eliminate the Feature

There exists a well-known property to state how much a regular matrix is close to
a singular matrix. Let P be the set of singular matrices. Let dist(A, P) denote the
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minimum distance from the matrix A to the set P. Then

. All

dist(4,P) =|| A~! || != |

it P) = 47 7= AL

where || - || denotes an arbitrary norm and cond(A) is the condition number of the

matrix A (see, e.g., [2]).
This property indicates that we need higher digits of floating point arithmetic
than the following positive integer d to eliminate the feature:

_ |- Al
d= [ logo cond(A) |-

In the example for log(z + 2), the condition number of A is estimated as
1Al
condA
This result shows that we need d = 12 digits at least to have an accurate result
for this problem. Thus, the matrix A is numerically singular in 9 digits floating
point arithmetic and, in fact, we have an approximate GCD g(z) = x — 0.830503.
We can consider two methods to eliminate the pathological feature:

=6.974- 10712,

1. use approximate GCD and eliminate the undesired zeros and poles, or
2. compute in higher precision.

The first method is called Hybrid Rational Function Approximation (HRFA) and
works well for computing a rational approximation in limited precision [3, 6]. If
higher precision is available, the second method may give us an accurate rational
interpolant for a function.

To verify the solutions of the linear equations Ay = B, we refer to Algorithm
3.1 in [7]. It can verify nonsingularity of A, after an approximate inverse matrix
of A is computed. If the verification is successful, then the result is guaranteed to
be accurate.

However, if the condition number of A is large, the verification may fail. We
use, therefore, iterative increment of the precision of floating point arithmetic. The
following method is derived:

Algorithm 1 (Rational interpolation using computer assisted proof)

1. Set initial digits to the number d.

2. Solve the linear equations Ay = B by Gaussian elimination and obtain an

approximate solution § and an approximate inverse matrix R of A.

Verify the solution using Algorithm 3.1 in [7].

4. If nonsingularity of A is verified, then output the result. Otherwise, increase
the digits (for example, twice) and go to step 2.

w

This method should work well. In the example for log(z + 2), starting from d = 8,
the verification succeeds at precision d = 16. This gives us an accurate rational
interpolant successfully as follows:

(z 4 19.851)(z + 4.8602) (z + 2.4752)(z + 1)

raa@) = 50787 as 346) (0 + 7.0401)(x + 3.2192)(x + 2.1843)
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TABLE 1. The error of rational approximations by HRFA

Interpolation HRFA Error

Tmon (T) Trmon (T) Eve
(7,7) (6,6) 2.13-1076
(8,8) (4,4) 1.05-107°
(9,9) (6,6) 1.51-1074

TABLE 2. The error of rational interpolants by Algorithm 1

Interpolation Precision Error

Trmon(T) d Eve
(7,7) 32 1.12-10724
(8,8) 32 1.12-1028
(9,9) 64 9.20-10733

Tables 1 and 2 show numerical comparisons between the error of the approx-
imation by HRFA and Algorithm 1.

The function f(z) = e*™2, x € [0, 1] is approximated with the equidistant
points from 0 to 1. The error of a rational approximation is estimated by the
following expression

B DS @) = rn@))/ ()
100 ’
where z; = (i — 1)/99.

The results by HRFA are shown in Table 1. Here, naive rational interpolants
are computed at precision d = 8, and we denote the degree of the rational function
Tm.n(z) by (m,n). For example, r7 7(z) has an undesired pole in the range x €
[0,1]. HRFA gives a reduced rational approximation 7 ¢(z) after eliminating the
undesired pole, where the approximate GCD is computed by QRGCD in Maple 10
with parameter € = 10~%. The results in Table 1 show that HRFA gives accurate
approximations at the fixed precision.

The results by Algorithm 1 are shown in Table 2. For the computation of the
rational interpolants r7 7(z), s s(x) and rg 9(x), starting at precision d = 8, the
verification succeeds at precision d = 32, d = 32 and d = 64, respectively. Table 2
shows that, if multiple precision arithmetic is available, then we have accurate
rational interpolants by Algorithm 1.

4. Conclusion

As already shown by M.-T. Noda and the author, hybrid rational function approxi-
mation (HRFA) works well for naive rational function approximations. HRFA gives
accurate approximation for given functions. One of the remaining problems is to
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consider a reason for the appearance of undesired zeros and poles. In this paper,
we discuss the problem and show that it depends on the ill-conditioned property
of the system of linear equations, which determines the coefficients of the rational
interpolants. A straihgtforward method to eliminate the feature may be useful to
give an accurate rational interpolant for a given data set.
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Computing Approximate GCD of Multivariate
Polynomials

Masaru Sanuki

Abstract. A new algorithm for computing the approximate GCD of multivari-
ate polynomials is proposed by modifying the PC-PRS algorithm for exact
GCD. We have implemented the new algorithm and compared it by typical
examples with (approximate) PRS, (approximate) EZ-GCD algorithms and
two new algorithms based on SVD. The experiment shows a good performance
of our algorithm.

Keywords. Approximate GCD, polynomial remainder sequence (PRS), power-
series coefficient PRS (PC-PRS) algorithm, extended Zassenhaus GCD (EZ-
GCD) algorithm, singular value decomposition (SVD).

1. Introduction

Let Clz,us,...,us] be the ring of polynomials over the complex number field C
in the main variable z and sub-variables u1, .. ., us,. We abbreviate C[x, u, .. ., u
to Clz,u]. Let a given polynomial F'(z,u) € C[x,u] be expressed as F(z,u) =
Fn (2™ + fo 1 (@)™ 4 -+ fo(w), frn £ 0. By deg(F), 1c(F) and tdeg,(f:)
we denote the degree and the leading coefficient of F' w.r.t. the main variable x,
and the total-degree of f; w.r.t. u1,...,uys, respectively; if T’ = cuf' - - -u;*, c € C,
then tdeg, (T) = e1 + - -+ + e¢. By tdeg,(F) and tdeg(F'), we denote the total-
degree of F' w.r.t. uy,...,up and w.r.t. x, us, ..., uy, respectively, i.e., tdeg, (F) =
max{tdeg, (fm), ..., tdeg,(fo)}. By ||F||, we denote the norm of polynomial F'; we
use the infinity norm in this paper: ||F|| = max{||fml|,- - -, || fo||}- By Normalize(F),
we denote the normalization of the polynomial F', i.e. the scale transformation F' —
F'=nF,n e C, so that we have ||F'|| = 1. By appGCD(A, B) and ged (A4, B;¢),
we denote the approximate greatest common divisor (appGCD) of A and B and
of tolerance ¢, respectively. By cont(F;¢) and pp(F;¢), we denote the content of
F of tolerance ¢ and the primitive part of F' of tolerance €, respectively, w.r.t. z,
i.e., cont(Fie) = gcd(fm,gcd(fm,l, coos fore); s) and pp(F';e) = F/cont(F;e).
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Zhi and Noda [ZN00] compared three algorithms for the appGCD of multi-
variate polynomials A(x,u) and B(x,u) experimentally, the polynomial remain-
der sequence (PRS) algorithm by Ochi et al. [ONS91], the EZ-GCD algorithm
by Moses and Yun [MY73] with enhancement by Wang [Wan80], and a modular
algorithm by Corless et al. [CGTW95]. They concluded from several experiments
as follows. (a) The PRS algorithm is useful for the appGCD of polynomials of
small degrees w.r.t. each variable. It is, however, quite inefficient when A and B
are of large degrees. Furthermore, the coefficient size grows exponentially w.r.t.
the number of variables. (b) EZ-GCD algorithm is fast, but it often causes large
cancellation errors. Furthermore, if initial factors A(®)(z) and B(®)(z) of the Hensel
construction have a close root, then multivariate Hensel construction becomes un-
stable [SY98]. (c) The Modular algorithm is often unstable.

At ISSAC 2004, two new methods for computing appGCD of multivariate
polynomials were proposed. Gao et al. [GKMYZ04] proposed their appGCD algo-
rithm as one part of an approximate bivariate factorization algorithm using Gao’s
factorization algorithm. Zeng and Dayton [ZD04] gave a nearly identical GCD al-
gorithm that has an additional Gauss-Newton refinement step. In both papers,
the authors proposed generalized Sylvester matrices and determined appGCDs by
computing nearest singular matrices of the Sylvester matrices.

As for exact GCD, Sasaki and Suzuki [SS92] presented the so-called Power-
series Coefficient PRS (PC-PRS) algorithm. The PC-PRS algorithm is a modifi-
cation of the PRS algorithm, using truncated power series for the coefficients, and
it is as fast as the EZ-GCD algorithm. In this paper, we modify the PC-PRS algo-
rithm for calculating the appGCD and test it by several examples; the results are
very good. We also compare the PC-PRS algorithm with the PRS, EZ-GCD and
SVD-based algorithms for computing appGCD in Maple, MATLAB and GAL (see
Section 4). The comparison shows a good performance of the PC-PRS algorithm.
However, the PC-PRS algorithm becomes unstable in some case, and we discuss
the case.

2. Approximate PC-PRS Algorithm

Let P; and P» be primitive polynomials in C[z,u] and (Py, P, Ps,..., P, # 0,
P11 =0) be a PRS. Let P, = C(u)G(z,u) where C(u) is the content of Py; then
G(z,u) is the GCD of P, and P,. Usually, tdeg,(G) is not large, but tdeg,(C)
is very large. If P, and C' are given, we can compute G by dividing Py by C. In
this division, we need not treat all the terms of P, and C. For example, suppose
tdeg,(Pr) = 100 and tdeg,(C) = 90; then tdeg,(G) = 10. In this case, the
computation of G requires only terms of highest 10 exponents or terms of lowest 10
exponents of P, and C'. In the PC-PRS algorithm, we use only terms of lowest some
exponents, and cut-off all the other higher terms, which makes the computation
quite fast.
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Let e be an upper bound of tdeg, (G); we discard all the terms of total-
degrees greater than e. In order to cut-off terms simply, we introduce the total-
degree variable t for the sub-variables uq, ..., us by transformation u; — tu; (i =
1,...,0). Let P, = Py(x,tu), Py = Py(x,tu) € C{tu}[x], where C{tu} is the power-
series ring over C. We compute a PRS with power-series coefficients, or PC-PRS,
(]51, Py, ..., Py £ 0, Pii1= 0) by truncating terms of total-degree greater than e;
hence P; = P; (mod t¢t1) (i = 1,2,...). Actually, P; is generated as follows:

BiPi1 = (aiPioy — QiPy)/ max{||a|, ||Qi|]}  (mod t°+),
o; = IC(PZ‘)di+1, dl = deg(Pi,l) — deg(PZ),

where ; is determined by the reduced-PRS or the subresultant PRS algorithm. By
modifying the PC-PRS algorithm, we obtain the following approximate PC-PRS
algorithm. (The algorithm does not consider the case of small leading coeflicients.
The treatment of PRS with small leading coefficients is now an open problem.)

Algorithm 1 (approximate PC-PRS algorithm).
Input: Polynomials P, P, € C[z,u] and a small number ¢.
Output: G = ged(Py, Ps;¢).
STEP 1: g := ged(le(Pr),le(Pe);e).
E := min;—; o{tdeg, (P;) + tdeg,(g) — tdeg, (Ic(P;))}.
STEP 2: Calculate PRS (Ps, ..., Py, Pry1, || Pryall /|| Pel| < €).
/* cut-off higher degree E terms x/
if deg(Py,) = 0 then return 1 else P;, := Normalize(Py).
P :=gP,/Ic(Py). ] power-series division %/
G :=pp(P;e).
if ||rem (P, G)|| < € and ||rem(Ps, G)|| <€
then return G else return 1.
end.

3. Other Algorithms

3.1. EZ-GCD Algorithm
The EZ-GCD algorithm may be described as follows.
1. Choose a lucky expansion point s € C* and put I = (u; — s1,...,us — 5¢).
2. Put A® = A, B(®) = B (mod I), and compute G©) = gcd(A(®), B("),
3. Find @ and b € C such that ged(G(®), H®) = 1 where P(®) = qA(®) 4B
and H® = P /G©) and put P = aA + bB.
4. Compute polynomials U;(z) and V;(z) (i = 0,1,...,deg(P®)) such that
Ui (2)GO + Vi (z)HO = z°,
5. Perform the Hensel construction to obtain polynomials G*) and H®):

P(z,u) = G® (z,u)H® (z,u) (mod I**1),
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where (n = deg(P(?)) below)

GW =G0 S v B = g6 S g R
1=0 1=0
with
FR =p_ ge-Dgh-1 = glgn 4 k) (mod 1FH1).

We compute U;(z) and V;(x) by the extended Euclidean algorithm.
6. If G®)|A and G*®)|B then return G*), else choose another expansion point
s' € C* and go to step 1.

3.2. SVD-Based Algorithms

The algorithms of Gao et al. [GKMYZ04] and Zeng-Dayton [ZD04] for computing
appGCD of multivariate polynomials are based on singular value decomposition
(SVD) and are very similar to each other. Let f,g € Clz1, ...z, f1 = f/gcd(f, 9)
and g1 = g/ged(f, g). Then all the solutions u,v € Clzy,.. .,z of the equation

uf+vg=0 (3.1)
are of the form

u=g14q, V= 7f1q7 (32)

where ¢ € Clzy,...,z¢ (Lemma 2.1 in [GKMYZ04]). From the equation (3.1),
we can derive a linear system for the coefficients of © and v, and we can obtain
solutions u = g7 and v = — f; by solving the linear system.

Let Sk and Sk be Gao et al.’s k-th generalized Sylvester matrix and Zeng-
Dayton’s k-th generalized Sylvester matrix, respectively. Then tdeg(ged(f,g)) =k
(or 1deg(ged(f, g)) = k (for 1deg, see Sect. 3.2.2)) if and only if Sy, (or Sk) is rank-
deficient by one with its nullspace being spanned by [v, —u]?, where u and v are
coefficient vectors corresponding to u and v, respectively. Then, the condition of
degree of GCD tells us that u = g; and v = —f;. Gao et al.’s and Zeng-Dayton’s
algorithms are summarized as follows.

1. Determine k (or k), the total-degree (or the ¢-degree) w.r.t. z1, ...,z of the
appGCD(f, g) in one of the following two ways:

a) Computing the degrees of the GCDs of several random univariate pro-
jections of f and g, and look for the numerical rank of the corresponding
univariate Sylvester matrices.

b) (Gao et al.’s algorithm only) From S=S5;(f,g) where f,g€Clz1,...,xz/]
with tdeg(u) < tdeg(g) and tdeg(v) <tdeg(f), find the largest gap in
the singular values of S and infer the degree from the numerical rank
of S.

2. For the k-th (or k-th) generalized Sylvester matrix Sy (or Sk), compute a
basis of the nullspace by computing the singular vector corresponding to the
smallest singular value of Si (or Sk).
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3. Find a G = gcd(f, g), the approximate quotient of f and v (or g and u);
alternatively minimize [|g — Gul|[3+ ||f + Gvl|3, by using a least-square algo-
rithm.

We note that the generalized Sylvester matrices are different in Gao et al.’s and
Zeng-Dayton’s papers. The size of S is smaller than the size of Sk (see Example
5). Also, we note that Gao et al.’s algorithm does not require tolerance e, but
Zeng-Dayton’s algorithm requires tolerance € because of determining degree of
univariate polynomial GCDs.

3.2.1. Gao et al.’s k-th Generalized Sylvester Matrix. Let tdeg(f) = m, tdeg(g) =
n, and B(k,£) = (ky); number of all the different terms z%' - - ole with 43 +-- -+
i¢g < k. Then, Gao et al.’s k-th Sylvester matrix

Sy, € CAlmAn—kO)x(B(m—kL)+B(n—k.0)) (3.3)

3.2.2. Zeng-Dayton’s k-th Generalized Sylvester Matrix. For f € Clzy,...,z/],
let m; = deg, (f) (1 = 1,...,£). By ldeg(f), or ¢~degree of f, we denote the (-
tuple m = [my, ..., my]. By v(m), we denote the number of all the different terms
it with i; <my (1 <5 <€) ie,v(m)=(my+1)(mg+1)---(my+1). In
Zeng-Dayton’s algorithm, every polynomial is transformed to a coefficient vector;
S = St oo, iy, ottt @l with s = 14 X0, [z‘k 15 (m; + 1)),
then

Ut f = f = [flvf%"'»fu(m)]T € (CU(M)

Let n = [n4,...,ng. By Cu(f) € CY(m+m)xv(m) "we denote a convolution matrix
of f; the s-th column of Cy(f) is generated by ¥mn(fgs), where g5 = z7' -+ -/

with s = 1+ 30, [z‘k 1l (ny + 1)] (1 < s < v(m)). Let ldeg(g) = n; then
Zeng-Dayton’s k-th Sylvester matrix
Sk(£,9) = [Cn—x(9)|Ca-x(f)] € Crmin—iOx(vim=igFvim=t)), (3.4)

4. Numerical Examples

We have implemented the Approximate PC-PRS algorithm in Maple and GAL,
and Zeng-Dayton’s algorithm in MATLAB. GAL is an algebra system constructed
by Sasaki and Kako, being equipped with effective floating-point number system
which allows us to detect the cancellation errors fairly well but not exactly; see
[KS97] for details (since the relative errors are set to 107! initially, the pre-
dicted values are about 10 times larger than the actual values). We use GAL to
estimate cancellation errors of PRS, EZ-GCD and PC-PRS, and we use Maple
and MATLAB to compare average CPU times for the PC-PRS and SVD-based
algorithms. We have used Gao’s code “multiged” is Maple for Gao et al.’s algo-
rithm [Kal04, Zhi04]. We compare our algorithm with Gao et al.’s algorithm in
Maple and Zeng-Dayton’s algorithm in MATLAB. Since the size of generalized
Sylvester matrices is very large in most cases, we have implemented sparse in
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MATLAB [Matlab]. Computations reported in this paper were performed on an
Xeon (and Ultra SPARC-IIi) running at 3.05GHz (and 440MHz) under Windows
XP (and Solaris 8), using Maple 9.5, MATLAB 7.1 (and GAL).

An Execution of Approximate PC-PRS Algorithm
Example 1. Let multivariate polynomials A(z,y, z) and B(z,y, z) be

Az, y,2) = (22 +y? +0.323 — 1)2(zy — 0.25) — 10 Pzyz,
B(z,y,2z) = (22 + 3y +0.323 = 1)(z —y)? =107 °(z + 1 — 2).
The approximate PC-PRS algorithm, with € = 0.001, works as follows.
g = ged(le(Pr), le(P);€) = ged(y, L) = 1.
E =6.
e Calculate PC-PRS:
deg(Pl), e Ldeg(Pe,) are 5,5,4,3,2,1, respectively.
1Pi]],..,|[P5l| axe O(1) and [|Ps]| < O(e).
e Normalization of Ps:
Ps = Normalize(P5) = 0.8799---z2y* + 0.0959 - - - 22?23 — 0.1199 - - - 223>
—0.0060---2%22% + 0.0066---22 — y* — 0.1380---y%2%> + 0.1266---y>
+0.0080 - - - 23 — 0.0066 - - -.

e Power-series division:

P = gPs/lc(Ps) = 2% +0.9999 - - -3 + 0.2999 - - - 2% — 1.0000 - - -.
e G =pp(P;e) =P.
e Check |[rem(P1,G)|| < € and ||rem(Ps, G)|| < e.

||rem(Py, G)|| = 0.0001 < 0.001, ||rem (P>, G)|| = 0.00019 < 0.001.
e Return G.

Example 2 (Comparison of PRS algorithm with PC-PRS algorithm). We compare
the PRS and PC-PRS algorithms on the following A(z,y, z) and B(z,y, 2):

Az, y,2) = (22 + 4™ +0.323™ — 1) (zy — 0.25) — 10~ Szy2",
B(z,y,2) = (a? + y*™ +0.32°" = 1)(z —y")* =107 °(z + 1 — 2).

Cancellation Errors by PRS and PC-PRS

In Tables 1 and 2, “#term” and “ErrMax” show numbers of terms and maxi-
mum relative errors in the coefficients P;(: = 1,...,6), respectively. “~Error—”
means that the computation stopped by failure (in this case, error happened in
the approximate division P/cont(P;¢e) with tolerance ¢).

Comparison of Computing Times
e Table 3: Average CPU times for m=1and n=1,...,6.
The total-degree of appGCD is the same for different n.
e Table 4: Average CPU times forn=1and m=1,...,4.
The total-degree of appGCD increases as m increases.
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TABLE 1. Approximate TABLE 2. Approximate
PRS Algorithm PC-PRS Algorithm
#term ErrMax(F;) #term ErrMax(F;)
Py 21 1.00e-15 Py 21 1.00e-15
Py 17 1.00e-15 Py 17 1.00e-15
Py 27 3.00e-15 Py 15 2.00e-15
Py 58 2.70e-14 Py 19 8.00e-15
Ps 166 1.20e-7 Ps 22 1.62e-9
Ps 0(0.0001) Ps 0(0.0001)
approx. GCD — Error — approx. GCD 2.53e-13

TABLE 3. The average CPU times for m =1 and n =1,...,6 (sec)

m=1 n=1 n=2 n=3 n=4 n=5 n==6
Approx. PRS 0.202 0.828 0.424 1.408 1.380 1.714
Approx. PC-PRS 0.016 0.016 0.012 0.016 0.014 0.012

TABLE 4. The average CPU times for n =1 and m = 1,...,4 (sec)

n=1 m=1 m=2 m=3 m=4
Approx. PRS 0.202 0.370 0.694 0.744
Approx. PC-PRS 0.016 0.026 0.036 0.058

We see that the approximate PC-PRS algorithm shows a very nice efficiency.
The average CPU time for approximate PRS algorithm depends on total-degrees
of A and B largely. On the other hand, the average CPU time for the approximate
PC-PRS algorithm depends only on the total-degree of appGCD, and they do not
depend much on other quantities.

Comparison of PC-PRS Algorithm with EZ-GCD Algorithm
Example 3. We compare the PC-PRS and EZ-GCD algorithms on the following
A(z,u) and B(z,u):
Alz,u) = (3 +ut +ud —u? +u+ 1+ 0.001) (22 + zu +u? + 1),
B(z,u) = (23 +u? +u3 —u? +u+1+0.001)(z? + zu + 1).

1. Approximate PC-PRS Algorithm
We obtain an appGCD(A, B) as follows:

0.99900099900123 + 0.999000999001u* + 0.999000999001 >
—0.999000999001u2 + 0.999000999001w + 1.

The maximum relative error of this appGCD is 2.00 x 10715,
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2. EZ-GCD Algorithm
We choose the expansion point at s = 4/2005 and put a = 1 and b = 1; then

G =0.99701787928153z3 + 1,
H©) = 2.0059820807004z% + 0.0040019592632428z + 2.0059860726797.

G and H© have mutually close roots, and the maximum relative errors
of G and H© are 2.51 x 101 and 2.51 x 10719, respectively. We obtain
the following appGCD(A, B):

G = 0.9970 - -23 + 0.0181 - - - 22u* — 0.0026 - - - 22u3
—0.0015- - - 22u2 4+ 0.0019 - - - 220 + 0.0177 - - - zu* — 0.0105 - - - zu3
+0.0044 - - -zu? — 0.0019 - - -zu — 0.0306 - - -u* +0.9942 - - -3
—0.9935- - -uZ 4 0.9950 - - -u + 1.

The maximum relative error of this appGCD by the EZ-GCD algorithm is
6.33 x 1075, We find that remainders of A and B by G are O(1).

Since we have chosen the expansion point s to be near a singular point
(in this case, the origin is a singular point), the EZ-GCD algorithm causes
large cancellation errors. We see that the approximate PC-PRS algorithm
does not cause such a large cancellation error; it is independent of the singular
point.

Example 4. We compare the PC-PRS and EZ-GCD algorithms on the following
A(z,u), B(z,u) and B(z,u):
Az, u) = (22 + u? + 1)(2? —u — 0.5)(2? + u + 0.1),
B(z,u) = (2% + u? + 1) (2 + u® + u — 0.4)(0.0012% + u + 1),
B(z,u) = (2% + u® + 1)(z + u® + u — 0.4)(0.0001z2 4 u + 1).
1. Approximate PC-PRS Algorithm
We obtain an appGCD(A, B) as follows
2 +u? + 1.

The maximum relative error of this appGCD is 1.13 x 10—, However, we

cannot obtain any appGCD(A,B): we can calculate the PRS of A and B
S (Pl = A,PQ = B,...,Ps,Pﬁ, ||P6|| = 0(0001)), but the PRS of A and

Bis (P, = A,P, = B,..., Ps, ||Ps|| = 0(0.001)). Since |[lc(B)]| is smaller

than the norms of other coefficients of B, the approximate PC-PRS algorithm

causes large cancellation errors.

2. EZ-GCD Algorithm
We choose the expansion point at s = 0 and put a = 1 and b = 1; then

GO = £2 4 0.99999999999811,
H© = 2%+ 0.001z> — 0.40039999999811z> + 1.0z — 0.45000000000264.

We obtain appGCD(A, B) and appGCD(A4, B) as follows
2 +u? +1.
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The maximum relative errors of appGCD(4, B) and appGCD(A, B) by EZ-
GCD algorithm are 1.13 x 107! and 1.13 x 101!, respectively.

We see that the approximate PC-PRS algorithm shows a very good efficiency.
We also see that, in some cases, the EZ-GCD algorithm gives better results than
the approximate PC-PRS algorithm.

Example 5 (Comparison of PC-PRS with SVD-based algorithms). In Tables 5, 6
and 7, “back err” denotes the backward error in Zeng-Dayton’s algorithm [ZD04]
defined as follows:

S f|12 5 ol12
o \/Hcfl S8+ lleg —gllt W)
113+ llgl13

where fi,§ and ¢ are co-factors of f, g and an appGCD(f, g), see below.
We compare the PC-PRS and SVD-based algorithms on the following f and g.

Sample 1.
f(l' U):fl(l‘ u)c(gg u) C(I,u):(x+u1+...+ur+l)2’
{ 5 5 5 ) with fl(x’u):(I2*u1*“‘*ur70.5)2,
g9(z, u) = g1(z, u)c(z, u), gi(z,u) = (22 +ug + -+ ur + 0.5)2.

We set 7 as r = 1,2,...,5. We show the comparison in Table 5, where “Ave.
CPU”, “ErrMax” and “back err” are the average CPU time (sec), the maximum
relative error and the backward error, respectively.

TABLE 5. Comparison of PC-PRS with SVD-based GCDs on Sample 1

Approx. PC-PRS Gao et al.’s GCD Zeng-Dayton’s GCD

(Maple) (Maple) (MATLAB)
Ave. CPU ErrMax Ave. CPU back err Ave. CPU back err
r=1 0.015 5.12e-13 2.647 5.62e-15 0.072 5.80e-15
r=2 0.025 5.12e-13 10.286 1.16e-14 0.119 8.41e-14
r=3 0.052 5.12e-13 96.206 1.36e-10 0.756 1.84e-13
r=4 0.151 5.12e-13 about 1300 1.72e-10 1.519 1.16e-13
r=>5 0.220 5.12e-13 over 3000 - --- 446.755 3.94e-13
Sample 2.
f(x,u) = fa(z,u)e(z,u), . c(z,u) = (z+ur+ - +up+1)%
{ with 2(z,u) = (22 —ug — - —ur — 0.5)%
g(z,u) = ga(x, u)c(x, u), go(z,u) = (I2 +u - Fu+ ().5)2,

Weset rasr=1,2,...,5.
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TABLE 6. Comparison of PC-PRS with SVD-based GCDs on Sample 2

Approx. PC-PRS Gao et al.’s GCD  Zeng-Dayton’s GCD
Ave. CPU ErrMax Ave. CPU back err Ave. CPU back err

r=1 0.015 5.12e-13 2.647 5.62e-15 0.072 5.80e-15

r=2 0.062 4.60e-12 11.114 1.30e-14 0.137 6.06e-14

r=23 0.130 8.19e-12 247.329 1.91e-10 1.988 7.94e-13

r=4 0.399 8.19e-12  over 3000 - - - - 338.754 7.88e-13
r=2>5 3.736 8.19e-12  over 3000 - - - - over 3000 ----

Sample 3.
_ 2

feu) = fo(wwe(a,w), o f ) =@ L

with ¢ fs(z,u) = (2% —ug — - —ul. — 0.5)%,

9(x,u) = gs(@, u)c(z, u), gs(z,u) = (% +uy + - +u, + 0.5)%

Weset rasr=1,2,...,5.

TABLE 7. Comparison of PC-PRS with SVD-based GCDs on Sample 3

Approx. PC-PRS Gao et al.’s GCD  Zeng-Dayton’s GCD
Ave. CPU ErrMax Ave. CPU back err Ave. CPU back err

r=1 0.015 5.12e-13 2.647 5.62e-15 0.072 5.80e-15
r=2 0.082 5.12e-13 7.899 1.47e-14 0.163 4.87e-15
r=23 0.151 5.12e-13 426.549 1.32e-10 83.323 2.62e-13
r=4 0.438 5.12e-13 3000 over - - - - over 3000 - - - -
r=>5 2.167 5.12e-13 3000 over - - - - over 3000 ----

We see that the approximate PC-PRS algorithm shows a very nice efficiency.
The CPU time for Gao et al.’s algorithm depends on the total-degrees of f and
g. Furthermore, Gao et al.’s algorithm is extremely slowed down if the number of
variables is large. On the other hand, Zeng-Dayton’s algorithm is not so slowed
down even if the number of variables is increased (Example 1 in [ZD04]). This
difference between Gao et al.’s algorithm and Zeng-Dayton’s algorithm is due to
computing environments: efficiency of Zeng-Dayton’s algorithm is strongly due to
very fast sparse matrix SVD procedures in MATLAB. If we implement Gao et
al.’s algorithm in MATLAB, the algorithm will show a much better performance.
Observing the maximum relative error and the backward error, the approximate
PC-PRS algorithm is stable if the total-degree and the number of sub-variables
are increased. On the other hand, SVD-based algorithms lose stability gradually.

Comparison of S;, with Sy.

The size of the generalized Sylvester matrix increases very rapidly as the degree
or the number of variables increases. The generalized Sylvester matrices S and
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Sk are different. Table 8 shows the sizes of generalized Sylvester matrices S; and
Sk for Samples 1 and 3 above.

TABLE 8. Sizes of generalized Sylvester matrices

Sample 1 (Table 5) Sample 3 (Table 7)
Sk Sk Sk Sk
r=1 66x30 77x30 66x30 77x30
r=2  286x70 539x90 28670 819x120

r=3 1001x140 3773x270  1829x280 9009 %660

r=4 3003x252 26411x810 20349x3129 99099x5130

r=>5 8008x420 184877 74613 1756755
%2430 x 8218 *x53190

We see that size(Sy) < size(Sk). By row(M) and col(M), we denote the
numbers of rows and columns, respectively, of a matrix M. For Gao et al’s
Sylvester matrix Sy, row(S;) = B(m+n—k,{) = (m+”;k+£) and col(Sy) = B(m—
k,0)+ B(n— kb)) = (mfekﬁ) + (”jﬁe). For Zeng-Dayton’s Sylvester matrix Sk,
row(Si) = [Ti_y (mi+n;—k;+1) and col(Sk) = [Tr_, (mi—ki+1)+T 15 (ni—ki+1).
We have

L
—k 1
(m Z”) = y[m—k+e—itn)

=1

< l}'{(mkar DE4+ 02 (m—k+1)1t
+63(m — k +1)F72 +m+££}
l+1 ¢
< — .
<y (max{m k+1,£}) , (4.2)
¢ ¢ y y
[[mi —ki+1) > [J0h—k+1) = (o — k+1)", (4.3)
i=1 i=1
where (m, Ivc) is a pair which minimizes m; —k; (i =1,...,¢). Since m—k > m—k,
we can bound row(Sy) and col(S) as follows:
{41 ¢ ..y ¢
row(Sg) < / (max{m +n—k+ 1,8}) <(m+n—k+1)" <row(Sk),
¢
col(Sk) < ¢ Z ! (max{m —k+ 1,0} + max{n — k + 1,8})
< (h—k+1)+ (#H—k+1) <col(Sk).

Therefore, size(Sk) is larger than size(S). In most cases, max{m—+n—k+1,{} ~
m +n — k + 1; hence we have

l+1

row(Si) S ( +

p )row(Sk). (4.4)
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Example 6. We compare the performance of approximate PC-PRS and Gao et al.’s
GCD by multivariate polynomials generated randomly in Maple. We generate ten
polynomial pairs (4;, B;) (i =1,...,10) as follows:
A; = a;c; + 1072d1‘
B; = bjc; + 107261‘
Ai+5 = a;c; + 1075d1‘
Bi+5 = b;c; + 107561‘

where ai,bi,ci,di,ei c (C[l‘,y] (’L = 1,2,3) and ai,bi,ci,di,ei S (C[:c,y, Z] (’L = 4, 5),

with ||as|| = [|bil| = ||cill = ||dil| = |leil| =1 (i = 1,...,5), and we generate them
randomly in Maple. Table 9 shows the comparison.

TABLE 9. Comparison of PC-PRS with SVD-Based GCDs (sec)

Approx. PC-PRS Gao et al’s GCD  Zeng-Dayton’s GCD

(Maple) (Maple) (MATLAB)
Ex. Ave. CPU ErrMax Ave. CPU back err Ave. CPU back err
1 0.025 7.27e-12 0.871 9.65e-3 0.094 3.52e-1
2 0.044 3.00e-14 1.825 1.66e-2 0.094 4.83e-1
3 0.029 1.37e-13 3.670 1.25e-2 0.090 5.13e-1
4 0.110 3.47e-7 4.892 1.66e-2 0.253 3.32e-0
5 — Error — 4.119 1.18e-2 0.294 2.44e-0
6 0.037 4.68e-11 2.170  9.65e-6 0.098 2.08e-5
7 0.040 1.39e-13 1.121 1.66e-5 0.087 1.80e-5
8 0.039 1.66e-9 0.341 1.25e-5 0.082 1.95e-5
9 0.049 3.22e-6 2.503 1.66e-5 0.102 2.24e-5
10 0.471 1.90e-8 2.563 1.18e-5 0.100 1.76e-5

We see from Table 9 that Gao et al.’s algorithm is unstable if the pertur-
bation is not small; it is difficult to determine the total-degree of appGCD by
only the SVDs of univariate polynomials. For example, in Ex. 3, we obtain an
appGCD of the total-degree 1, but tdeg(ged(A4s, B3)) = 3. In Gao et al.’s algo-
rithm, we determine the total-degree by rank deficiency by observing the largest
gap of singular values, and hence the determination is unstable if perturbation is
not small. The situation is the same in Zeng-Dayton’s algorithm. Furthermore,
since Zeng-Dayton’s algorithm requires degrees of ¢ univariate polynomial GCDs
for ¢ variables, it is more unstable if the number of variables is large. In fact,
Zeng-Dayton’s algorithm does not give correct appGCD for Ex. 1-5. In Ex. 4 and
8, ||lc(B4)|| and ||lc(By)|| are small compared with the norms of other coefficients.
Therefore, the approximate PC-PRS algorithm causes large cancellation errors.
On the other hand, Gao et al.’s algorithm and Zeng-Dayton’s algorithm are not
affected by norms of coefficients. In Ex. 5, “Error” means that the computation
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stopped by failure (in this case, an error happened in computing an appGCD of
lc(As) and le(Bs); ged(le(As),le(Bs);0.01) = ged(0,1c(Bs);0.01) = 0. The rea-
son is the small leading coefficient: ||lc(As)|| < 0.01). The approximate PC-PRS
algorithm is not complete yet. Improvement of the algorithm is our future work.

5. Conclusion

In this paper, we proposed an Approximate PC-PRS algorithm and briefly discuss
five algorithms for computing appGCD of multivariate polynomials. Our algorithm
cut-offs unnecessary higher degree terms in the computation of PRS, making the
computation quite efficient. We showed a good performance of the approximate
PC-PRS algorithm. This algorithm is very nice except in the case of a small lead-
ing coefficient (Example 4 and Ex. 5 in Example 6). SVD-based algorithms can
compute appGCD fast, only when the degree and number of variable are small.
The size of the generalized Sylvester matrix increases very rapidly as the degree
and the number of variables are increased; hence SVD-based algorithms require
very fast SVD routines such as those in MATLAB. SVD-based algorithms are
unstable when the perturbation is not small; we cannot determine the degree of
appGCD. On the other hand, SVD-based algorithms are not affected by norms of
coefficients.
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Structured Low Rank Approximation
of a Sylvester Matrix

Erich Kaltofen, Zhengfeng Yang and Lihong Zhi

Abstract. The task of determining the approximate greatest common divisor
(GCD) of univariate polynomials with inexact coefficients can be formulated
as computing for a given Sylvester matrix a new Sylvester matrix of lower
rank whose entries are near the corresponding entries of that input matrix.
We solve the approximate GCD problem by a new method based on structured
total least norm (STLN) algorithms, in our case for matrices with Sylvester
structure. We present iterative algorithms that compute an approximate GCD
and that can certify an approximate e-GCD when a tolerance e is given on
input. Each single iteration is carried out with a number of floating point
operations that is of cubic order in the input degrees. We also demonstrate
the practical performance of our algorithms on a diverse set of univariate pairs
of polynomials.
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Keywords. Sylvester matrix, approximate greatest common divisor, structured
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1. Introduction

The problem of perturbation errors in the scalars of the inputs to a symbolic com-
putation task has been studied extensively in the recent past, giving rise of the
subject of hybrid symbolic/numeric algorithms. Approximate GCDs and factors
have been at the center of investigations. One can formulate the algorithm specifi-
cations as an optimization problem without appealing to floating point arithmetic
[11, 5]. In the GCD case one has the following.
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Problem 1.1. Input are two univariate polynomials f, g € Clx]| with degree deg(f)=
m and deg(g) = n. For a positive integer k with k < min(m, n), we wish to compute
Af, Ag € Clz] such that deg(Af) < m, deg(Ag) <n, deg(GCD(f+Af,g+Ag)) >
k and such that ||Af||3 + || Agll3 is minimized.

When k£ = 1, a polynomial time solution is presented in [18]; see also [5, Sect. 2.6].
One may restrict the above problem to polynomials with entirely real coefficients.
Several authors assume that an error estimate € is also input and either output a
pair Af, Ag with | A f||3+]|Ag||3 < ¢, yielding an e-GCD equal GCD(f+Af, g+Ag),
or prove that no such pair exists or output “undecided,” the latter when the used
numerical techniques cannot settle the problem.

The computation of approximate GCDs of univariate polynomials has been
extensively studied [27, 21, 5, 7, 17, 10, 2, 22, 26, 32, 6, 30, 31]. The singular value
decomposition (SVD) of the Sylvester matrix derived from the input polynomialsis
used in [5, 7, 32, 6, 8, 31] to deduce approximate GCDs. By dropping insignificant
singular values, the SVD yields a nearby matrix of lower rank, but that matrix
has no longer the Sylvester structure. The approximate GCD can be found by
additional manipulation, for example from the singular vectors.

Here we propose to approximate the given Sylvester matrix with a rank
deficient matrix that also has Sylvester structure, which is an instance of the class
of structure preserving total least squares problems. There are several methods at
our disposal, and we have tested the STLN (structured total least norm) algorithm
[23] and the iterated projection algorithm in [4]. STLN is an efficient method for
obtaining an approximate solution (A+ FE)X = B+ H to an overdetermined linear
system AX ~ B, preserving the given linear structure in the minimal perturbation
[E H]. We show how to solve Problem 1.1, at least for a local minimum, by applying
STLN with Ly norm to a submatrix of the Sylvester matrix. The algorithm in [4]
projects the nearest rank deficient matrix by imposing Sylvester structure, thus
destroying rank deficiency. Then it repeats the SVD/projection steps on the new
Sylvester matrices.

We achieve excellent performance of STLN on our test cases, requiring only a
handful of iterations and yielding a backward error that is comparable and better
than earlier algorithms. For instance, our STLN-based approximations can have a
relative backward error that is about 10 times smaller than the one achieved by
the SVD-Gauss Newton approach [30]. In contrast, the algorithm in [4] does not
perform well, exhibiting slow convergence similarly as experienced earlier on the
factoring problem.

The organization of this paper is as follows. In Sect. 2, we introduce some no-
tations and discuss the equivalence between the GCD problems and the low rank
approximation of a Sylvester matrix. In Sect. 3, we consider solving an overde-
termined system with Sylvester structure based on STLN. In Sect. 4, we describe
our approximate GCD based on STLN and discuss the achieved practical perfor-
mance on a number of benchmark pairs of univariate polynomials. Furthermore,
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we compare our results with preceding work. We conclude in Sect. 5 with remarks
on the complexity and the rate of convergence of our algorithms.

2. Preliminaries

We first shall prove that the minimization Problem 1.1 in Sect. 1 always has
a solution, in contrast to general and structured total least norm problems [19,
Sect. 3.1]. Let f, g € C[z] \ {0} with degree deg(f) = m and deg(g) = n, namely

f:amxm+amflxM71 +---taix+ap, am #07

g =bpx™ +by_12" L4+ 4 bz + b, b, # 0.

Theorem 2.1. Let k be a positive integer with k < min(m,n). There exist f. g€
Clz] with deg(f) < m, deg(g) < n and degGCD(f,g) > k such that for all

f,§ € Clz] with deg(f) < m, deg(§) < n and deg GCD(f,§) > k we have
I = £I5+ 18— gl < IIf = £15 + 115 — gll3-

Proof. Let h € C[z] be monic with deg(h) = k and let u,v € C[z] with deg(u) <
m — k and deg(v) < n — k. For the real and imaginary parts of the coefficients of
h (excluding the leading coefficient, which is set to 1), and of u and v we consider
the continuous objective function

F(h,u,v) = |[uh — f|I5 + [[vh — g]l5.

We prove that the function has a value on a closed and bounded set (with respect
to the Euclidean metric) of its real argument vector that is smaller than elsewhere.
Hence the function attains, by Weierstrass’s theorem, a global minimum. Consider
f = amax™ and § = b,z", which have a GCD of degree > k. Clearly, any triple
h,u,v with F(h,u,v) > || f— fl|?+ /g — g||? can be discarded. So the coefficients of
uh and vh can be bounded from above, and by any polynomial factor coefficient
bound, so can the coefficients of h, u, v (provided ||ul|2 or ||v||2 are bounded away
from zero for monic h; see [16, Sect. 1.2] for more detail). Thus the domain of
the function F'(h,u,v) can be restricted to a sufficiently large ball. It remains to
exclude u = v = 0 as the minimal solution. We have F(h,0,0) = | |12 + |lgl|3 >

If—7l3+ 13— gli3- 0

Remark 2.2. The above theorem 2.1 remains valid when one restricts the input
and perturbed polynomials to have real coefficients. We note that for real input
polynomials the optimal complex solution may be nearer than the optimal real
solution. In fact, for the pair f = 2 + 1 and g = 22 + 2, the optimal real solution
for k=1is f = 0.723598 22+ 1.170810 and § = 1.170822 2 + 1.894436 with || f —
flI3+]1g—gll3 = 0.145898, while there is a nearer pair of complex polynomials with

a common root, namely f = 0.81228z% — 0.14813 iz + 1.1169 and § = 1122022 +

0.096263 iz + 1.9240 with ||f — f[|3 + [|g — g]|3 = 0.1007615. Moreover, in such a
case, the nearest pair is never unique. The second solution is the complex conjugate
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of f and ﬁ A real example with an ambiguous real nearest pair with a GCD is
f=2?—-2and g = 22 — 1. We note that ambiguity of approximate solutions was
already noted in [33, 12]. O

Now suppose S(f, g) is the Sylvester matrix of f and g. It is well-known that
the degree of GCD of f and g is equal to the rank deficiency of S; we have

min || = fI3+ 13— g3
deg(GCD(f,3))>k

— min  |f-fI3+15-9l3 (21)
rank(S)<n+m—k

where S is the Sylvester matrix generated by f and §, with deg f=m < m and

degg = n < n. Note that for f = 0 or g = 0, the Sylvester matrix S is not
defined. If one polynomial is zero, we shall assume that rank(S’ )< n+m-—kis
satisfied since then GCD is the other non-zero polynomial. If both f =g=0, we
shall assume rank(S) = oo, as that solution is always sub-optimal (see proof of
Theorem 2.1).

The k-th Sylvester matrix Sy € C(mtn—k+1)x(m+n=2k+2) 5 5 submatrix of
S obtained by deleting the last £ — 1 rows of S and the last k¥ — 1 columns of

coefficients of f and g separately in S.

am bn 1
Am—1 T bnfl
am bn
S, = ao am—1  bo bn—1 ,
L ao bo |
~ ~ N ~ -
n—k+1 m—k-+1

For k = 1, S; = S is the Sylvester matrix. In paper [8], we know the strong
relationship between the Sylvester matrix S and its k-th submatrix Sj.

Theorem 2.3 ([8]). Given univariate polynomials f, g € Clz], deg(f)=m, deg(g)=
n and 1 < k < min(m,n). S(f,g) is the Sylvester matriz of f and g, Sy is the
k-th Sylvester matriz of f and g. Then the following statements are equivalent:
(a) rank(S) <m+n—k;
(b) Rank deficiency of Sk is greater than or equal to one.

Having the above theorem, the formulation (2.1) can be transformed into:

min || = fI3+ 15— g3
deg(GCD(f,3)) >k

= min If = I3+ 115 - gll3 (2:2)
dim Nullspace(Sk)>1
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where S, is the k-th Sylvester matrix generated by f and g, with deg f < m and
deg g < n.

If we solve the following overdetermined system using STLN [25, 24, 23, 19]

Ak X~ bk, (23)

for S, = [bk Ak, where by is the first column of Sy and Ay are the remain-
der columns of Sk, then we obtain a minimal perturbation [hg Fy] of Sylvester
structure such that
by + hy € Range(Ak + Ek).

Therefore, S, = [br+hg, Ax+ Ex] is a solution with Sylvester structure (provided
the highest order coefficients remain non-zero) and dim Nullspace(S;) > 1.

The reason why we choose the first column to form the overdetermined system
(2.3) can be seen from the following example and theorem.

Ezample 1. Suppose we are given two polynomials
f=2+z=x(x+1),
g=2>+4x+3=(x+3)(z+1).

S is the Sylvester matrix of f and g:

1 01 0
11 4 1
S=101 3 4
000 3

The rank deficiency of S is 1. We partition S in two ways: S = [A; by] = [by 44,
where b1 is the last column of S, whereas by is the first column of S.
The overdetermined system

Aijx =b;
has no solution, while the system

Aix =by
has an exact solution as x = [—3,1,0]T.

Theorem 2.4. Given univariate polynomials f , g € Cx] with deg(f) = m, deg(g) =
n and a positive integer k < min(m,n). Suppose Sy is the k-th Sylvester matriz
of f and g. Partition Sy = [by Ay], where by, is the first column of S and Ay
consists of the last n +m — 2k 4+ 1 columns of Sx. Then we have

dim Nullspace(Sy) > 1 <= Aix = by, has a solution. (2.4)

Proof. “<=": Let Arxx = by have a solution, then by € Range(Ay). Since by is
the first column of Sk, the rank deficiency of Sy = [by Ag] is at least 1.

“=—:” Suppose the rank deficiency of Sy = [by, A] is at least 1. Multiplying
the vector [z"t™~k ... 2, 1] to the two sides of the equation Azx = by, it turns
out to be

[xn7k71f7 M f? xm*kQ? xm*kilQ? A ?g]x = "L‘nikf' (2'5)
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The solution x of (2.5) corresponds to the coefficients of polynomials u,v, with
deg(u) <n—k—1,deg(v) < m — k and satisfy
" Ff=uf+vg.

Let d = GCD(f,9), f1 = f/d,g1 = g/d. Since dim Nullspace(S;) > 1, we
have deg(d) > k and deg(f1) < m — k,deg(g1) < n — k. Dividing "% by g1, we
have a quotient ¢ and a remainder p such that

2" F = qg1 +p,
where deg(q) < deg(d) — k,deg(p) < n —k — 1. Now we can check that

u=p, v=qfi,
are solutions of (2.5), since deg(u) <n —k — 1,
deg(v) = deg(g) +deg(f1) < d (d) k+ deg(f1) <m —k,

and
vg+uf=fiqgdg+pf=fqo+fp=fa"k O

Next, we show that for any given Sylvester matrix, when all the elements
are allowed to be perturbed, it is always possible to find matrices [hy Ey] with
k-Sylvester structure (implying that the leading entries are non-zero) such that
b + h, € Range(Ay + Ei), where by is the first column of Sy and Ay are the
remainder columns of S.

Theorem 2.5. Given the integers m,n and k, k < min(m,n), then there exists a
Sylvester matriz S € CMHM)*X(m+n) with rank m +n — k.

Proof. For all m and n, we always can construct polynomials f,g € C[z] such
that deg(f) = m, deg(g) = n, and the degree of GCD(f, g) is k. Hence S is the
Sylvester matrix generating by f,g and its rank is m +n — k. (I

Corollary 2.6. Given the positive integers m, n, k < min(m,n), and k-th Syl-
vester matriz Sy, = [by Ag], where A € Clmtn—k+1)x(min=2k+1) gnd b, €
ClmAn—k+1)x1 "4t is always possible to find a perturbation [hy, Ex] of k-th Sylvester

structure such that by + hy € Range(Ay + Ej).

3. STLN for Overdetermined Systems with Sylvester Structure

In this section, we illustrate how to solve the overdetermined system
Ak X~ bk, (31)

where A;, € Clmtn—ktl)x(min=2k+1) anq b, € CMTn—k+UX1 G — [by, Ay] is
the k-th Sylvester matrix. According to Theorem 2.5 and Corollary 2.6, there
always exists k-th Sylvester structure perturbation [hy Ej] such that (by + hy) €
Range(Ay, + Ey). In the following, we illustrate how to find the minimum solution
using STLN.
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First, the Sylvester-structure preserving perturbation [hy Ejx| of Sk

21 Zm+2
%) T Zm+3
21 : . Zm42
[hk Ek] — Zm—+1 Z2 Zm4n—+2 Zm+3
L Zm+1 Zm+n+2 |
~ ~ PR ~ 7
n—k+1 m—k-+1

can be represented by a vector z € C(m+n+2)x1.

T
Z = (21,22, Zmint1s Zmint2)

Since hy is the first column of the above matrix, we can define a matrix Py as

by = [ IWBH g ] € ClmFn—ht)x(mint2) (3.2)

where I,,,41 is a (m 4+ 1) x (m + 1) identity matrix, such that hy = Pyz.
We solve the equality-constrained least squares problem:

min ||z]|2, subject to r =0, (3.3)
Z,X

where the structured residual r is
r =r(z,x) = bx + hy — (4 + Er)x.

We do not know if the above STLN problem always has a solution. But
even if that were the case (cf. [19, Theorem 3.1.2]), the optimal solution may not
correspond to a nearest GCD pair, as it may correspond to polynomials of smaller
degrees that, for instance, remain relatively prime. The structured minimization
problem (3.3) can be solved by using the penalty method in [1], transforming (3.3)
into:

) w > 1, (3.4)

where w is a large penalty value between 10% and 10°. It is shown in [1, 28] that
an algorithm based on Givens rotations produces accurate results regardless of row
sorting and even with extremely large penalty values.

Following [24, 23], we use a linear approximation to r(z,x) to solve the mini-
mization problem. Let Az and Ax represent a small change in z and x respectively,
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and AE} represents the corresponding change in Ey. Then the first order approx-
imation to r(z + Az,x + AXx) is

r(z+ Az,x+ AX) = by + Py(z + Az) — (Ar + Ex + AER)(x + AX)
~ by + Pyz — (Ak + Ek)x + PrAz — (Ak + Ek)AX — AEpx
=r+ PyAz — (A + Ex)Ax — AERX.

We introduce a matrix of Sylvester structure Y, € C**¥, where y = m+n—k+1
and v = m + n + 2, such that

Yi oz = AEpyx with X =[21,22, ..., Tmin_oki1)” - (3.5)
Now (3.4) can be approximated by

s [ =[] 7]

Im+n+2 0 AX Z (36)

2

In the following, we propose a new method to construct the matrix Y. Sup-
pose f, g, E, z and x are given above. Multiplying the vector

v = [l,m#»nfk7 xm+nfk717 o I2, l‘l, 1] c (C[l,]m+nfk+1
to the two sides of (3.5), we obtain the polynomial identity

vY,z=vE,x.
For [0] we obtain
X
vErx =v[hg Byl % = §1G1 + Golio, (3.7)
where g; is the polynomial of degree m, generated by the subvector of z:
(21, 22, -+« -y Zm+t1),
g2 is the polynomial of degree n, generated by the subvector of z:
[zm+27 Zm+43s -+ Zm+n+2]7
41 is the polynomial of degree n — k — 1, generated by the subvector of X:
[0, z1, Z2, .., Tp_k|,
U9 is the polynomial of degree m — k, generated by the subvector of x:

[xnfk+17 Tn—k+2y «+ -y xm+n72k+1]-
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Y} is the coefficient matrix formed from the above linear system (3.7) with respect
to powers of x and the variables z;:

FEzample 2. Suppose m =n =3, k = 2; then Sy =

Az

P

Y>

0

Z1

Tn—k

~
m—+1

0

0
T

=

0
0
0

0

Z1

Tn—k

[N el -
oSO = OO

colB oo

Tm+n+1—2k

0
0
0
1
0
0
0
0
x

1
0

Tn+1—k

Tn4+2—k

5 b2 =
0

0

01,

0

0

0 o
0 T3
0 0
0 0
T 0

Tn+1—k
Tn4+2—k
Tm+n+1—2k i
~ -
n+1
[bg AQ], where
asg
a2
al s
ag
0
0 0 0
o 0 0
r3 T2 0
0 Ir3 T2
0 0 T3

It is easy to see that the coefficient matrix in (3.6) is also of block Toeplitz
structure. We could apply fast least squares method to solve it quickly. Preliminary
results on that are reported in [20].

4. Approximate GCD Algorithm and Experiments

The following algorithm is designed for finding an approximate solution to Prob-

lem 1.1.

Algorithm AppSylv-k

Input — A Sylvester matrix S generated by two polynomials f, g € C[z] of total
degrees m > n respectively, an integer 1 < k < n and a tolerance tol.
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Output — Polynomials f and § with dim Nullspace(S( 1, g)) > k and the Euclidean
distance ||f — |2 + [|§ — g||3 is reduced to a minimum.
1. Form the k-th Sylvester matrix Sg, choose the first column of Sj as by, and
Ay be the remainder columns of Si. Let Ep = 0, hy = 0.
2. Compute x from min ||Agx — bg||2 and r = by — Axx. Form Py and Y} as
shown in the above sections.

3. Repeat
a) min w(Yk — Pk) w(Ak + Ek) AZ 4 —wr '
AX, Az Im+n+2 0 AX z 2

b) Set x =x+ Ax,z =2z + Az.
¢) Construct the matrix E; and hy from z, and Y from x. Set Ay =
Ay + Ei, b = by + hy, r = by, — Apx.
until (||ax]|2 < tol and ||Az||2 < tol).
4. Output the polynomials f and g formed from by and Ay.

Given a tolerance €, the algorithm AppSylv-k can be used to compute an e-
GCD of polynomials f and g with degrees m > n respectively. The method starts
with k = n < m, using AppSylv-k to compute the minimum N = ||f — f||2 + || —
gl|2 with rank(S(f,3)) < m +mn — k. If N < ¢, then we can compute the e-GCD
from the matrix Sg( f, g) [8, 30]; Otherwise, we reduce k by one and repeat the
AppSylv-k algorithm. Another method tests the degree of e-GCD by computing
the singular value decomposition of Sylvester matrix S(f, g), find the upper bound
degree r of the e-GCD as shown in [5, 7]. So we can start with k& = r rather than
k = n to compute the certified e-GCD of the highest degree.

Ezample 3. The following example is given in Karmarkar and Lakshman’s paper
[18]. We wish to find the minimal polynomial perturbations A f and Ag of

f=2>—6x+5=(z—1)(z —5),
g=12—63z+572=(r—1.1)(z — 5.2),

such that the polynomials f + Af and g + Ag have a common root. We consider
this problem in two cases: the leading coefficients can be perturbed and the leading
coefficients can not be perturbed.

Case 1: The leading coefficients can be perturbed. Applying the algorithm App
Sylv-k to f, g with k =1 and tol = 1073, after three iterations, we obtain
the polynomials f and g :

f = 0.985022 — 6.0029z + 4.9994,
§ = 1.0150z% — 6.2971x + 5.7206,
with a distance
N =|If = fll5+ 1§ — gll5 = 0.0004663.
The common root of the f and g is 5.09890429.
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Case 2: The leading coeflicients can not be perturbed, i.e., the first and fourth
terms of q are fixed as one. Running the algorithm AppSylv-k for k = 1
and tol = 1073, after three iterations, we get the polynomials f and § :

f =a%—6.0750z + 4.9853,
§ =% —6.22222 + 5.7353,
with minimum distance as

N = |If = flI3 + 117 — gl = 0.01213604583.
The common root of f and g is 5.0969478.

In the paper [18] the perturbed polynomials are restricted to be monic.
The minimum perturbation Karmarkar and Lakshman obtained is 0.01213605293,
which corresponds to the perturbed common root 5.096939087.

Remark 4.1. The above algorithm will for real inputs compute the optimal pair

over the reals only. As stated in Remark 2.2 even for real inputs the optimal com-

plex pair may have complex coefficients. The following change in the initialization

in step 2 can accomplish that:

2C, Compute x from min || (Ak +5Ak)X7(bk +dby, ||2 andr = by+dbr—Ar—0 A X,

where § Ay and dby, are structured perturbations of random purely imaginary
complex noise. Form P, and Y), as shown in the above sections.

For the first iteration in step 3 we use the original real input coefficients. The

optimal complex solutions in Remark 2.2 could be found by adding random noise

of magnitute 1072,

We have also tested our algorithm on inputs where both polynomials have
small leading coefficients and observed that the method can produce valid results
provided the “tails,” of the polynomials, i.e., the parts without the leading coefhi-
cients, are approximately relative prime. We present an example.

f = .1000000000- 10222 4 x,
g = .1000000000- 10222 + = + 1.

The roots of f are —10'°, 0, the roots of g are —9999999999, —1. We compute two
polynomials f and g by our algorithm:

f = .100000000005000000 - 10~ %22 + 1.z,

g = .99999999994999994 - 10~ %22 + 1.2 + 1.

The roots of f are now —9999999999.5, 0 and the roots of § are now —9999999999.5,
—1. The perturbation by our algorithm is

I f = fI? 4 Ilg — gll? = .500000000000000 - 10~4°.

However, if the tails have a nearby GCD, the algorithm as stated does not find
a good result due to the choice of by as the first column of the Sylvester matrix.
That problem appears in a more general manner when applying our approach to
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multivariate approximate GCDs when some terms of maximal total degree can
vanish in the nearest pair. The remedy is to determine the proper right side vector
from the components of the first singular vector; see [14, 16] for more detail. O

In Table 1, we show the performance of our algorithm for computing e-GCDs
of univariate polynomials randomly generated in Maple 9 with Digits = 10. For
every example, we use 50 random cases for each (m, n), and report the average over
all results. For each example, the prime parts and GCD of two polynomials are
constructed by choosing polynomials with random integer coefficients in the range
—10 < ¢ < 10, and then adding a perturbation. For noise we choose a relative
tolerance 107°, then randomly choose a polynomial that has the same degree as
the product, and coefficients in [—10¢, 10¢]. Finally, we scale the perturbation so
that the relative error is 107°. In our test cases we set e = 2. Here m and n
denote the total degrees of polynomials f and g; k is the degree of approximate
GCD of f and g; “it. (Chu)” is the number of the iterations needed by Chu’s
method [4]; whereas “it. (STLN)” denotes the number of iterations by AppSylv-k
algorithm; “error (Zeng)” denotes the perturbation || f — f||2 + /g — g||3 computed
by Zeng’s algorithm [30]; whereas “error (STLN)” is the minimal perturbation
I — FI3+ 11§ — gl|3 computed by AppSylv-k algorithm; o, and &y, are the last k-
th singular values of S(f, g) and S( 1, J), respectively. Riemannian SVD has been
considered in [3] for computing approximate GCDs. We would like to compare
with their implementation in the future.

TABLE 1. Algorithm performance on benchmarks (univariate case)

Ex. m.n k it. it. error error o 5

’ (Chu) (STLN) (Zeng) (STLN) k k
1 2,2 1 4.73 1.90 1.89¢-4 2.87e-5 3.53e-3 107°
2 3,3 2 8.49 1.98 1.36e-3 1.05e4 8.21e-3 107°
3 5,4 3 11.44 2.00 1.00e-3 1.25¢4 1.0le2 107°
4 5,5 3 13.64 2.00 7.43e4 1.25¢4 9.57e¢3 107°
5 6,6 4 23.07 2.00 1.46e-3 1l.4le4 9.64e-3 107°
6 87 4 3264 2.00 6.53e4 1.3le4 8.04e-3 107°
7 10,10 5 43.12 2.00 1.6le-3 2.0le4 1.21e2 107°
8 14,13 7 58.16 2.00 1.23e3 2524 1.5le2 107°
9 28,28 10 161.74 2.00 2.6le-3 3.4le4 1.48¢2 10710

10 65,65 15 633.64 2.00 6.19¢-3 5.50e-4 1.90e-2 1079
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5. Concluding Remarks

In this paper we present a practical and reliable way based on STLN to compute the
approximate GCD of univariate polynomials. Note that the overall computational
complexity of the algorithm AppSylv-k depends on the number of iterations needed
for completing step 3 and the computational complexity of each iteration. If the
starting values are good, then the iteration will converge quickly. This can be seen
from the above table. For each iteration, Givens rotations are applied. Checking the
size of the matrix involved in solving the minimization problem in step 3, we ob-
tain that each iteration needs less than (4m +4n —k+6) (2m+2n — 2k + 3)°
operations. Since the matrices involved in the minimization problems are all struc-
tured matrix, they have low displacement rank. It would be possible to apply the
fast algorithm to solve these minimization problems [20]. This would reduce the
complexity of our algorithm to be only quadratic with respect to the degrees of
the given polynomials.

Our methods can be generalized to several polynomials and to several vari-
ables [15, 16]. Moreover, as observed in [9], arbitrary linear equational constraints
can be imposed on the coefficients of the input and perturbed polynomials. Such
constraints can be used to preserve monicity and sparsity, but also relations among
the input polynomials’ coefficients [15, 16].
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Implementation of Fast Low Rank
Approximation of a Sylvester Matrix

Bingyu Li, Zhuojun Liu and Lihong Zhi

Abstract. We describe and implement a fast algorithm for constructing struc-
tured low rank approximation of a Sylvester matrix. The fast algorithm is
obtained by exploiting low displacement ranks of the involved structured ma-
trices. We present detailed error analysis and experiments to show that the
fast algorithm is stable.
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Keywords. Sylvester matrix, displacement rank, generalized Schur algorithm,
structured total least norm.

1. Introduction

The authors in [11] described a fast algorithm based on structured total least norm
(STLN) [16, 14] for constructing structured low rank approximation of a Sylvester
matrix and obtaining the nearest perturbed polynomials with exact GCD of degree
not less than a given positive integer. This algorithm is of complexity O((2m +
2n — k + 3)?), where m, n, k are degrees of input polynomials and a given positive
integer. The increased efficiency is obtained by exploiting low displacement ranks
of the involved structured matrices in [10, 11]. However, since coefficient matrices
appeared in the STLN method have large condition numbers, it is necessary to
reduce error by choosing a suitable generator matrix for the fast algorithm. In this
paper, we present a new generator pair of the augmented matrix (3.6) in Sect. 3.
In Sect. 4, we analyze the backward error and forward error of the fast algorithm.
Experiments are given in Sect. 5 to show the stability of the fast algorithm.

The work is partially supported by the National Key Basic Research Project 2004CB318000 of
China and the Chinese National Science Foundation under Grants 10371127 and 10401035.
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2. Preliminaries

We are given two polynomials a,b € R[z] with a = a;,2™ + -+ + a1z + ap and
b=bpx"™+---+bix+by, am # 0,b, # 0. S is the Sylvester matrix of a and b. The
perturbations of a and b are denoted by Aa = Aapx™ + -+ -+ Aarx + Aag and
Ab = Abpx"+- - -+ Abyx+ Abg respectively. We consider the minimal perturbation
problem: For a positive integer k < min(m,n), minimize ||Aa||§+||Ab||§ preserving
that a + Aa and b+ Ab have an exact GCD of degree not less than k.

Denote S = [a A] € Rimtn—kt1)x(m+n=2k+2) a5 the k-th Sylvester matrix,

Um 0 -0 0 by, o --- 0 O
-1 Qm -+ 0 0 bp—1 b, --- 0 0
Sk= 10 0 @ a; 0 0 - by by | (2.1)
0 0 0 ag O 0 0 by
~ ~ PR ~ -
n—k+1 m—k-+1

where a is the first column of Sj, and Ay consists of the last m+n—2k-+1 columns
of Sk.

The perturbations Aa and Ab are expressed by an (m + n + 2)-dimensional
vector d,

d=1[di,do, ... ,dmins1,dminsal” - (2.2)

The k-th Sylvester structured perturbation of Sy is represented as [Aa Dy].
Theorem 1. [10, 11] Given univariate polynomials a(zx), b(x) € R[z] with deg(a) =
m and deg(b) = n. Let S(a,b) be the Sylvester matriz of a(x) and b(z), Sk be the
k-th Sylvester matriz, 1 < k < min(m,n). Then deg(ged(a, b)) > k if and only if
Sk has rank deficiency at least 1.

The minimal perturbation problem can be formulated as the following equal-
ity constrained least squares problem:

Hliél Id]|2, subject to r =0, (2.3)

where the structured residual r is given by
r =a+ Aa— (A + Dp)x. (2.4)
The STLN algorithm [1] initializes x as the unstructured least square solution

Apx ~ a and sets Aa = d = 0, and then refines both x and d by the first order
iterative update

L Rl e

where w is a large penal value and I, 42 is an identity matrix of order m+n+2.
The matrices Py, and X}, are introduced in [11, 10] such that

Aa = Pk d, Dkx = Xkd. (26)

min
Ax,Ad
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Let us denote the coefficient matrix of the system in (2.5) by M,

w(Xk — Pk) w(Ak + Dk)

, 2.7
Im+n+2 0 ( )

|

and denote y = [ ﬁi ] ,Z = [ f:l ]; the least squares problem (2.5) can be

rewritten as

min My — . (2.8)

It has been shown in [11] that M is a Toeplitz-like structured matrix of displace-
ment rank at most 4.

3. Fast Algorithm for Solving the Least Squares Problem

Fast algorithms based on QR decomposition for solving least squares problems
with coefficient matrices being Toeplitz matrices have been considered in [5, 12, 4,
2, 6, 15, 17]. The stability properties of these algorithms are still not well under-
stood and most of the algorithms may suffer from loss of accuracy when they are
applied to ill-conditioned problems. Based on the method of corrected semi-normal
equations, the algorithm derived in [13] can produce a more accurate R factor in
the QR decomposition of a Toeplitz matrix, even for certain ill-conditioned matri-
ces. Another fast and stable algorithm for solving the Toeplitz-like least squares
problem was developed by Gu in [8]. The algorithm is based on the fast algorithm
for solving Cauchy-like least squares problems. Although these algorithms [13, 8|
can be used to solve least squares problems of significantly extended range from
well-conditioned to certain ill-conditioned. It is still under investigation whether
those algorithms can be used to solve the least squares problems (2.8) with co-
efficient matrices having many very small singular values. In [11], we propose to
solve the least squares problem (2.8) fast by extending the fast algorithm described
by Chandrasekaran et al. in [3] for solving systems of linear equations. Here, we
show that their fast algorithm [3] can be generalized to solve (2.8). The numerical
stability of the fast algorithm will be explained in next two sessions.

For the least squares problem (2.8), we denote its solution by yis, and the
minimum residual vector by rps = Myrs—z. Then y s solves the following linear

system:
R | A (3.1)

Denote by @ the orthogonal matrix from the QR decomposition of M. We partition
Q as: Q = [Q1, Qz], where Qy € RCGm+2n—k+3)xk, thep

Irasl, = 1052l = o | "5 | (32)

2
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Due to the heavy weight of the upper block M (1..m +n — k + 1,:) of M, the
entries of the block Q2(m +n — k + 2.2m + 2n — k + 3,:) are O(1), the block
Q2(l.m +n — k + 1,:) consists of near zero elements. Therefore, derived from
(3.2), Irrs||5 is of much smaller size compared to ||z||2, i.e.

[rrslly < [lzfl; - (3.3)

The inequality (3.3) tells us that we can compute an approximate solution
¥ to (2.8) by omitting the term rys and solving the following augmented system

proposed in [11]:
)22

We normalize the matrix M and the vector z as:
M :=M/|M|p, z:=2z/[|M|F, (3.5)

where ||M||F is the Frobenius norm of M. Due to the large penal value w, after
normalization, the lower left corner of M has very small diagonal elements. This
causes the numerical rank deficiency of MT M. Moreover, since M is not a square
matrix, the coefficient matrix of the linear system (3.4) is rank deficient. In order
to complete the generalized Schur algorithm successfully, we construct T' [3, 11] as:

[ MTM 4+ aI® MT

T = " g | (3.6)

where oI, BI(?) are small multiples of identity matrices. Here the perturbed ma-
trix MTM + oI is positive definite, which ensures the positive steps complete
successfully; The perturbation I is added to guarantee that the Schur comple-
ment of T with respect to MTM + oI is negative definite, which ensures the
negative steps complete successfully.

It has been shown in [11] that T is a structured matrix with displacement
rank at most 10. We can construct a generator pair (G, J) for T such that

T - FTFT =GJGT,
where

F= dlag (Zm+17 Zn+17 ankv mek+17 Zm+nfk+17 Zm+n+2) 5

J = diag (4, —Is), and G is a matrix with 10 columns. However, in [11], we
expressed G by columns of 7', for which some of entries are of order 1/w?, where
w is the large penal value. It is undesirable for numerical stability.

In the following, we introduce a new generator matrix with columns which
are only of order 1/w, the same order as that of M. Define ¢, ..., as:

tr = [|M(:1)3+ ty = [|[M(:,m+2)[3+«q,
ts = IMG,m+n+3)|3+a, ta = ||[M(:2n+m—k+3)|32+a.
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Let

M, MT(1,3)]" +al(;, 1),
M7 (m+2,)M, M"(m+2,)]" +al(;,m+2),

C1 = [ (

Cy = [ (

c3 = [MT(m+n+3 M, MT(m+n+3,:)]T+a[(:,m+n+3),
[M7(

MT@2n+m—k+3,)M, MT2n+m—k+3,:)]"
+al(:,2n+m — k + 3),

where I denotes the identity matrix of order 4m + 4n — 3k + 6. Then

g1 = c1/Vt,

g2 = cy/\/ta, except that gs[1] =0,

g3 = c3/V/t3, except that gs[1] =0, gs[m +2] =0,

g4 = c4//t4, except that g4[1] =0, g4[m +2] =0, g4[m +n+ 3] =0,

gs = [0,g7(2: 4m+4n73k+6)]

g = [gl(1:m+1),0,gl(m+3:4m+4n—3k+6)]",

[
[
g = [gl(1:m+n+2),0,g8(m+n+4:4m+4n—3k+6)]",
[
[

gl(l:2n+m—k+2),0,gl(2n+m —k+4: 4m+4n73k+6)]
0,...,0,0,/6,0,....,0],

~
2m+2n 2k+3

go=100,...,0,0,+80,...,0]T.
- ~ -
3m—+3n—3k+4

g8 =
g9 =

Expanding the proof in [3] by combining with singular value decomposition
(SVD) of M, we prove that after applying 2m + 2n — 2k + 3 positive steps and
2m+ 2n — k + 3 negative steps of the generalized Schur algorithm, which operates
on the generator pair (G, J), we can obtain a backward stable factorization of T":

% s]0 6

where R is upper triangular and D is lower triangular. Furthermore, using the
triangular factorization (3.7) we can solve the following augmented system

o[2)- (8]
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and get

venf2]-[2]

s

where ||H||2 = O(e) and € is the machine precision. The solution [ ] is obtained

through the following substitutions:

[ ST 1% 3] 12

and ¥ is computed by the expression
RQTDTD g (3.10)

¥ is regarded as an approximate solution to the least squares problem (2.8).
As mentioned in [11], the computation of ¥ is of quadratic complexity O((2m
+2n — k + 3)?).

4. Error Analysis for the Fast Algorithm

In [3], the authors derived a backward error bound to show that the approximate
solution ¥ is a backward stable solution to the original linear system. For our case,
however, it is still not clear how to prove that ¥ is a backward stable solution to
the least squares problem (2.8).

In the following, by means of the formula derived in [7], we compute an al-
ternative F-norm backward error bound £(y) that y satisfies. As shown by the
numerical tests in Sect. 5, the obtained solutions are backward stable. Besides,
based on (3.9) we derive a relative forward error bound for the approximate solu-
tion ¥ in Sect. 4.2.

4.1. Computation of Backward Error

Let £(y) be an alternative F-norm bound on M such that ¥ is an exact solution
to the least squares problem below

m;n||(M+5M)y—Z||2- (4.1)

é(y) differs from the smallest possible backward perturbation e(y) derived in [18, 9]
X

0 VT is the singular value

by at most a factor less than 2. Suppose M = U
decomposition of M and § # 0. Let

szyU[g] (4.2)
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for t; € Rm+2n—2k+3)x1 514 $, € R**1. Then

é(y) = min(ﬁ? &)7 (43)
where n = ||“;:"||“22’ and
$T%2(52 + n2I) 1%
+’72) L (4.4)
||r2||2/77 + 02 (82 +021)72H

The detailed analysis of computations can be found in [7].

4.2. Forward Error Analysis

We derived a relative forward error bound for the approximate solution ¥ to the
least squares problem (2.8). Hereafter, we use x(-) to denote the 2-norm condition
number of its argument. We define u = m+n—k+ 1,1 = m+n — k+ 2. For any
integer i,1 < i < u+1, 0; is the i-th largest singular value of M.

Lemma 2. Denote by f a vector which satisfies the following linear system:
MTM +aI®  MT yl_J[o
M —BI®) 1 | =z

which is roughly of the form:

] +f; (4.5)

”5’*)’LSH2
lyzsllz

B+ afk*(M) k(M) + Br* (M) |[f]2
M]3 — apr?(M) — [|M]5 — aBrs*(M) [lyLsll2

Proof. Partition f as [T, £7]7, fi € R@m+2n-2k+3)x1 £, ¢ RE@m+2n—k+3)x1,
from (4.5), we have

we derive an upper bound for

(4.6)

{ (MTM +aIM) g+ MTE =1,
My — 3§ =z+ 1.
Eliminating £, we get

3 (MTM + aI(l)) g+ MTMy = MTz + M7, + Gf,.

Noting that
M"z=M"Myps,

using elementary calculus we get
(ﬁMTM‘F Olﬂf(l) +MTM) (yLS — ) (ﬁMTM+ Olﬂl(l)) VLS *M £, 7ﬂf1’
and
-1
YrLs — 5’ = (61(1) + aﬂ(MTM)il —+ I(l)) (61(1) + aﬂ(MTM)—l) VLS
-1
= (100 + B a0) 4 10) (018 54T M) ),

where MT is the Moore-Penrose pseudoinverse of M. Since

(M) = | M|, 1M]ly,  <*(M) = [[(MT2) 7, M]3,
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we derive an upper bound for H)lf‘;sL;ﬁ’sz which is of the form:
Brap|(MTM)TH|, (M, 4+ B[], £,
1=B—af|((MTM)" |, 1-8—=aB[[(MTM)~'], [lyrsll,
B M|l3 + aBr? (M) LK) Ml + Br? (M) |Ifll,

(L= B) | Mll; — aBr?(M)  (1—B) M| — apr?(M) |yrslly
The final form of the inequality follows from [ M|, < 1 and 8 < 1. O

]T, z, € R**1 gz, € RUFRIXL. then for T

Lemma 3. Partition z as [zf,zak
defined as (3.6) we have

0 4 2 1 2 3
T*l < w . 4
H [] 2—(%%5%%“)”2 ||2+(5+0u+l)||m||2 7)

Proof. Denote

- Bi1 Bio
T = ,
[ BL, By ]

where By; € RTDx(utl) We derive expressions for Bi1, Bia and Bas in terms of
the SVD of M.

Let M = U[ >
Ok x (utl)
nal matrices and ¥ is a diagonal matrix consisting of singular values of M. The

diagonal matrix ¥ can be written as

Zu
="

] VT be the SVD of M, where U,V are orthogo-

where
¥, =diag(o1,...,04), Xy = diag (Gut1, .-y Outl) -

We define diagonal matrices

Ay = ([Iu +ax;? mu)*l ,

A, = (Bu+aZ;h) Ay,
—1\—1 _97—1 -1
A= (Si+az ) ([IlJraEl ] +5Il) ;

([n+a%;2) " +61) B
)

Ay =
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where I, I;, I, denote identity matrices of dimensions u, [, k respectively. Then

S-TA!
Bi = v[ AR Ay aEIA, ]VT, (4.8)
_ A; 0u><k T
Bis = V[ A Opr ]U , (4.9)
Au T
Byy = U Avik Uu-. (4.10)

Note that the following inequalities hold:
IAully < 14 1/00, 1ALl < Lou 1Al < L/ouss, [Amill, < 1+1/8;  (4.11)
for the last inequality the following assumption is used:
aB <ol (4.12)

Meantime, for the partition of U:

_ U11 U12 uXu
U= [ Uy U :| , where Uy € R s

due to the heavy weight (O(w)) of the submatrix M (1..u, :), the following inequal-
ities hold:

12l [U21ly < 1/w. (4.13)

Finally, we derive that

2]

IN

| B12zl|, + || B222z|[,

L P Vw2 P ) sl
Zy, A .
Ou wf WOy 4] 2 I] Oytl i+kll2

2

IN

O

Lemma 4. Assume that H is a backward error matriz which satisfies (3.9), and
that y||H|l2 < 1, where

v=B/oi g +2/ou+1/8+1; (4.14)

then for the vector f defined in Lemma 2, we have

e, < A [(4+2+ ! )nmm+(2+ 3)”%%%}
L—[[H|2 on WP woyug B Outi
(4.15)
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Proof. By the definitions of f and H, we get

- a[2]

]
T

= -H({I+T" 1H) 1[ ]
So
[ H|l2 .[o0
[
[ ll2 z ll,
H1[,

0
. (2]
L— [Tz || H], z
We use (4.8), (4.9), (4.10) and (4.11) to derive that
1T, < [1Buslly + 1Brzlly + || Bazl
< Bony +2/oun+1/8+1.

Based on Lemma 3 and the assumption of v||H||2 < 1, we get the final form of the
inequality. [

2

Theorem 5. Assume that y is a vector which solves the linear system (3.9); with
assumptions of aff < 03+l and v||H||2 < 1, we can derive an upper bound for the

relative forward error ”yfyL”SHZ which is of the form:
2

llyrs
Baps(M) R+ BR20M)  |H] )
M]3 = afr?(M) - [|M]]3 - aBs?(M) (1 =y H|2)llyLs|l2’
where v is defined in (4.14) and
4 2 1 2 3
= u . 4.1

o= (o 2t Yot (542 Yl (117)

Proof. 1t follows immediately from Lemmas 2, 3 and 4. O

Remark 4.1. In order to complete the generalized Schur algorithm stably we take
a, B that satisfy the lower bound derived in [3]. In essential, it means that «,
can be taken somewhat larger than the machine precision. Besides this, based on
the error analysis in this section, «, 3 should be taken such that the upper bound
(4.16) is as small as it could be. Hence the assumption 3 < o2, used in Theorem
5 is natural, noting that it is approximately equivalent to a8x?(M) < 1, which is
a necessary condition that the upper bound (4.16) is smaller than 1.

Remark 4.2. In practice, after normalization (3.5), the following inequalities hold:

Izl <1, lzigkll, <1/w. (4.18)
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Furthermore, when the given integer k (2.5) is taken as an upper bound of the
degree of approximate GCD, we generally have < 1.

5. Experiments

In Table 1, we show the performance of the fast version of the algorithm AppSylv-k
[10]. The efficiency is gained by applying the fast algorithm described in Sect. 3
to solve the least squares problem (2.8) in each iteration. In the numerical tests,
we compute minimal perturbations needed for two univariate polynomials having
an exact GC'D of degree not less than a given integer. All computations are done
in Maple 10 under Windows for Digits = 15, o = 8 = 10714,

TABLE 1. Algorithm performance on benchmarks

Ex mn  k error error for.err. é(y
’ (classic) (new fast) (LS Prob.) (LS Prob.)
1 2,2 1 559933¢e-3 5.59933¢-3  0.461e-3  0.238¢-12
2 3,3 2 1.07129e-2  1.07129e-2 0.434e-3 0.176e-13
3 5,4 3 1.56146e6 1.56146e6 0.143e-2 0.143e-13
4 5,5 3 1.34138e-8  1.34318e-8 0.664e-3 0.452e-13
5 6,6 4 1.96333e-10 1.96333e-10 0.182e-3  0.448e-13
6 8,7 4 1.98415e-16 1.98416e-16 0.322¢-3 0.896e-14
7 10,10 5 1.51551le-12 1.51552e-12 0.272¢-2 0.598e-13
8 14,13 7 2.61818¢4 2.61819e¢4 0.163e-1 0.112e-12
9 28,28 10 2.54575e4  3.54600e—4 0.992e-1 0.512e-14
10 50,50 30 9.35252e6  9.40237e-6 0.134 0.168¢-13

The sample polynomials are the same as those generated in [10]: For each
example, we use 50 random cases for each (m,n), and report the average over
all results. For each example, the prime parts and GCD of two polynomials are
constructed by choosing polynomials with random integer coefficients in the range
—10 < ¢ < 10, and then adding a perturbation. For noise we choose a relative
tolerance 107, then randomly choose a polynomial that has the same degree as
the product, with coefficients in [—10¢, 10¢]. Finally, we scale the perturbation so
that the relative error is 107°.

In Table 1, m,n denote the degrees of polynomials a and b; k is a given
integer; “error (classic)” and “error (new fast)” denote the minimal perturbations
computed by the algorithms given in [10] and this report respectively; “for.err.
(LS Prob.)” denotes the relative forward error of § with respect to the solution
given in [10]. In the last column we show backward perturbations &(y) to the least
squares problem (2.8) computed according to method given in Sect. 4.1.

The small backward perturbation £(y) shown in Table 1 imply that y is a
stable solution to (2.8). The computed minimal polynomial perturbations have
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the same magnitudes as those computed by the algorithm in [10]; Especially, the
new results in the first eight examples even have several significant digits identical
to that of the classic results [10]. However, from the last two examples, we can
see that the accuracy of the new results could be affected by the large condition
number of M.
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New Algorithms for Exact and Approximate
Polynomial Decomposition

Mark Giesbrecht and John May

Abstract. Computing a decomposition of a polynomial f(x) as a functional
composition g(h(z)) of polynomials g(x) and h(z) is an important and well-
studied problem, both for exact and approximate inputs. In this paper, we
re-examine the original (exponential-time) algorithm of Barton and Zippel
for this task, which looks for special factors of an associated separated bi-
variate polynomial. We demonstrate algorithms using this approach which
are reasonably fast (i.e., run in a polynomial number of operations) for exact
computation, and provide an effective new approach for the decomposition of
approximate polynomials. For approximate polynomials we exhibit rigorous
lower bounds on the distance to the nearest decomposable polynomial, as well
as robust numerical algorithms.

1. Introduction

Given a polynomial f € K[z] of degree n over a field K, the problem of polynomial
decomposition asks if there exist polynomials g, h € K[z] such that f(z) = g(h(x))
with 1 < degg,degh < n. This problem has been studied for exact polynomials
and rational functions by many authors, including Alonso, Gutiérrez, and Recio
(1995), Gutiérrez, Recio, and de Velasco (1988), Kozen and Landau (1989), von
zur Gathen (1990), and Zippel (1991).

In Corless, Giesbrecht, Jeffrey, and Watt (1999), the problem of the func-
tional decomposition of approximate polynomials is examined. That is, for a given
polynomial f € C[z], polynomials g, h € C[z] are sought such that there exists a
“small” f) with f(z)+ fa () = g(h(x)). Here “small” is measured by the coefficient
2-norm: for

u= Z w;z' € Clz], the coefficient 2-norm is defined by |u|® = Z UiU;,

0<i<m 0<i<m

where u; is the complex conjugate of u;.
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In Sect. 1 of this paper we reconsider the original algorithm of Barton and
Zippel (1976) for decomposing a polynomial f € C[z]. Their algorithm is based
upon the fact that, for any right composition factor h of f, h(z) — h(y) divides
f(z) — f(y). We show that, except for a particular easily handled class of poly-
nomials, their algorithm in fact runs in polynomial time. In Sect. 2 we exhibit
a reduction from the problem of decomposition to that of (structured) bivariate
factoring to look at approximate polynomial decomposition. We demonstrate al-
gorithms to provide rigorous lower bounds on the distance to an indecomposable
polynomials (using the techniques of Kaltofen and May (2003)). In Sect. 3, we
show how to use recent approximate bivariate factoring algorithms for polynomi-
als to compute approximate decompositions of polynomials. Finally, in Sect. 4, we
perform an empirical analysis on our new algorithm as compared to the techniques
of Corless et al. (1999).

2. Barton and Zippel’s Algorithm Revisited

Given a polynomial f € K|z], over a field K, we first consider the problem of
determining if f can be functionally decomposed in K|z], that is, determining if
there exist g, h € K[z], of degrees r, s > 2 respectively (with n = r - s), such that
f(z) = g(h(x)) = (goh)(x). The polynomial h is called a right composition factor
of f. If f does decompose, we compute a decomposition.

The first known algorithm to compute the functional decomposition of a
polynomial was given in Barton and Zippel (1976), and relied upon the following
theorem of Fried and MacRae:

Fact 2.1 (Fried and MacRae, 1969). Let x,y be independent indeterminates over
a field K and f,h € K[z]. Then h(z) — h(y) divides &y = (f(z) — f(y))/(x —y) if
and only if f(x) = g(h(x)) for some g € K[z].

Polynomials of the form ®; are called separated polynomials, and for any
polynomial h € K[z|, we write ®j, for (h(x) — h(y))/(x — y). The above fact leads
directly to the decomposition algorithm from Barton and Zippel (1976, 1985):

Algorithm 2.2.
INPUT: A polynomial f € K[z].
OUTPUT: g,h € K such that f = go h, or f is indecomposable.

1. Form @y = (f(z) — f(y))/(z —y);
Factor ®¢ completely over Clz, y|; if @ is irreducible, f is indecomposable;

3. Examine all factors of ®¢, looking for factors of the form &, = ((h(z) —
h(y))/(xz — y) for some h € Kz];

4. If no factors of the form ®; exist then f is indecomposable, otherwise, we
have found a factor h from which we can compute g.

o
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Note that in step 4, computing g from a given h is simply a matter of solving
the system of equations

F=> gihi=0, (2.1)
=0

which are linear in gg, g1,...,9, € K, where g = Zo<i<rgixi, and r = degg =
n/ degh. o

The running times of steps 1, 2, and 4 of Algorithm 2.2 are clearly polynomial
in the degree of f. However, the possibility of having to check what could be
exponentially many combinations of factors of ® in step 3 prevents the algorithm
from having a running time which is polynomial in the degree.

We can avoid this exponential-time step, at least for tame polynomials as
follows. All f € K[z] are tame when the characteristic of K is zero. When the
characteristic char K of K is p > 0, then a polynomial is tame if p > deg f (a more
inclusive definition of tame polynomials is given in (Turnwald, 1995, Definition
4.1) and von zur Gathen (1990)). Of course, Barton and Zippel’s (1985) algorithm
works over any field, whereas we confine ourselves to the tame case in the remainder
of this paper.

The following theorem of Turnwald (1995) is a refinement of Fried’s (1970)
breakthrough solution of “Schur’s conjecture”:

Fact 2.3 (Turnwald, 1995). Let f € K|z| be tame and indecomposable of degree
n > 1. Suppose that n is not an odd prime and it is not the case that f(x) =
aDy(a,z+b)+ 8 fora, B,a,b € K, where a = 0 if n = 3. If f(x) is indecomposable,
then (f(z) — f(y))/(x —y) is absolutely irreducible.

The notation D,,(a, x) refers to a Dickson polynomial. The Dickson polyno-
mials can be defined as the compositions of Chebyshev polynomials, linear poly-
nomials, and polynomials of the form x™, or more concretely as

/2] n (n—1 . .
D=3 " (") aran

i=0
=z" —naz" " * +n(n—3)/2-a*x" " ..

The implications of Fact 2.3 for decomposition are that if f is not of prime
degree and ® factors in K[z, y] then f decomposes. Also, if h is an indecomposable
composition factor of f then ®;, is irreducible in K[z, y] unless h is a Dickson
polynomial. Thus, searching combinations of factors of ®; is not necessary unless f
has only Dickson polynomials as right composition factors. We show that this latter
case is not difficult to handle, as it turns out that we can detect if a polynomial
f has Dickson polynomials as right composition factors simply by examining the
three highest-order coefficients of f.
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Lemma 2.4. Suppose [ € K[z] is monic and has a right composition factor of prime
degree ¢ > 3 which is a Dickson polynomial Dy(a,x +b). Then f has the form:

n(nl)ana)xn2+

f:c”Jrnbx”lJr( 5

Proof. If f € Klz] is monic and f = go Dy(a,x +b) then g is monic as well (since
D, is monic). If ¢ > 3 is prime, then

-1
Dy(a,z + b) =z +qbz?t + (q(q2 )b2 qa) 224

SO

k
9(Dg(a,z +b)) = (Jc‘IJrqb:cqlJr (q(q21)b2 qa) x‘12+«~) NI
Kk —

2

+k (q(qQ 1)b2 — qa) 772 (x4

= a7 4k (gbat ) @) 4 P (et oy

n(n—1)

R bnfl
r +nox Jr( 9

b2na)xn2+‘”
O

This yields the following improved version of Barton and Zippel’s algorithm.

Algorithm 2.5.

INPUT: A tame polynomial f = 2™ + f,, 12" 1+ f, o2 2+ ... € K[z].

OUuTPUT: g, h € K such that f = goh, or a message that f is indecomposable.

Form ®; = (f(x) — £())/(& - v)

Factor ®¢ completely in Kz, yl; if ®; is irreducible, f is indecomposable;

Attempt to find an irreducible factor of ® of the form @, for some h € Kz];

If such an h was found in step 3, compute g from the system (2.1) so that

F@) = g(h());

5. If no such h was found in step 3, for each prime number g which divides
n = deg f, determine if h(z) = Dy(a,z + b) is a right composition factor of
f, where

Ll

b= fuafnc o= L ("0 G- i)

This can be done by attempting to compute a left composition factor g by
solving the system (2.1), and testing that f(z) = g(h(x)).

Algorithm 2.5 works for similar reasons to Barton and Zippel’s, except now
we know that the ®; corresponding to a non-Dickson factor must be irreducible
by Fact 2.3 (and Dickson factors are dealt with in step 5). It clearly requires only
a polynomial number of operations since the factor combination of Algorithm 2.2
has been eliminated and step 5 involves trying fewer than n possibilities for q.
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While Algorithm 2.5 is interesting as a theoretical and historical artifact, in
that a slight modification of the first algorithm of Barton and Zippel in fact runs
in polynomial-time, it is really not competitive for exact decomposition of polyno-
mials. A faster polynomial time algorithm from Kozen and Landau (1989), and a
nearly linear time algorithm in von zur Gathen (1990), have been known for over
15 years. However, Algorithm 2.5 lends itself well to approximate decomposition,
as we shall see in the next section.

3. Approximate Decomposability Testing

The relationship between decomposition and bivariate factorization presented in
the previous section make it straightforward to transform decomposition into a lin-
ear problem. This provides a useful approach to approximate decomposition using
recent approximate bivariate decomposition and irreducibility testing algorithms.

For a given f = " | f; 2" € R[z] (with n not prime), we know f decomposes
if and only if

Fa) - f) o [
=, = >ty (3.1)

factors in C[z,y]. Kaltofen and May (2003) provide a method for computing a
lower bound on how far an irreducible bivariate polynomial is from a reducible
polynomial. Their method employs (and extends) the linearization of Ruppert
(1999). Stated in a somewhat non-standard way, Ruppert shows that for any n,m
positive integers, there exist matrices R;; € Z*mn>2mntn=l for ) < 4 < m and
0 < j < n, with the following properties. Let

w= Z Z wijz'y’ € Rz, y].

0<i<n0<j<m
Then
Rup(w) = Z Z winij € RAmnx2mntn—1 (32)
0<i<n0<j<m
has full rank if and only if w is absolutely irreducible. Kaltofen and May (2003)
show that if w is irreducible and w does not have degree greater than w in either
variable, then
lw — ], < o(Rup(w))
max{m, n}v/2mn —n
implies that @ is irreducible, where o(Rup(w)) is the smallest singular value of
Rup(w). They also show that ||R;;|| < max{n, m}. Note that Kaltofen and May
(2003)’s result is stronger than an immediate application of Ruppert’s theorem as
it allows the degree of w to be smaller than that of w.
Returning to the decomposition problem, ®; has factors if and only if the
matrix Rup(®y) does not have full rank. Thus, we can bound the distance of
an indecomposable f to a decomposable polynomial by bounding the distance of
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Rup(®y) to a matrix of lower rank, as done in Kaltofen and May (2003) through
the singular value decomposition.

Theorem 3.1. If f € R[z] is an indecomposable polynomial, and fe Rlz] is a
decomposable polynomial with f(0) = f(0) and deg f < deg f then

o(Rup(®y))

n2v/2n2 —n’

Proof. Since ® is irreducible and ® 7 is not, and deg, ¢y = deg, ® = d we have,
from Theorem 1 of Kaltofen and May (2003),

o(Rup(®y))
nv2n2 —n’

Hf—ﬂhz

[@f— Pfll2 >

Looking at (3.1) it is easy to see that:

@5 —@flla = 11®;_fll <nl(f = F) = (f = fmod @)[la < n[lf — fll2-
Thus
o(Rup(®y))

— flly > )
If f”2_n2\/2n2—n .

We now have the ability to compute a radius of indecomposability about
any indecomposable polynomial and, as with irreducibility, this gives a simple
algorithm to test the indecomposability of an approximate polynomial when a
tolerance on the coefficients is specified.

Note that, as with factorization, if we omit the degree bound, it is possible to
find a decomposable polynomial which is arbitrarily close to f, namely f o (ez? +
z). It may be that the degree bound in Theorem 3.1) is too tight; approximate
decompositions up to degree 2 deg f — 1 may be meaningful. However, we will
consider only approximate decompositions of the same degree.

Ezample 3.2. We begin with a decomposable monic polynomial with a large noise
term added to it (making it indecomposable):

f=(@*—z)o(z*+32)+.022° = 2* +6.022° + 82> — 3.
Then we compute
&y =2+ 2%y +2y* +y° +6.02(2° + zy + y*) + 8.0 (z +y) — 3.0,

and the matrix Rup(®y) which is 27 x 20. Computing the largest coefficient of
|Rup(®)||* (where @ is a polynomial with symbolic coefficients of the same form
as @) we get 200 (compared to the bound d? (2d? —d) = 7168 from Theorem 3.1).
Computing the smallest singular value of Rup(®y), we find a lower bound on the
distance from f to the nearest polynomial which decomposes (in the 2-norm) is
4.32207 x 1072, Thus, any polynomial with constant coefficient 0 which is closer
than the bound must also be indecomposable.

If we want to compute a better bound to separate f from decomposable monic
polynomials, we can consider the largest coefficient of |[Rup(®)||? after substituting
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0 for the symbol corresponding to coefficient of the highest total degree terms. In
that case we get 100 which leads to a slightly larger bound of 5.10581 x 10~°.

4. Approximate Decomposition

In this section we describe how to use the established connection between the
decomposability of f and the irreducibility of ®; as a basis for decomposition
algorithms. For many polynomials it is still probably best to use one of the al-
gorithms described in Corless, Giesbrecht, Jeffrey, and Watt (1999). However, if
those algorithms perform badly, we would like an alternate approach, which in
some sense has a firmer theoretical underpinning. Ultimately neither of these al-
gorithms provides a guaranteed solution in all cases.

Approximate Decomposition Using Approximate Bivariate Factorization

We can build an algorithm to compute approximate decompositions of polyno-
mials using the reduction to approximate bivariate polynomial factorization. The
straightforward application of the approximate factoring algorithm described in
Gao, Kaltofen, May, Yang, and Zhi (2004) to & creates an approximate version
of Algorithm 2.5, which we explore now.

We first note that an algorithm which finds the nearest separated reducible

polynomial ®; € R(z,y], of the form (f(z) — f(y))/(z — y), for some f € Rz],

would actually find the nearest decomposable polynomial f to f. However, this
is the problem of looking for nearby reducible structured (i.e., separated) polyno-
mials, which we will address in the next subsection. In this subsection we work
to reconstruct structured factors from the factorization of a nearby unstructured
polynomial.

Algorithm 4.1.
INPUT: An indecomposable polynomial f € R[z] of degree n.
OuTPUT: g, h € R[z] such that f ~ goh.

1. Form &; = (f(z) — f(y))/(z — y);

2. Compute an approximate factorization of ®; over Clz, y; discard all factors
p such that tdegp + 1 does not divide deg f — if no factors remain, skip to
step 5;

3. For each remaining factor compute its distance to a factor of the form ®y;
4.1 For all terms of the same total degree, compute the standard deviation

of their coefficients;
4.2 Find the maximum of the deviations over all sets of terms, and set this
as the distance to a separated factor (see (3.1));

5. Choose the factor T of ® with the smallest distance to a separated polyno-
mial, and form h = """ | f;z’ where f; is the average of the coefficients of the
terms of T with total degree ¢ — 1; use h to compute a least squares solution
g to the system (2.1), so that || f — g o h|| is minimized;
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6. Find a and b as in Algorithm 2.5 step 5, and compute a corresponding g by
least squares for each possible choice of ¢;

7. Improve each approximate decomposition with Gauss-Newton iteration as in
Corless et al. (1999);

8. Return the g, h pair with the smallest value of ||f — g o hl|2.

In practice, if f is a slightly perturbed decomposable polynomial then the
approximate factors of ®; tend to contain polynomials very close to the form ®,.
However, there is no guarantee on how close the approximate factors will come to
having this form.

If one finds that an approximate factorization of ®¢ does not have any fac-
tors of the correct degree, it is possible to modify the approximate GCD algorithm
used in the approximate factorization to produce factors of a predetermined degree
(by choosing what the numerical rank of the Sylvester matrix will be, rather than
trying to compute what it should be). In this way one can always find an approxi-
mate decomposition without a Dickson polynomial as a right decomposition factor
though the backward error may be quite bad in some cases.

In step 6 we suggest a simple least squares heuristic to compute the nearest
polynomial with a right Dickson factor. In fact, since the Dickson polynomials are
defined by only two parameters (a,b € R), it is easy to show that the absolutely
nearest polynomial to f with a Dickson right factor can be found by minimizing a
bivariate rational function of degree O((deg f)*). This can be solved in polynomial
time in deg f and log|| f|| by exact methods (see, e.g., Renegar 1992). While we
make no claim that this method is at all practical, it is interesting to note that it
exists.

In the following example, step 6 of the algorithm is omitted.

Ezample 4.2. Beginning with the same polynomial as in Example 3.2
f=@*-2)o(z*+3z)+.022%

we feed @ into an approximate factorization algorithm and get the following
factorization:

O~ (4.9047250 + 1.6439030 = + 1.6439030 y)
- (—0.61172559 + 1.836216 = + 1.836216 y + 0.6115972 x*
—0.003454426 2y + 0.6115972 /%)
The first factor is closer to the form ®; than the second, and the best fit h is
h(z) = 3.00099703989216 = + z?,

which we made monic to give a neater decomposition. Using least squares to solve
for the best corresponding monic g, we get

g = —1.00029893310899 x + x°.
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Composing, we obtain
g(h(z)) = —3.00189413726736 +8.00568430033252 22+6.00199407978432 2> +2*,
which has distance 0.0189766 from the original f.

As with factoring, if the smallest singular value of Rup(®y) is quite large
then it may be trivial to find a closer decomposition than the one produced by the
algorithm. Most trivial approximate decompositions have relative backward error
of about 1. For example, setting the coefficients of all the odd power terms to 0
will given a polynomial which has a right composition factor of 22. For a randomly
generated polynomial, not close to one that decomposes, this may be the best we
can do.

Approximate Decomposition by Searching the Ruppert Structure Manifold

Because we are searching for factors of separated polynomials, we can conduct a
more focused search on the Ruppert structure manifold than is possible for Gao
et al. (2004). We saw in (3.2) that the (absolute) irreducibility of

Z pijr'y’ € Rlz,y], for f = Z fiz' € Rlz]
0<i,j<n 1<i<n
is indicated by the rank deficiency of
Z ®ijRij,
0<i,j<n

for some R;; € 74n**2n*+n—1 dependent only upon deg, ®; and deg, ®;. Since

Dol X Ay,

1<i<n 0<j5<i

® is absolutely irreducible if and only if

doofil DD Ry

1<i<n 0<j<i

is rank deficient. Thus, finding the nearest decomposable polynomial f =
Y i<i<n fixz® to f corresponds exactly to finding the nearest vector (fi,..., fn)
to (fi,..., fa) such that

> AT, whereTi= > Rj; jfor1<i<n,
0<i<n 0<j<i
is rank deficient. This problem is an instance of the Structured Total Least Squares
(STLS) problem, for which there are a number of established (albeit heuristic)
algorithms. See, e.g., De Moor (1994), Lemmerling (1999). We examine a number
of approximate polynomial problems and their formulations as STLS problems, as
well as a particular heuristic (the Riemannian SVD), in Botting et al. (2005). We
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summarize some of the results for the approximate decomposition problem in the
next section.

5. Numerical Experiments

In this section we compare our algorithm empirically with the algorithms presented
in Corless, Giesbrecht, Jeffrey, and Watt (1999). They present two algorithms, both
of which are numerical iterations starting from a potential right composition factor
obtained by running the exact decomposition algorithm of Kozen and Landau
(1989). This will not generally be a right composition factor, but they demonstrate
it is often a good initial approximation. In particular, the starting point closely
matches the high order coefficients of f, while ignoring the lower order coefficients
until the iteration, which may well be wise if these high order coefficients are
dominant, as is often the case. Their first algorithm is a fast (linear-time), linearly
convergent method, while the second is a standard, and relatively expensive but
quadratically convergent, Newton iteration.

In our tests we consider only decompositions of monic polynomials into monic
polynomials since we want in some sense to have representative degrees for the
composition factors. We want to avoid approximate decompositions in which the
leading coefficients of the composition factors becomes very small when compared
to the other coefficients, i.e., in which the numerical degree is not representative
of the actual degree. We note that in fact the algorithm of Corless et al. (1999)
will often produce such decompositions unless explicitly constrained not to.

We conduct tests on the method for estimating a radius of indecomposability,
as described in Sect. 3. The lower bounds were determined for monic polynomials
generated by choosing monic polynomials g,h € R[z] with rational coeflicients
selected randomly and uniformly between —5 and 5, with 6 decimal digits (except
the constant coefficient which is always 0), then composing them to form a monic
f € R[z]. We then perturb each of the coefficients of f with uniformly distributed
random noise of norm specified in the column labeled “|| fo||” in the the table below
(keeping the perturbed f monic with constant coefficient 0).

All results in the table are the median value of 100 runs, and are scaled
by dividing through by the norm of the perturbed f. The sixth column is the
median of the distance to the smallest polynomial that decomposes (computed by
solving the optimization using Grobner basis methods and the SALSA package
for Maple http://fgbrs.lip6.fr/Software/). It is interesting to note that the
smallest singular value is usually quite close to that distance. This suggests that
perhaps our lower bound is too small, and that is may be possible to prove a better
lower bound, perhaps \} y o(Rup(®y)) (or perhaps even a constant multiple of the

smallest singular value).
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degg degh |fall o(Rup(®s)) LwrBnd Abs Min

2 2 1073 2.4028e-4  5.2687e-6 1.7212e-4
107'  1.7646e-2  3.8693e-4 1.3613e-2
107°  1.0934e-6  4.8793e¢-9 1.1643e-6
1072 9.3678¢-5  4.1802e-7 1.1935e-4
107! 7.8925e¢-3  3.5219e-5 1.1875e-2
107°  2.7156e-6  1.2118e-8 1.7172e-6
107'  2.7610e-2  1.232le-4 1.9851e-2

NN WWWwN
W W NN NN

To compare the approximate factorization algorithms, we generated random
monic g and h with integer coefficients in [—10..10] then composed to form f =
> fiz® which we perturbed with f, = > §;2° where §;/(f; €) € [—10,10] and the
0; have 5 decimal digits. This choice for f, is made to compensate for the fact
that some of the coefficients of composed polynomials are significantly larger than
others.

In the following table, “CGJW?” indicates the iterative algorithm from Cor-
less et al. (1999), “AppFac” indicates the approximate factorization based decom-
position algorithm, and “RiSVD” indicates the Riemannian SVD based method.
“Error” is the median relative error of the decomposition found over 30 or 60
runs, “Best” is the number of times this method was better than both the oth-
ers (the difference between the sums of the columns and 100% were two or three
way ties). In some tests, indicated by a ‘*’ in the “Best” column of “AppFac”,
the best decompositions produced by the approximate factorization method could
have slightly larger degree than f (the degree was not bigger in all case however).
For small examples “Abs” is the number of times this method found the absolute
minimum, for larger examples the value is in italics and is the number of times
the result of this method was the best or tied for the best.

On average, CGJW is about 10 times faster than RiSVD which is about ten
times faster than AppFac. All three algorithms find the same answer in most of
the examples. Occasionally, when ¢ is relatively small, CGJW produces a very bad
decomposition, while the AppFac or RiSVD still produce good results. On the
other hand, when ¢ is large, the approximate factorization may not find a factor
of the correct degree leading to a worse result than the other two algorithms.
The approximate factorization based decomposition algorithm is also significantly
slower than the other two. This suggests that in practice one should probably used
the Gauss-Newton iteration algorithm from Corless et al. (1999), and revert first
to RiISVD and failing that to AppFac if the backwards error of the result is not
about the same order of magnitude as o(Rup(®y)).
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deg gdegh € Error

2 2 107* 1.53e-5
2 3 10% 1.15e-4
3 2 10~% 1.90e-5
4 2 107* 1.85e-4
2 4 10~* 2.99e-5
3 3 107% 1.67e-4
2 5 107* 4.18e-4
5 2 10~* 3.55e-5
2 6 107% 1.03e-2
3 4 1074 2.88e-4
4 3 107% 2.78e-4
6 2 1074 3.83e-5
2 2 107! 8.74e-3
2 3 1071 5.24e-2
3 2 107! 1.54e-2
2 4 107! 1.21e-1
4 2 1071 2.50e-2
3 3 107! 1.25e-1
2 5 1071 2.04e-1
5 2 1071 2.99e-2
2 6 10~ 2.40e-1
3 4 107! 1.87e-1
4 3 10~ 8.20e-2
6 2 1071 2.42e-2
2 2 1 2.40e-2
2 3 1 1.83e-1
3 2 1 1.62e-1
2 4 1 3.78-1
4 2 1 2.87e1
3 3 1 4.98e-1
2 5 1 4.02-1
5 2 1 3.80e-1
2 6 1 4.53e-1
3 4 1 4.54e-1
4 3 1 4.13e-1
6 2 1 4.09-1
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CGIJW

Best

0%
3%
0%
5%
0%
0%
3%
0%
0%
0%
0%
0%

2%
5%
0%
5%
2%
0%
0%
0%
0%
0%
0%
0%

0%
2%
0%
2%
8%
0%
™%
10%
%
17%
3%
0%

Abs

100%
100%
96%
97%
98%
100%
87%
100%
90%
100%
100%
100%

95%
70%
85%
50%
43%
40%
87%
90%
80%
63%
83%
93%

95%
75%
7%
50%
58%
40%
53%
60%
60%
57%
60%
1%

Error

1.59e-5
9.70e-3
1.90e-5
6.21e-2
4.17e-5
3.08e-4
1.31e-1
4.48e-05
1.24e-1
1.44e-4
8.05e-3
7.14e-2

9.18e-3
5.37e-2
1.47e-2
1.61e-1
2.28e-2
6.35e-2
2.13e-1
2.99e-2
2.28e-1
1.34e-1
7.69e-2
4.63e-2

2.40e-2
1.74e-1
1.51e-1
3.45e-1
2.63e-1
3.08e-1
3.58e-1
3.43e-1
4.44e-1
4.34e-1
3.54e-1
3.83e-1

AppFac
Best

0%
0%
0%
2%
0%
0%
10%
0%
10%*
0%
0%
0%

2%
2%
8%
8%*
18%*
60%*
13%*
10%*
17%*
37%*
10%*
%

Abs

98%
45%
100%
28%
83%
60%
30%
87%
27%
30%
2%
37%

83%
43%
95%
25%
30%
97%
60%
83%
83%
93%
80%
63%

93%
70%
7%
28%
40%
93%
70%
80%
73%
53%
83%
1%

Error

1.53e-5
1.26e-4
1.90e-5
2.20e-4
2.99e-5
1.67e-4
4.18e-1
3.55e-05
1.03e-2
2.88e-4
2.78e-4
3.83e-5

9.52e-3
5.08e-2
1.54e-2
1.21e-1
2.50e-2
1.25e-1
2.04e-1
2.99e-2
2.40e-1
1.87e-1
7.54e-2
2.42e-2

2.40e-2
1.79e-1
1.44e-1
3.70e-1
2.89%e-1
4.69e-1
4.09e-1
3.80e-1
4.49e-1
4.43e-1
3.98e-1
4.09e-1

RiSVD
Best

0%
0%
0%
0%
2%
0%
3%
0%
0%
0%
0%
0%

3%
12%
2%
7%
3%
0%
0%
0%
3%
0%
7%
0%

0%
7%
8%
8%
5%
7%
13%
0%
17%
17%
%
7%

Abs

98%
97%
100%
88%
98%
100%
87%
100%
90%
100%
100%
100%

87%
80%
87%
53%
40%
40%
87%
90%
83%
63%
90%
93%

95%
75%
87%
55%
60%
51%
51%
70%
70%
57%
63%
83%

Academy of Sciences in Beijing. We thank them for their generous support.
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Amortized Bound for Root Isolation via Sturm
Sequences

Zilin Du, Vikram Sharma and Chee K. Yap

Abstract. This paper presents two results on the complexity of root isolation
via Sturm sequences. Both results exploit amortization arguments.

For a square-free polynomial A(X) of degree d with L-bit integer co-
efficients, we use an amortization argument to show that all the roots, real
or complex, can be isolated using at most O(dL + dlgd) Sturm probes. This
extends Davenport’s result for the case of isolating all real roots.

We also show that a relatively straightforward algorithm, based on the
classical subresultant PQS, allows us to evaluate the Sturm sequence of A(X)
at rational O(dL)-bit values in time O(d°L); here the O-notation means we
ignore logarithmic factors. Again, an amortization argument is used. We pro-
vide a family of examples to show that such amortization is necessary.

Mathematics Subject Classification (2000). Primary 68Q25; Secondary 34A34;
Tertiary 26C10.

Keywords. Sturm sequence, Davenport-Mahler bound, subresultant, complex-
ity, root isolation, separation bound.

1. Introduction

Sturm sequences are a classical tool for real root isolation [CL83]. We recall the
main steps of the standard real root isolation algorithm based upon Sturm se-
quences [CL83]: Let A(X) be a square-free integer polynomial of degree d with
L-bit coeflicients.

(1) Compute the Sturm sequence of A(X).
(2) Compute an interval (—B, B) containing all real zeros of A(X). Initialize a
queue @ with the interval (—B, B).

The work is supported by NSF Grant #CCF-043836. A preliminary version of this work appeared
at the International Workshop on Symbolic-Numeric Computation (SNC 2005), Xi’an, China,
July 19-21, 2005.
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(3) While @ is non-empty, do: extract an interval I from @ and compute the
number of zeros in I using the Sturm sequence. If I has one zero, output I.
If I has no zeros, discard I. Otherwise, split I into two open intervals Iy, Iy,
at the midpoint m(I) of I. Check if m(I) is a zero. If so, output m(I). Push
IL and IR into Q

The original bound for this algorithm is O(d”L3) from Collins-Loos [CL83].
Davenport [Dav85, Prop. 3'] stated a complexity bound of O(d*L?). In this paper,
the O-notation means that we are ignoring logarithmic factors. These complexity
bounds are estimated from the following three bounds:

(I) The complexity of computing the Sturm sequence.
(IT) The complexity of evaluating a Sturm sequence at a given point.
ound on the number of bisections needed to isolate all the roots .
III) Bound on th ber of bisecti ded to isolate all th t

The complexity of (I) is O(d*L?) in [CL83], but this has been improved to
O(d?L) in [LRO1, Rei97]. The best complexity bound for (II) is O(d3L) assuming
(as we may in root isolation) that the evaluation point is a rational number with
bit size O(dL). Although Davenport [Dav85] stated this bound, the first published
proofs was given by Reischert [Rei97], and independently, by Lickteig-Roy [LRO1].
The bound for (IIT) is O(d2L) in Collins-Loos [CL83]. Davenport improved the
bound in (III) by a factor of d to O(dL + dlgd). The overall complexity of real
root isolation using Sturm sequences is the product of the bounds in (II) and
(III). Thus the best current bound for real root isolation via Sturm sequences is
O(d*L?).

Our Contribution. In this paper we give amortization arguments which achieve the
above bounds for (II) and (IIT). Both results use amortization analysis, a technique
that is common in discrete algorithms [CLRS01, Chap. 17].

For (II), we give an approach that is much simpler than Reischert or Lickteig-
Roy. We rely only on the standard theory of Subresultant polynomial remainder
sequences (PRS). But instead of the PRS, we use another idea that goes back to
Strassen [Str83], which represents the PRS by its polynomial quotient sequence
(PQS). We then give an amortized argument for the straightforward evaluation of
this PQS. We also give a family of examples to show that a non-amortized worst
case bound will not do.

For (III), we give a charging scheme argument that leads to a slightly sharper
bound than that of Davenport. But the main benefit of our argument is its ex-
tendibility to the case of isolating complex roots of a polynomial; it is not obvious
how to extend Davenport’s argument to this case. In particular, we show that
the number of Sturm sequence evaluations are O(dL + dlgd) even for the case of
isolating complex roots of A(X). We think our argument gives some insights into
how the distances between various roots actually affect the complexity of Step
(III). There is a key difference between Sturm’s method applied to isolating com-
plex roots, for instance in [Pin76, Wil78], as opposed to the case of real roots: in
the complex case, one has to re-compute a Sturm sequence at each probe. This
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drawback can be overcome by applying the two-dimensional Sturm sequences of
Hermite (cf. Pedersen [Ped90], or an alternative by Milne [Mil92]).

The Complexity of Root Isolation. The complexity results for root isolation via
Sturm sequences is inferior to the O(d3L) bound obtained by Schénhage [Sch82).
Nevertheless, there are some advantages in the Sturm approach: Schonhage’s algo-
rithm simultaneously approximates all the roots of a polynomial, but these approx-
imations may not represent isolations until the root separation bound is achieved.
In contrast, the Sturm approach can isolate any subset of roots in a suitable re-
gion, or the ¢’th largest real root for any chosen ¢ or range of ¢’s. The Sturm
method is ideally suited for root isolation, a problem that is distinct from root
approximation.

There are many other results [Ren87, KS94, NR96, Pan96] on the complexity
of root approximation that do not directly depend on root isolation. These meth-
ods, like Schonhage’s, simultaneously approximate all the complex roots of a poly-
nomial. For instance, the bit complexity for the Neff-Pan algorithm is 6(d3L+du)
where p is the desired relative precision in each complex zero. If we choose u =
6(dL) which is the root separation bound, we are assured of isolating all the roots.
In any case, these bounds do not improve Schénhage’s bound. In comparing com-
plexity bounds, we must take in account normalization assumptions. E.g., Pan
[Pan96] normalized the polynomials so that all its zeros lie in the unit circle. This
transforms a polynomial A(X) with L-bit coefficients into a normalized polynomial
with dL-bit coefficients.

2. Efficient Evaluation of Sturm Sequences: Simplified Approach

In this section, we address the complexity of Step (II) in the introduction. In
particular, we must evaluate Sturm sequences at rational values of X with bit sizes
proportional to the logarithm of the root separation bound; the latter we know is
bounded by O(d(L + 1gd)). Also, a rational number has L-bits if its numerator
and denominators are at most L-bit integers.

Recall that Reischert [Rei97] and Lickteig-Roy [LRO01] have showed the com-
plexity of Step (II) as 6(d3L). However, their approaches are fairly complicated
and require specialized algorithms (Reischert uses a generalized form of the half-
GCD algorithm and Lickteig-Roy use computation over the rational field Q). We
now show how a fairly straightforward algorithm that achieves the same bounds.

Let A(X), B(X) € Z[X] where d = deg(A) > deg(B) and the bit lengths of
the coefficients of A, B are at most L. Recall the notion [Yap00, p. 83] of a poly-
nomial remainder sequence (PRS) of (A, B) based on a sequence (51,...,0k-1)
where [3; € Z: this is a sequence

(Ao, A1, ..., Ag) (2.1)
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of polynomials such that Ag = A and A; = B, and for i = 1,...,k, there exists
Q; € Z|X] such that
BiAit1 = a?i+1Ai71 — QiA; (2.2)
where a; is the leading coefficient of A; and 0; = deg(A;_1) —deg(4;) = deg(Q;) >
0, with the termination condition that Ay ; = B = 0. The key problem in PRS is
to devise effective methods for computing the (;’s so that the bit size of coefficients
of the A; remain polynomial in d and L. In particular, the subresultant PRS from
Collins [Yap00, p. 89] achieves this with bit sizes of coefficients bounded by O(dL).
Let the “bit size” of A(X) be lg H(A(X)) where H(A(X)) is the height of
A(X), i.e., the maximum of the absolute value of the coefficients of A(X) [Yap0O0,
p- 23]. An alternative representation for the PRS uses the following concept. Let
us define the polynomial quotient sequence (PQS) of (A, B) based on a sequence
(B1,-..,08k—1) to be a sequence

(Ao, A1,Q1,Q2, - .., Qr—1) (2.3)

where the Q);’s are defined as in (2.2). Note that the number of coefficients in the
PRS (2.1) may be Q(d?). Thus if it is used as a Sturm sequence for Ay, A, evalu-
ating this sequence at any value of X may require (d?) arithmetic operations. In
contrast, if we only store the PQS in (2.3) and also (f1,...,Bk-1), we can easily
evaluate the Sturm sequence at any X using only O(d) arithmetic operations; the
reason is that Zf;ll deg(Q;) is only d. This advantage in the number of arithmetic
operations has been noted by many authors including [LRO1, Rei97]. However,
when we consider bit complexity, it is no longer clear whether we still have an
advantage by a factor of d.

It is not hard to see from the definition of a PQS that the bit sizes of the

Qi’s are O(d2L). More precisely:
Lemma 1. The bit sizes of the coefficients Q;(X) is bounded by O(d;dL).

Proof. From (2.2) we know that @; is the pseudo-quotient of A;_; divided by A4;.
By [Yap00, Lemma 3.8], the coefficients of @Q; is obtained as principal minors of a
matrix M of size §; +1 x deg(A;_1)+1. The first row of M contains the coeflicients
of A;_; and the remaining rows contains shifted coefficients of A;. Since each entry
has O(dL) bits, the minors have the stated bound. O

The following example shows that the bit sizes of coefficients of the @;’s can
be Q(d?L). Consider the subresultant PRS for the polynomials

Ao(X) =aX?, A (X)=bX* e
Then we have A3(X) = (—1)%%acX?, B = (—1)4, Q1(X) = blaX?, A3(X) =
(1) ac)™, By = (~1)T 1. Qy = b (ac)i X1,
It follows that a naive worst case bound of O(dL) on the coefficients of the
PQS is wrong.
Now we show the desired bound on the complexity of evaluating Sturm se-
quences using PQS.



Amortized Bound for Root Isolation via Sturm Sequences 117

Theorem 2. Let A, B € Q[X] have degree d, and let its coefficients be L-bit ratio-
nals. Let (Ao, A1, ..., Ap) be the subresultant PRS of A, B, based on (81, ..., Bn-1).
Also, let a; be the leading coefficient of Aj;.

(i) We can compute (Ao,...,An), (B1,-..,0n-1) and also (ag,...,an) in time
O(d3L).
(i) We can evaluate the Subresultant PRS of A, B at any O(dL)-bit rational value
in time O(d®L).
Proof.
(i) This is done by a straightforward evaluation of the subresultant PRS [Yap00,
Sect. 3.5, p. 89].
(ii) Let 2 be an O(dL)-bit rational. To compute A;(x) for i =0, ..., h, we use the
following steps:
Step (a): Evaluate Ag(z), A1(z).
Step (b): Evaluate Q1(x),...,Qn—1(x).
Step (c): Fori=1to h—1, compute A;;1(z) as (al ' A;_1(z)—Qi(x)Ai(x))/Bi-
All the polynomial evaluations must be done using Horner’s rule in order
for our bounds to be valid. Step (a) is O(d2L). For Step (b), the complexity of
evaluating Q; at z is O(62dL) (by Lemma 1). Summing over all i’s, we obtain an
overall complexity of 3"~ ' O(62dL) = O(d3L), since Y.""'6; < d. Finally, for
step (c), we note that each of the quantities afiﬂ, Qi(x), A;(x), and hence 3;, is
O(d?L)-bit rationals. Thus, the cost of computing each A;(z) is O(d2L) and so
the overall cost of step (c) is O(d3L). O
The above proof amounts to a simple algorithm for achieving O(d3L) bit

complexity for Step (II). The amortization argument amounts to exploiting the
inequality ), d; < d.

3. The Davenport-Mahler Bound

The basic inequality that our amortized analysis will exploit is the Davenport-
Mabhler theorem (Theorem 3). This theorem gives a lower bound on the product
of differences of certain pairs of roots of a polynomial A(X) = ag4 H?Zl(X — ) in
terms of its discriminant disc(A4) = 2972, <icj<n(i —a;)? and Mahler measure
M(A) = |aq] H?Zl max{1, |a;|}, see [Yap00, 6.6, 4.5] [Mc99, 1.5, 2.1]. The literature
has several variants of this theorem that use the same proof but formulate different
conditions on how roots may be paired so that the proof works. We give the most
general condition supported by the proof. It is equivalent to Johnson’s formulation
[Joh98] and generalizes Davenport’s original formulation [Dav85, Prop. 1.5.8].

Theorem 3. Let A(X) = aq H?Zl(X — «;) be a square-free complex polynomial of
degree d. Let G = (V, E) be a directed graph whose nodes {v1,...,v;} are a subset
of the roots of A(X) such that:
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L. If (0, ) € E then |a] < |];
2. G 1is acyclic;
3. The in-degree of any node is at most 1.

If exactly m of the nodes have in-degree 1, then

II v — vl = V/Idisc(A)] - M(A) =@V - (d/v3)~™ - d =2, (3.1)
(vi,v;)€EE
Proof. See [ESY06, Theorem 3.1]. O

Remark 3.1. Suppose the edge set of a graph G = (V, E), V C {a1,...,aq}, can
be partitioned into %k disjoint edge sets £ = Fy U --- U Ej such that the each of
the graphs G1 = (V, E1),...,Gr = (V, Ey) satisfies the properties in the theorem
above, then [], , cp [t — v| is bounded from below by the product of the bounds
corresponding to each Gi.

The following lemma gives us an upper and lower bound on the product of
k intervals defined by the real roots of a polynomial A(X). For any polynomial
A(X), let lead(A) be its leading coefficient.

Lemma 4. Let A(X) € R[X] be a square-free polynomial of degree d. If a; < 81 <
ag < By < az < -+ < P are real zeros of A(X) then

k A)/lead(A),
];Il: |Oli - 6z| { ; ﬁEA§{d+ld(fd)/2(\/3/d)k (32)

Proof. Let 71, ...,74 be all the (not necessarily distinct) zeros of A(X). First we
prove that M(A) is an upper bound on the product Hle |a; — B;]. We consider
two possibilities.

Case A: Suppose there exists an h = 1, ...,k such that aj, <0 < Gp,. Let y1,...,74
denote all the distinct roots in the set {a;,8; : i =1,...,k}. Thus, k+1 < d < 2k.
We have

k h—1 k
H|5z‘*0li| = (H(ﬂi ai)) “|an = Bnl - ( IT @ ai))

=1 i=h+1
h—1 k

< (H|ai|> - (Jn] + 1Bul) - ( I1 |@-|>
=1 i=h+1

<

d
([T ma{1, 11}

which, in turn, is bounded by M(A)/|lead(A)].
Case B: Suppose ; <0 < @;41 forsomei =0,1,...,k+1 (with 8y = —00, g1 =
00). The above argument can easily be adapted to this case as well.

The lower bound follows from [Dav85, Prop. §]. O
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4. Amortized Bound on Number of Probes to Isolate Real Roots

Suppose (a, b) is an open interval containing k roots,
a<ar<ag<---<ag<b. (4.1)

The values of these roots are unknown, and our goal is to “locate” them by iso-
lating intervals. We will bound the size of the binary search tree of the algorithm
described in introduction in terms of the amortized bound given in (3.2). The
bounds expressed in (3.1) and (3.2) are amortized because they are better than
the worst case bound obtained by taking the product of the worst case for each
gap, i.e., the root separation bound. We next formalize our problem and give a
general framework of an algorithm that encompasses the one based upon Sturm
sequences.

All our intervals are either open intervals I = (¢, d) or exact intervals I = [c, ¢
for some a < ¢ < d < b. The width of I is w(I) = d — ¢ for open intervals and
w(l) = 0 for exact intervals. Also, let #(I) denote the number of roots in I. If
I = [c, ], we write #(c) instead of #([c, c]). Clearly #(c) = 0 or 1. We call I an
isolating interval if #(I) = 1.

The Real Root Isolation Problem for an interval I = (a,b) is that of finding
a set of #(I) pairwise disjoint isolating intervals containing the real roots in I.
To solve this problem, we consider algorithm that make “probes”. Each probe
is defined by an input open interval I and the result of the probe is the pair
(#(IL),#(Ir)) where m = m(I) = (c+d)/2, I, = (¢, m) and I = (m,d). Note
that #(m) = #(I) — #(I) - #(Ir).

In the following, let 7 > 0 be an arbitrary threshold parameter. For instance,
we may choose 7 = 1. Relative to 7, we define an interval I as small or big
depending on whether w(I) < 7 or w(I) > 7.

Let I have roots as in (4.1). A segment of I is an interval of the form o; =
(i, ai41) fori =0,1,...,k, witha = ap and b = agy1. Let o(I) = {00, 01,...,0k}
denote the set of segments of I. Call oy and oy, the outer segments; all others are
inner segments. Define A(I) = AT + A~ where

AT =AT(D):= ) 21g(w(oi)/7),
o; is big

Am=A"(I):= > (1-lg(w(o)/7).
inor seqment

(4.2)

Thus, AT, A~ are the summations over big and small segments (respectively).
By definition, A™ (resp., A7) is equal to 0 if there are no big (resp., small) seg-
ments.

Theorem 5. Given an interval I = (a,b) and also k = #(I), we can solve the real
root isolation problem for I using at most k — 1 + A(I) probes.

Proof. We first present the algorithm. This is a standard binary search: if #(I) < 1,
the problem is trivial. Otherwise, we initialize a queue to contain just the interval
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I = (a,b). In the general step, we extract an interval J = (¢,d) from the queue
and probe J. The probe returns the pair (#(J1), #(Jr)) as above. Inductively,
we may assume that #(J) is known. If #(J1) + #(Jr) < #(J), we can output
m(J) as a root. For each i = L, R, we have three possibilities: if #(J;) = 0, we
discard J;; if #(J;) = 1, we output J;; if #(J;) > 1, we put J; into the queue. The
algorithm halts when the queue is empty. It is clear that the output is a complete
list of isolating intervals.

We now prove that this algorithm halts after at most k¥ — 1 + A(I) probes
using an amortization argument. Let J be an interval that was probed by the
algorithm. Probe J produces the subintervals Jz, Jg. We call J a splitting probe
if m(J) is a root, or if both J;, and Ji are placed in the queue; otherwise J is
non-splitting. Clearly, there are at most k£ — 1 splitting probes. It remains to prove
that at most A(I) probes are non-splitting. This is done by introducing a charging
scheme for such probes.

Let J = (¢, d) be a non-splitting probe. Then m(J) = (c¢+d)/2 belongs to an
outer segment o € o(J). We shall charge probe J to a segment ¢’ € o(I), defined
as follows:

o — the segment in o(I) that contains o if w(o) >,
~ | the inner segment in o(J) adjacent to o if w(o) < 7.

o’ has the following properties:

It is uniquely defined.

It is a segment in o(I), even when w(o) < 7.

It is big if ¢ is big, which is clear.

It is small if o is small: to see this, note that w(¢’) C w(J) and also w(J) =
2w(o) < 27. Note that ¢’ is an inner segment.

We now consider two cases:

Case (A): ¢’ is small. We show that ¢’ is charged at most 1 — lg(w(o’)/T)
times. Let Jp,..., J; be the probe (intervals) that are charged to ¢’, and we may
assume ¢’ C J; C Jo C -+ C Jy. Thus

w(o') < w(Jy) <27 w(ly) < - < 27 () < 277

Hence ¢ < 1 —lg(w(o’)/7).

Case (B): o’ is big. We show that o’ is charged at most 21g(w(c’)/7) times.
At the first probe J whereby m(J) € o/, the segment ¢’ is split into two halves ¢/,
and 0. By symmetry, consider o7 . Subsequently, suppose Ji,...,J; are all the
probe (intervals) that are charged to ¢’ via o7 . More precisely, assume o} C Jy
and Jy C Jy_1 C --- C Jy. Then we have

w(oh) =w(JyNa') > 2w(JaNo’) > > 27 w(J,Nno’) > 201

This proves that ¢ < lg(2w(o},)/7). By also taking into account the charges via
o'y, the total charges on o’ is at most lg(4w (o )w(o’)/7%) < 21g(w(o’)/7), using
the fact that w(o}) +w(o%) = w(o’).
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Implementing the probe model. We discuss how our probe model can be imple-
mented. If J = (¢, d) and #(J) is known, then the probe amounts to performing a
“Sturm query” for the interval [c, m(J)] and returns (#(Jr), #(Jr)). This means
that we compute the Sturm sequence for the polynomial A(X) and evaluate the
number of sign variations at ¢ and at m(J), and take their difference. Let V'(c)
denote the number of sign variations of the Sturm sequence evaluated at c. Indeed,
if we assume that inductively, we already know V(c) and V(d), then this probe
can be done by just computing V' (m(J)).

Normally, the sign variation V' (z) is assumed to be well-defined only when x
is not a root of A(X). However, in case A(X) is square-free, V(x) is well-defined
even when z is a root. To see this, let (A¢(X), A1(X),..., Ap(X)) be the Sturm
sequence with Ag(X) = A(X), A1(X) = dA/dX. Then V(z) is the number of sign
variations in the sequence of numbers (Ag(x), A1(z),..., Ap(z)). But even when
Ao(xz) = 0, the sequence cannot vanish identically because A(X) is square-free.
Moreover, since sign(Ag(z™")) = sign(A;(z)), we have

sign(Ao(z™), Ay (z 1), ..., Ap(z™)) = sign(4; (2), A1 (2), ..., An(z))
and hence V(zT) = V(). Similarly, V(z~) =1+ V(a™). Hence #(J) = V(c) —
V(d~) where J = (¢, d). Thus our probe model can be implemented with a single
sign-variation computation.

5. Complexity of Real Root Isolation

Using the bounds from the previous section we derive an a priori bound on the
number of Sturm probes as given in Theorem 5.

Theorem 6. Let A(X) € R[X] be a square-free polynomial of degree d. Then we
can isolate all the real roots of A(X) using at most

1 M(A)
L5dlgd + (d +1)1gM(A4) +2d +  1g | disc(A)] te |lead(A)]

probes.

Proof. Without loss of generality, we can assume that w(I), where I = (—B, B)
is the initial interval, is bounded by 2M(A)/|lead(A)|. In this proof, we further
assume 7 = 1. Let a3 < --- < ay, be the k real zeros of A(X). The segments o (1)
are defined by these a’s and also the two outer segments (—B, a1) and (ag, B). If
any of these outer segments has width < 7, then they are never charged. It is also
not hard to see that the total combined charges to these 2 outer segments is at
most lg(M(A)/|lead(A)|) + 1, and they are counted as part of AT.

We first invoke the upper bound in Lemma 4: choose the intervals («;, 5;)
(for : = 1,...,m) in this Lemma to correspond to the big segments in o(I), not
counting any big outer segments; the upper bound in Lemma 4 then implies

[T lei — 8:l < M(A)/ lead(A).

=1
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But the definition of AT includes any big outer segments and from the preceding

remarks we know that the outer segments are charged at most 1 + lg |1é\:<(1?23)|'

Hence we conclude that AT < (Ig llM(A) +1) +21gM(A).

ead(A)|
We next invoke the lower bound in Lemma 4 by choosing the intervals («;, 5;)
(fori =1,...,m), m <k, in this Lemma to correspond to the small segments in

o(I), not counting any small outer segments. Then the lower bound in Lemma 4
implies A~ < (k— 1) + (d — 1)1lgM(A) + (3d/2) lgd + } 1g |diSC1(A)|. Therefore,
E—1D4+A < (d-1)+AT+A"
M(A)
|lead(A)|
1 1
(d—1)+ (d—1)1gM(A) + 1.5d1gd + 9 Ig | disc(A),
A 1 1
M(4) + _lg, .. .
[lead(A)| 2 7 |disc(A)]
O

< (d-1)+1g

+21gM(A) +1+

A

(d+1)1gM(A) + 1.5d1gd + 2d + 1g

Corollary 7. We can isolate all the real roots of a square-free integer polynomial
of degree d and coefficients of bit length L using at most dL + 2dlgd + O(d + L)
Sturm probes.

Proof. We have the following observations for A(X):
1. From Landau’s inequality (cf. [Yap00, Lem. 4.14(i)]) M(A) < ||A]|2; further-
more ||Al|z < (d+1)22E.
2. Since A(X) is an integer polynomial |lead(A)| > 1 and as it is square-free
| disc(A)| > 1.
Applying these observations to the result of the above theorem gives the
following upper bound on the number of Sturm probes:

1 1
1.5d1gd + (d + 1)[2lg(d+ 1)+ L] +2d+ 2(d+1) + L.
But this is clearly bounded by dL + 2d1gd + O(d + L). O

Remark 5.1. This result saves a term of dL as compared to [Dav85, Prop. 2].

From Theorem 2 we have the complexity of evaluating the Sturm sequence
of A(X) at an input of bit size dL as O(d>L).

Hence we have following bit complexity for real root isolation:
Corollary 8. If A(X) is a degree d square-free integer polynomial with L-bit coef-
ficients, then we can isolate all the real roots of A(X) in time O(d*L?).

Remark 5.2. Is our choice of 7 = 1 optimal? Consider the two extreme choices. If
we choose 7 to be 2EF1 then all segments are small. Thus,

A=A"<(d—1)(2+2L+0.5lgd) + (3d/2)lgd.



Amortized Bound for Root Isolation via Sturm Sequences 123

This is asymptotically the same as the bound in our theorem, but slightly worse
with an additive term of dL. If we choose 7 to be the root separation bound, i.e.,
7 =27L4d=4 then all segments are big. Hence we have

A =A"<2L+1gd+2Ld* +2d*1gd.

This has an additive d?(L + lgd) term, which is asymptotically worse than our
theorem. At any rate, this suggests that 7 should be chosen to have a balance
between the number of big and small segments.

6. Amortized Bound on Number of Probes to Isolate Complex
Roots

We can extend the result of Sect. 4 to the case of isolating any set of roots in a
rectangular region S in the complex plane. More precisely, S is a half-open set
including its northern and western edges but omitting its southern and eastern
edges, i.e., the set {(z,y):a <z <bc<y<d}.

Let w(S) represent the edge length of S and #(S) the number of roots in
S. We call S an isolating square if #(S) = 1. We allow S to be a single point, in
which case w(S) = 0 and #(S) =1 or 0.

The Root Isolation Problem for a square S is to find a set of #(S) pairwise
disjoint squares containing all the roots in S.

A probe in this setting is defined by a half-open square S and the result of
the probe is the number of roots in the four smaller squares, S; (1 = 1,2,3,4),
obtained by the segments joining the mid-points of the edges of S. Note that each
of these smaller squares are half-open and they partition S. In this paper we do not
discuss the implementation of this probe model, though similar implementations
can be found in [Pin76, Wil78, Yap00, Pan97].

A probe S is called a splitting probe if either the centre of the square C' is
a root or #(S) # #(S;) for any i = 1,...,4; otherwise, we call it a non-splitting
probe.

Suppose S contains k roots ay,...,ax in C. For every root «; inside S we
define the following four pairs:

e 0iNnE = (i, aNE®)), Where ayp() is the nearest root or corner of S lying
north-east of «;.

e i nw = (a4, anw(s)), where ayyy(;) is the nearest root or corner of S lying
north-west of «;.

e 0isg = (ai,asp@)), where agp() is the nearest root or corner of S lying
south-east of «;.

e 0isw = (i, asw()), where agw;) is the nearest root or corner of S lying
south-west of «;.

These pairs certainly exist; however, they may not be unique. We view these

pairs as directed edges coming out from «;. We also insist that these edges are

never horizontal or vertical. This ensures that the four edges issuing out of each
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root are distinct (so our graph is simple). The set of edges in the directed graph so
obtained for S will be represented as o(S). By an outer edge of o(S) we mean an
edge connecting a root with a vertex of S; the remaining edges will be called inner
edges and their set will be denoted by I(S). For each ¢’ € o(S5), let w(o’) denote
the Euclidean length of the edge ¢’. We will write “o; . for any of the four edges
coming out of «;. Figure 1(a) illustrates the graph o(S), where the dots represent

the roots in S.
\// [
/\..z e
)

I —

(a) (b)

FIGURE 1. (a) The directed graph o(S). (b) Charging scheme
probe S’

Similar to Sect. 4 we define a threshold parameter 7 > 0 and define an edge
0;« to be big or small depending on whether w(o;.) > 7 or w(o;.) < 7. We
extend the definitions of (4.2) to this context,

AT = AT(S):= > (+1gw(e’)/7),

o'€ o(S): o’ is big

(6.1)
AT =A7(5):= > (1 —lg(w(a’)/7)).
o' € o(S)NI(S): o’ is small
Let A(S):=A" +A~.
Analogous to Theorem 5 we show the following:
Theorem 9. Given a square S and k = #(S), we can solve the root isolation

problem in at most 1.5k — 1 + A(S) probes.

Proof. The algorithm based upon our probe model performs a four-way search.
If #(S) < 1 then we are done. Otherwise, initialize a queue containing S. In the
general step, we extract a square S’ from the queue and probe it. The consequence
of the probe is the quadruple (#(S1), #(S2), #(S3), #(S4)) where S;’s are as shown
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in Figure 1(b). We enqueue S; if #(S;) > 1, output it if #(S;) = 1, and discard it
otherwise. The algorithm terminates when the queue is empty.

It is clear that there can be at most k£ — 1 splitting probes. We now devise
a charging scheme, analogous to what was done earlier, to account for the non-
splitting probes. The analogy between the two charging schemes is the following;:
In Sect. 4 the charging of big segments was counting the number of intervals
whose midpoint is contained within that segment; now the charging counts the
number of squares that are sufficiently large and whose edges intersect the segment.
The charging of small segments, in the same section, was counting the number of
intervals that are sufficiently small and which contain the segment; now we count
the number of squares in place of intervals.

Consider a non-splitting probe S’ with center C. Since this probe is non-
splitting all the roots inside S’ must lie in one of S;, i = 1,2, 3,4; suppose they
lie in the square S; south-east of C'. Let a; be a root nearest to C. Thus the edge
o; nw must intersect either the top or the left edge of S” and hence

w(oiyw NS") > w(Sy) = ;w(S'). (6.2)

Furthermore, since S; is not an isolating square there is another root 3 inside Sy
such that one of the edges from «;, apart from the north-west one, points to 3;
denote this edge by e. Then

w(e) < vV2w(Sy) = w(S")/V2. (6.3)

These notations are illustrated in Figure 1(b).
Now we describe our charging scheme:

1. If w(S") > 27 then we charge the probe S’ to the corresponding o; yw. This
means o’ :=o; yw is big.

2. If w(S') < v/27 then we charge S’ to the edge e. This means o’ :=e is small
and cannot be an outer edge.

3. If V27 < w(S’) < 27 then we count an additional charge. However, there are
at most k/2 such charges, since S’ is not an isolating square and the next
probe S is such that w(Sy) < v/27.

Thus we have the following cases:
Case (A): ¢’ is small. Suppose Si, . . ., S¢ are the probes charged to ¢’. Assume
Sy C Sp—1 C---C S1 and that ¢’ is in Sy. Thus from (6.3) we have

Vaw(o') < w(Se) < 27 w(Sp—1) < - < 27w (Sy) < 2712,

and hence ¢ < 1 —lg(w(o’)/T).
Case (B): o’ is big. Let S1,Ss,...,Se be all the probes charge to o', such
that Sy C S¢y—1 C -+ C S2 C S7. Then from (6.2) we have

w(o’) > w(e’' NSy) > ;w(Sl) > w(S) > - > 27 2w(Sy) > 271y,

and hence ¢ < 1+1g(w(o’)/7). O
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7. Complexity of Complex Root Isolation

To bound the complexity of isolating all the roots of a degree d square-free poly-
nomial A(X) we need to bound the number of probes to achieve this. Let S be
a half-open square containing all the roots of A; from Cauchy’s bound we know
that w(S) < 2(1+ ||Alloc). According to Theorem 9 we need to bound AT (S) and
A~ (S) for 7 = 1.

Lemma 10. Let A(X) be a degree d square-free integer polynomial with L—bit
coefficients. Then we have A~ (S) = O(dL + dlgd) and AT(S) = O(dL).

Proof. Suppose ai,...,aq are the distinct roots of A(X) in S. We counsider the
upper bounds for A~(S) and A*(S) in turn:

Bound on A™(S). For a root a; let ay(; denote the nearest root to it. Consider
the directed graph G = (V, E) obtained from the pairs (a;, an(;)). It is not hard
to see that the cycles in G have the property that all the edges have the same
length. Thus we can break any cycle of length greater than two to a set of cycles
of length less than or equal to two. Now construct two graphs G; = (V, E1) and
Go = (V, Es) from G where G2 contains one of the edges from each cycle in G and
(1 contains all the remaining edges of G; thus £ = E; U E5. Both G; and G5 are
DAG’s. Moreover, the vertices in G5 have in-degree at-most one. We re-orient the
edge (a, B) € Ey such that |a] < |f]; it is clear that this re-orientation does not
affect the in-degree of the vertices. Now we apply Theorem 3 to G2 to obtain:

II la—81= Vdisc(A)| - M(A)~ @ - (d/v/3)¢- d=>. (7.1)
(a,B)EES

The in-degree of the vertices of G can be at most six since any root of A(X)
can have at most six neighboring roots that are all closest to it and to each other.
Now we re-orient the edge (o, 5) € Ej such that |a| < |5]. As a result of this
re-orientation the in-degree of any vertex in Gy is bounded by three. The reason is
that any circle that passes through the centre of the hexagon can contain at most
three vertices since the vertices are diametrically opposite each other. Thus from

Remark 3.1 we have:

II o= 81> [disc(A)*® - M(A) "B - (d/v3) 5. a5 (7.2)
(a’ﬁ)eEl
Combining this with (7.1) we have:
II 1= 8l > |disc(A)* - M(A) @44 - (d/v3) = . d 2. (7.3)
(a,B)EE

We can partition the set of roots in V into four different types: R;, ¢ =
1,2,3,4, be the set of roots which have exactly ¢ inner edges where the edge
(o, ) € E is oriented such that || < |B]. Then an upper bound on A~(S)
translates into a lower bound on [Jw(o’), where ¢’ are small inner edges, but this
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product is equal to the product of the small inner edges corresponding to each
root in R;, i = 1,2, 3,4. This latter product is clearly greater than

II lei —en@l- I lai—an@lP- [ loi—ene- ] lei —onel

a;€ERy a; €ER2 a;€ER3 a;€ERy

since each inner edge is at least the distance to the nearest root. From (7.3) and
(6.1), we thus have

A=(S) = O(dL + dlgd),

since lgM(A) < L +0.51g(d + 1).

Bound on AT (S). Since S contains all the roots, we know w(c; «), i = 1,...,d, is
less than the diagonal of S, which instead is less than 2573, Thus for any root o
we have

w(o; nw)w(os np)w(o; sw)w(o; sg) < 2412

and from (6.1) we have

A+(S) d+ ZU'/EU'(S):U'/ is big lgw(a')

4dL + 13d,

which clearly is O(dL).
O

The bounds from the above lemma combined with Theorem 9 give the fol-
lowing;:

Theorem 11. Let A(X) be a square-free integer polynomial of degree d and L—bit
coefficients. Then the number of probes to isolate all the roots of A(X) are at most

O(dL + dlgd).

Recall the distinction between the Sturm based approach for the case of real
roots and complex roots. Since in the latter one has to compute a new Sturm se-
quence at each probe, this can increase the bit size of the coefficients of these poly-
nomials by one, so that the final probe can possibly involve polynomials having bit
size of the coeflicients 6(dL). The evaluation of the Sturm sequence corresponding
to these polynomials can take 6(d4L2), and hence the total complexity to isolate
all roots of a degree d square-free integer polynomial with L-bit coefficients can
potentially be 6(d5L3). Hence Theorem 11 seems to be of theoretical interest only.

8. Conclusion

The two contributions of this paper are (1) a simplified approach for achieving
the best known complexity bound in evaluating Sturm sequences, and (2) a new
probe complexity bound for isolating complex roots. The common theme in these
two results is the use of amortization arguments.
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An Algorithm of Real Root Isolation
for Polynomial Systems with Applications
to the Construction of Limit Cycles

Zhengyi Lu, Bi He, Yong Luo and Lu Pan

Abstract. By combining Wu’s method, polynomial real root isolation and the
evaluation of maximal and minimal polynomials, an algorithm for real root
isolation of multivariate polynomials is proposed. Several examples from the
literature are presented to illustrate the proposed algorithm.

Keywords. Wu’s method, max-min polynomial, real root isolation.

1. Introduction

Solving systems of (symbolic or numerical) polynomial equations in several vari-
ables has been a very important topic of theoretical oriented research. Commonly
used algorithmic methods for solving systems of polynomial equations include the
characteristic set method introduced by Wu [20, 21], Grobner basis method by
Buchberger [1], and cylindrical algebraic decomposition method by Collins [4].
Numerical calculation methods include Newton method [18], homotopy method
[9], and eigenvalue method [7].

A different approach for isolating the real roots of a univariate integral poly-
nomial based on Sturm sequence, the derivative sequence and Descartes’ rule of
sign is widely used [8].

A natural questions is: Can the real root isolation algorithm be extended to
the multivariate polynomial case?

In this paper, based on the characteristic set method, real root isolation and
the evaluation for maximal and minimal polynomials, we propose an algorithm for
isolating real roots of multivariate integral polynomial systems.

Partially supported by a National Key Basic Research Project of China (Granted no. 1998030600,
2004CB31800) and the National Natural Science Foundation of China (Granted no. 10371090)
and Zhejiang Province Natural Science Foundation (Granted no. M103043).
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This algorithm is an extension of a real root isolation algorithm for univariate
integral polynomial. It results in a higher-dimensional isolated interval for each
isolated real root [12, 13]. Based on this algorithm for multivariate polynomial
systems, the stability analysis and the construction of small amplitude limit cycles
for some differential polynomial systems are considered [12, 14, 15, 16].

Section 2 contains an introduction to Wu’s method and the algorithm for real
root isolation of multivariate polynomial systems. In Section 3, several examples
from the literature are presented to illustrate the proposed algorithm. In Section
4, the construction of limit cycles for differential systems are given.

2. Wu’s Method and Real Root Isolation

To prove the main result, we use the principle of the characteristic sets method
which was introduced by Ritt [17] in the context of his work on differential algebra
and has been considerably developed by Wu [20, 21]. The great success of theorem
proving has stimulated the renewed interest in the characteristic sets method.
To limit the space, we give here only the basic principle, i.e., the well ordering
principle, and illustrate how this principle works.

Let PS = {fi(z1,...,Zn),. .., fs(x1,...,2,)} be any finite set of polynomials
in n ordered variables 1 < --- < x, with coefficients in certain basic field of
characteristic 0, for instance, the field @} of rational numbers. We designate the
complete set of zeros of the polynomials in PS by Zero(PS). If G is any other
non-zero polynomial, the subset of Zero(PS) for which G # 0 will be denoted by
Zero(PS/@G). The following is the basic principle of the characteristic sets method
[20, 21, 22].

Well Ordering Principle. Given a set PS of polynomials, one can compute by an
algorithmic method another set C'S of polynomials, called the characteristic set
of PS, of the triangular form

Cl(uh <y Uds y1)7
CSs : 02(u17"'7ud;y17y2)7
Cr(uh <oy Ud3 YL, - '»yr)v
such that
Zero(CS/J) C Zero(PS) C Zero(CS), (2.1)
Zero(PS) = Zero(C'S/.J) U|_ Zero(PS), (2.2)
where u1,...,ud; Y1, .., Yr (d+r =n) is arearrangement of 1, ..., x,, J = [, L1,

I; is the leading coefficient of ¢; as polynomial in y;, called the initial of ¢;, and
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The algorithm for triangularizing the polynomial set proceeds basically by
successive pseudo-division of polynomials. From (2.1) and (2.2) the relation be-
tween the zeros of PS and CS is clear: any zero of PS is a zero of C'S and,
conversely, any zero of C'S for which none of the initials vanishes is also a zero of
PS. Therefore, under the condition that all the initials are not equal to 0, both
PS and C'S have the same zero set. For those zeros of PS making the vanishing of
some initial I;, we may consider further the enlarged polynomial set PS; obtained
from PS by adjoining I; to it as required. Furthermore, in proceeding with each
PS; like PSS by the same principle we would finally obtain a zero decomposition
of the form

Zero(PS) = ) Zero(CS;/J), (2.3)

in which CS; is of triangular form as C'S and J; is the product of initials of the
polynomials in C'S; for each .

Equation (2.3) is called the Zero Decomposition Theorem [22]. Furthermore,
by using any algorithm of polynomial factorization over algebraic extended fields,
an ascending set C'S can be decomposed into irreducible ascending sets. Hence,
Wu obtains a variety decomposition theorem [22].

Variety Decomposition Theorem. For any given set PS of polynomials, there is
an algorithm which computes a finite number of irreducible ascending sets IRR},
in a finite number of steps, such that

Zero(PS) = |_J Zero(IRRy./ J).
k
Moreover, redundant components can be removed by mere computations so that
the union will become a non-contractible one.

Remark. Since the real roots of P.S can be decomposed as the union of real roots
of TRRy, we only need to consider those components for which the irreducible
ascending sets have isolated real roots. That is, the algebraic varieties associated
to the irreducible ascending sets are of dimension zero. In such a case,

Zero(IRRy/Jy) = Zero(IRRy,).

In the following discussions, we only consider the real root isolation algorithm
in the positive cone R}, since a transformation z; — —z; will change the negative
real roots into the positive ones in R}.

Now for any m-variate polynomial f(z) = f(z1,...,2,) in R}, we denote
the summation of the positive terms in f(z) by f*(z1,z2,...,,) and that of the
negative terms in f(z) by f~(z1,22,...,2,). Clearly, f = fT + f~.

The following theorems are direct results of the definition of f* and f~.

Theorem 2.1. If z; € [a,b] (1 <i<mn,0<a<b), then
f+(x17'"7xi717a7xi+17-"»xn)+f7(l‘17'"»xiflvbvxi+17-"»xn)
f(xlv'"»xiflvxiyxi+17"'»xn)

<
< f+(x17'"7Ii717b7xi+17"'»xn)+fi(xlv'"7xi717a7xi+17-"»xn)-
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Note that both f* and f~ are monotone in R”;. More general, we have:
Theorem 2.2. Ifx;; € [a;,,b;,], 1 <i; <n (j=1,...,k),0<a;; <b,, then

f+(l‘1,...,ai1,...,aik,...,xn)+f7($1,...,bil,...,bik,...,xn)
flor, o @iy Ty ey )

<
< f+(x17'"»bim"'vbik?"'vl‘n)+fi(xlv'"»aim"'»aik?"'»xn)'

In Theorem 2.1 (resp. Theorem 2.2) the identities hold if and only if a = b
(resp. a;; = by;).

By Theorem 2.2, when considering all the variables z1, ..., z, in R}, we can
get the following estimation:

Theorem 2.3. For given constants 0 < a; <b; (i=1,...,n),

(1) if fH(ar,a2,...,an) + f~(b1,b2,...,bn) > 0, then for z; € [a;,bi] (i =
1,...,n),

flz1, 2, .. 2n) > 0;

(2) if fT(b1,ba,...,bn) + f(a1,a2,...,a,) < 0, then for z; € |a;,b;] (i =
1,...,n),

f(xlyx%"'»xn) <0.

The command realroot in Maple [2] can be used to isolate the real roots
of a univariate polynomial with integral coefficients. To isolate the real roots of a
given polynomial g(x) with intervals of length less than or equal to ac, we can take
realroot(g(x), ac) which gives [[a1, b1], . .., [ak, b]]. Here, k is the exact number of
distinct real roots of g(x). Namely, in each interval [a;, b;], there is one and only
one real root of g(x) and b; < a;41 for all 4. Furthermore, a; and b; have the same
sign. This sequence of disjoint intervals with rational endpoints is called the real
root isolation intervals of g(x).

Now, we illustrate how to obtain the real root isolation domains of a trian-
gular polynomial system {g1(x), g2(z,y)} by realroot algorithm and the max-min
polynomials.

The following notations and theorems will be used in the algorithm.

Definition 2.4. Suppose that [a1, b1] is one of the real root isolation intervals of
g1(z). The maximal and minimal polynomials of g2(x,y) on [a1, b1] is defined by

g (y) and g2(y), respectively:

92(y) = g5 (b1,9) + g5 (a1,9),  9,(y) = g5 (a1,9) + g5 (b1, y).
Clearly, if = € [a1, b1] is a real root of g1(x), then gQ(y) < g2z, y) < go(y).

Theorem 2.5. For the above g4(y), g2(y), there exists an interval with width acy
such that when by — a1 < acy, we have:
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(1) the coefficients of the the leading term of both g4(y) and gz(y) have the
same sign;

(2) the number of the real roots for both g,(y) and g,(y) are the same.

Proof. Note that gz(y) — g2(Z,y) and g,(y) — ¢2(Z,y), if a1 — T and by — Z.
Furthermore, g2(Z,y) is a squarefree polynomial in y; therefore, a perturbation of
Z will not change the properties of g2(Z, y): the changed polynomial will keep the
sign of the leading coefficient as well as the number of real roots. O

Theorem 2.6. Suppose that a # b; then there is an acy such that the realroot com-
mand with accuracy (the length of isolating interval) aco will lead to the sequence
of real root isolation intervals of g,(y) and gz(y), respectively, as follows:

Ly = [[011, d11]7 ceey [Clm7 dlm]]7

Ly := [[ca1,d21], - - -, [cam, d2m]]-
Here, [c14,d1:) [c2j,d2s] = 0 (4,5 = 1,...,m). Namely, we can get a total list of
all the intervals in L1 and L.

Proof. In fact, the minimum root separation of an integral polynomial f(z) =
ant™ + ap_12" "L + -« + a1 + ag is determined completely by its coefficients
a; (i =1,...,n); see [5]. Suppose that y1,y2,...,yx (k > 2) are all the distinct
real roots of f(x); then
n -yl > .
min i — Y .
ietim g Y n* 1+ 30 i)
Now we consider the polynomial g12(y) = g5(y)g 2(y) which is the product of g,(y)

and gQ(y). Take acy as the minimum root separation of gio; then Theorem 2.5
leads to this theorem. O

Remark 1. In a concrete manipulation, the accuracy acs is much larger than the
minimum root separation length.

Remark 2. When a = b, T is the rational solution of g(x). Hence, g,(y) = gQ(y) =
g2(Z,y). That is, L1 = Lo in Theorem 2.6.

Definition 2.7. The sequences of the real root isolation intervals of g, (y) and g, (y)
are called matchable with respect to ac, if

(1) the sequences of the real root isolation intervals L; and Lo take one of
the following forms:

(i) 1,2,2,1,1,2,2,1,...,1,2,2, 1;
(i) 1,2,2,1,1,2,2,1,...,1,2,2, 1,1, 2;
(iii) 2’ 17 17 b b 1? ) 27 MR ) 17 b ;

(here “1” denotes an interval belonging to L1, and “2” to Ls),
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(2) in each interval of Ly and Lo, the considered integral polynomial g2(Z, y)
is monotone.

Now we consider the triangular system{g; (z), g2(x,y)}.

Theorem 2.8. Suppose that the real root T of gi(z) in [a1,b1] makes the initial
J(Z) #0. If g2(Z,y) is squarefree with respect to y, then there must be a constant
ac such that g,(y) and gz(y) are matchable with respect to ac.

Proof. Since g2(Z,y) is squarefree with respect to y, it must pass through y-axes
at each of its real roots. That is, gQ(y),QQ(y) — g2(Z,y), as a1,b;1 = T (ac — 0).
Therefore, g,(y) and gQ(y) also pass through the y-axes in the neighborhood of
92(Z, y).

Now consider the partial derivative h(Z, y) of g2(Z,y) with respect to y. From
Definition 2.4, we have

h(y) < h(Z,y) < h(y).

Clearly, for sufficiently small |a; —b;| (the length of the interval [a1, b1]), h(y) and
h(y) have the same sign.

Hence, by Theorems 2.5 and 2.6, we can choose ac; as small as enough (i.e.,
b1 — a1 small enough) and take ac = min{aci, acz} such that g,(y) and g, (y) are
matchable with respect to ac.

The mrealroot algorithm for isolating the real roots of a set P.S of polynomials
can be described as follows (here, a three polynomial system will be considered).
To guarantee the matchable condition in Theorem 2.8, we use Wu’s method to de-
compose the real roots of PS to the union of those of a set of irreducible ascending
sets.

Step 0. Consider system PS = { fi(x,y, 2), f2(z,y, 2), f3(z,y, z)}. Using Wu’s
method (Variety Decomposition Theorem), we can get its irreducible components
IRR;,i = 1,...,k. Take the components whose corresponding varieties are of
dimension zero. Denote one IRR as {g1(x), g2(z,y), g3(x,y, 2) }.

Step 1. Using realroot command to get the sequence of isolation intervals of
g1(z) (here, we just consider the positive interval), where the accuracy ac; is given
by Theorem 2.5. Now we choose one interval, say [a1, b1], to illustrate our method.

Step 2. Construct the maximal and minimal polynomials g,(y) and 9, (y) of
ga(x,y) with indeterminate y. By using the realroot algorithm, we can obtain the
sequences of isolating real roots, Ly, L.

Step 3. Take ac and check if g,(y) and gQ(y) are matchable with respect ac,
i.e., if Ly and Lo take one of the forms (i), (ii), (iii) and (iv) in Definition 2.7. If
the answer is positive, then go to step 4. Otherwise, divide ac by 2 and go back to
step 1. By Theorem 2.8, after finitely many steps, L; and Lo will be matchable.

Step 4. g,(y) and 9, (y) are matchable with respect to ac. Now we match the
interval as follows:
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Take ag; = min{cli, 021‘} and bgi = maX{dh‘,in}, ’L = 1, cee, My then {gl(l‘),
g2(x,y)} has just one real root in each [a1,b1] X [ag;, by;] for i =1,...,m.
Step 5. Suppose that G = [aq, b1] X [az, ba] is a real root isolation interval of

{91(2), g2(z,y)}. We may construct the maximal and minimal polynomials g5(z)
and gg(z) of gs(x,y, z) as follows:

gS(Z) = g;(bhb%z) +g.‘;(a17a27'z)7
94(2) = g4 (a1, a2,2) + g3 (b1, b, 2).

Step 6. Similar to steps 2 and 4, we obtain the real root isolation interval
G = a1, b1] x [az, ba] X [as, bs] of {g1(2), g2(2, ), g3(2, ¥, 2)}.

Step 7. Since the initials of TRR are not zero at its real roots, we can have
all the real root isolation intervals of

{fl(x»yv Z)v f2(x»y7 Z)7 f3(x»y7 Z)}

For a general n-variate polynomial system, we may describe the above seven-
step algorithm (except step 0) as follows:

INPUT {91(1'1),92(1'1,1'2),...,gn(.’El,l‘Q,...,fEn)}; J(l‘l,...,l‘n)
OuUTPUT the real root isolation intervals of
{91(951)792(581,962)7 .- -,gn(xl,ﬂ% .- -»xn)};
the signs of J(z1,...,z,) at every isolating interval
BEGIN
LABEL

G1 := {realroot(gi(x1), ac) intervals for positive real roots}
IF G1 = ) THEN return () END IF

k:=2 /* remark 3 */
WHILE £ <n DO
G =0

gk (@1, x) = g (@1, .. xk) + g5 (21, Tk)

FOR p in Gx_; DO
9, (zk),  gr(zr) /* remark 4 */
G), = {realroot(g, (zx), ac) intervals with positive endpoints}
Gy, = {realroot(g;(zx), ac) intervals with positive endpoints}
flag = Qr (G4, Gr) /* remark 5 */
IF (flag == false) GOTO LABEL
Gk = Gk union Qk(Gk, Gk)

END FOR
k:=k+1
END WHILE /* remark 6%/

END

Remark 3. k denotes the k-th unknown z for the k-th polynomial.
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Remark 4. g, (zx) and g, (xx) are minimal and maximal polynomials of g (z1, . . .,
x), respectively.

Remark 5. Check if g;(zy) and g, (z)) are matchable with respect to ac. If the
answer is positive, then finish the match to get the isolation intervals. Otherwise,
choose ac/2 as new ac and return “false”.

Remark 6. The result GG, is just the set of real root isolation intervals of

{91(z1), g2(z1, 72), . - s gn(T1, T2, .. . TR}
Based on the above algorithm, we construct a command mrealroot in Maple:

> mreaerOt([gl(xl)ng(xlvx2)7 .. '»gn(xlyx% .. '7xn)]7 [I17x27 . .,In],
¢, [hi(x1, 2o,y Zn)y e b1, T2, - oy T0)]);

where n, m are positive integers and the positive number c is the upper bound of the
width of the intervals of the real roots. Here c is used to control the accuracy of the
interval solutions to its exact ones. If ¢ is too wide to fulfil the matchable condition
in Theorem 2.8, it will be substituted by a smaller one automated according to
the algorithm. Even if ¢ is omitted, the most convenient width is used for each
interval returned.

The output is:

[[z11, T12], [221, T22], - - -, [Zn1, Tn2], +, -0,..., -1
~ ~ -
m
Here, “+” (resp. “—") denotes that a polynomial at the real root is positive (resp.

negative), 0 means that the positiveness and negativeness are not determined
(undecided). The above output means that there is a real root

(T1,72,...,2n) € [[3311,3312] X [1'2171'22] X X [[xnlvxn2]]
such that hy(x1,x9,...,2,) > 0, ho(z1, 22, ..., 2,) <0, hs(z1,21,...,2Zs) is unde-
cided, ..., hy(z1,22,...,2,) < 0.

3. Application to Polynomial Systems
The first example is from [6].

Example P1.
fl :l‘5+y2+22*4,
fo=a"+2y° -5, (3.1)
fs=zz—1.

By using step 0 in the algorithm, (3.1) is transformed to the triangular form:

g1 =227 +2 — 322 — x4,
g2 =% +2y° = 5,
g3 =zz — 1.
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Take the mrealroot command

> mrealroot([g1, g2, 93], [z, y, 2]

we get
r 11 23 (T13 7] [23 3
__171:|7|:8716:|7|:171:|:|7 __1678:|7|:1672:|7
T 23 11 3 11| [23
[ =g ] [0 -) [
[T13 7} [73 723} [9 5” 3 711} [7
[[167 8] 20 16| |8 4| 4> 716 |

1
10

|

9 5
87 4

I}

25 3 21
16 |2 277 16
25 23 3
16° 16| 2

This means that the polynomial system (3.1) has six real roots.

The second example is also from [6].

Example P2.

fi=x%—2xz+5,
fo=ay® +yz +1,
fa = 3y% — 8zz.

The step 0 gives us from (3.2) the triangular form

g1 = y(320 + 1600y* — 240y° — 471y5 + 36y" — 48y> + 36y°),

g2 = —40y? + 333 + 6y* + Sz,
g3 = —8yz — 8 — 40y* + 3y° + 64/5.

Applying mrealroot:

> mrealroot([g1, g2, 93], [%, Y, 2]

we obtain two real root isolation intervals:

__ 188613 _ 377225 __ 72181 __ 36063 _
65536 > 131072 |° 65536° 32768 |’

__ 45 __ 368639 126525 63315 50295 100711
16> 131072 |’ | 1310727 65536 |’ | 16384’

Example P3 [5].

=22 +2y —y -2z,
fo=a?—8y? +10z -1
fz = 2% — Tyz.

The triangular form of (3.3) is
g1 = 24502° — 12412 + 19622 — 49,

g2 = 8622 + 35yx? — TTy — 14,

32768

1

185017 __ 369513
65536 > 131072

I

)

g3 = 1752* + 70222 — 7622 — 154z + 21,

with initial J = 522 — 11.

, —

I}

21
16

I

139

(3.2)
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Now the command
1

e

> mrealroot([g1, 92, 93], [x, v, 2],

gives out two real root isolation intervals:
85823 1341| | 48355 24179| |[10879 10881| _
1310727 2048 |7 | 1310727 65536 | | 655367 65536 |1 |

_ 1341 _ 85823 48355 24179 10879 10881 | _
20487 131072 |’ | 131072’ 65536 |’ | 65536’ 65536 |’

Example P4 [5].

f1:x4+y471,

fo = 2Py% — 42393 + 228 — 1. (3.4)

The triangular form of (3.4) is as follows:

g1 = 16y° — 363° + 3090 — o8 + 144y — 64yt + 758y16 — 251y'2 + 28y'3
— 1269 + 49?1 — 12917 — 128y%2 + 1928 4 48y>3 — 112y — 7570
+32y20 — 16y%7 + 249y 4 28 4 1,

g2 = dx+y—2y° + 282 -2yt o +y? +16y° —24y" —xy® +4y 003y 243y  x44°
. 32:cy9 + 16y13x . 4y14x + ylsx . 8y15 + 16y11 + y16 . y12 + 16y5x

The initial is
J=4 + 2y8 o 2y4 o y3 + 4y10 o 3y11 + 3y7 o 32y9 + 16y13 o 4y14 + y15 + 16y5

Taking the command

1
> mrealroot([g1, g2], [y, |, 105" [J]);

we get four real roots:
_ 121139 _ 60569 47213 47299 + 94517 47259 __ 60575 _ 60563 +
131072 65536 |7 | 655367 65536 |’ 4 1310727 65536 |’ 655367 65536 |’ 4

_ 78307 _ 39153 126675 31673 + 126681 63341 _ 19599 _ 39111 +
1310727 65536 |’ | 1310727 32768 |’ 4 1310727 65536 |’ 327687 65536 |’ :

In [4], Collins considered the following system of polynomials and found four
solution points. By using the mrealroot algorithm, a PIII 550 computer gives out
the four isolating real roots in less than 1.2 seconds.

Example P5.

fi=—Tzyz + 6yz — ldxz 4+ 92z — 3zy — 12y —x + 1,
fo = 2xyz — yz + 14z + 152y + 14y — 15z, (3.5)
f3s = —8zyz + 11lyz — 1222z — 5z + 1bzxy + 2y + 10z — 14.
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The triangular form of (3.5) is as follows:

g1 = —311308988x — 769468317622 + 45415298102> + 895135604524
— 45872450145 — 491945611525 4 3307892784 + 19899303027
+ 17404020028,

g2 = 3440522 + 7530ty — 4617223y — 652742y + 2281523 — 1368024
— 17640z + 446247y — 16296 + 54084y,

g3 = 922502° + 46110212 + 5418752 — 692403232 + 1436252 — 844151222
— 88643022 + 63968872 — 319860x + 7408802 + 27360252 + 228144,

and the initial is

J = —186017052192109889164x + 34987502366182201379222
— 186848402623007386128 + 337522017343330106770>
—170675129780428490075x* — 1555406421413829526022°
+9943930004123137485x5 + 5996862121751821890x".

Call the mrealroot command:

1
> mrealroot([gl, 92, 93]7 [l‘» Y, Z]v 1010 ) [‘]])a

the computer shows four isolating real roots:

33573910397 16786955199} [82505394681 330021582735 } [ _ 96628390617 _ 386513559595 } 71}

34359738368 > 17179869184 1’ L 8589934592 > 34359738368 1’ 8589934592 34359738368 1 ’

__ 8880815695 __ 35523262779} [7 16638954157 33277908053} [7 1073569409 __ 34354220805} 71}
3 3 3 3

8589934592’ 34359738368 17179869184 ° 34359738368 1073741824 ° 34359738368

7659282837 730637131347} [614939185923 614939235161} [11783002047 11783002915} 1}
8589934592’ 34359738368 1’ | 34359738368 ’ 34359738368 1’ 117179869184 ° 17179869184 1> 71>

173688058101 86844029051} [ _ 36761640685 __ 36761640679} [ _ 1676409165625 __ 1676409164939} 1}
34359738368 > 17179869184 1’ 17179869184 > ~ 17179869184 17 34359738368 ’ 34359738368 1’ 1°

In all the above examples, the systems are considered in R™. In fact, we may
consider systems in C™. In this case a transformation z — x; + iz2 shall be made,
where z; is the real part and zo the imaginary part of z.

Example P6.
fl = 21‘271‘?/4’47
fo=zy —2y° + 4.

After the transformation x — x1 + ix2, ¥y — y1 + iy2, we have

f1 = p11 + ip12,
f2 = pa1 + ipaa,

where
pi1 = 227 + 4 — 223 — z1y1 + T2y,
P12 = 42172 — T1Y2 — T2Y1, (3.7)
po1 = T1y1 + 4 — Tayo — 205 + 2u3, ’
P22 = T1Y2 + Tay1 — 4y1y2.



142 Z. Lu et al.

By using Wu’s method, (3.7) can be transformed to

g1 =3y — 6y — 1,
g2
g3 = —ui +2+ 3,

g1 = Yizo — 2yiys — To.

2y3 — z1yf — dy1 + @1,

(3.8)

The initial is J = (y1 — 1)(y1 + 1). Taking the mrealroot command for (3.8):

1

> mrealroot([91, 92, 93, 9al, [y1, 21, y2, 22, | 1y [J]);

we obtain four pairs of real roots

Therefore, the corresponding four complex roots of (
(y1,y2)) are

4. Application to Differential Systems

[[187 a7 39 7 23 51 169 97]

|| 128732 | 1287 167 [ 647 128 |7 | 128> 64> T |

[[187 a7 39 7 _os1 28] [ o7 _199]

| [ 1287327 [128° 16| 128° 64 |’ 64> 128 |0 T |»

M a7 _187] [ 7 _ 39 23 51 169 97]

||~ 32> 128> 160 128 |7 | 647 128 |7 [ 1287 64| T|>

[ a7 _1s7] [ 7 39 _os1 28] [ o7 _169]
327 1281 160 128" 128° 64|’ 64> 128 |0 T |*

3.6) (with x = (21, 22), y =

[39 7], [169 97] [187 47|, [23 51

|| 1287 16 1287 64 |7 | 1287 32 647 128 |»

[[30 7] [_o9or _199] [187 ar]| [ _ 51 _ 23

|| 128 16 64> 128 |7 | 1287 32 128° 64| |

[[_ 7 _39] [169 o7] [ _ a7 _187] , [23 51

||~ 160 128 128 64 | 320 7 128 647 128 |°

M7 39 | o [ _97 _1e9| [_ a7 _187| , [_ 51 _23
|| ~ 167 128 64> 128 |» 320 7 128 1287 64| |

The problem of distinguishing between centers and foci and the construction of

small amplitude limit cycles for polynomial different
nection with Hilbert’s 16th problem. Based on the r

ial systems has a tight con-
eal root isolation algorithm,

the construction of small amplitude limit cycles for differential polynomial systems
was proposed in [11]. After the Liapunov constants are obtained for a system, the
question for the estimation of the number of small amplitude limit cycles bifur-

cated from a fine focus becomes the following: can we
polynomial system of the first k Liapunov constants?

isolate the real roots for the
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In this section, based on the method in [14] and the mrealroot algorithm, we
give three examples for cubic systems.

In what follows, L;(i) denotes the j-th Liapunov constant (focal value) for
the i-th example.

Example D1. In 1980, Coleman [3] proposed the conjecture that a Kolmogorov
prey-predator system may have more than two stable limit cycles. In [13], this
conjecture is confirmed. In that paper, the idea of mrealroot algorithm is proposed.

The constructed system is as follows:

*=x(-2—ag + a1 + apxr — 201 +y + a17? + xY),
¥ =y(2+a2 -z —y— 202y + azy?).

Here, a1 > 0,a2 > 0. Clearly, (1,1) is a positive equilibrium of the system. By
using the transformation

r=x—1, y=9y—1,
the original system (we use z,y instead of x,y) is changed to

&= (x+1)(z + aox + 2y + a1 2% + zy),

§=(y+ 1)(—z — y + az?). (4.1)

When a¢ = 0, (0,0) is a focus. The first three focal values of (4.1) are

Li(1) = 3as — a3 + 2a; — 1 + 2a2,

Ly(1) = 451a3 + 546aza; + 427a% — 392a3a; — 328a3 — 472a3 + 46a3a;
—92asa3 + 176a3a3 — 876aza? + T4as — 648a — 238as — 182a; + 44,

L3(1) = —889784ai — 28184 + 3433278a0a2 + 944669a3 — 1652639asa,
119181424 — 5270694a5a3 — 5028128a2a? — 3163812a%
— 57951942 + 221080a; + 196690as — 1112353asa; + 2063089aa;
+499258a1a3 + 13538448 + 763936a2a5 — 338976a3a3 + 308.

We can obtain simpler and equivalent Ly, Ly, Lz with L1 = L1(1), L3 = L3(1) and
Ly = 638a3 — 709a5 — 30az — 139a3 + 120a5 + 8a$ + 3,

provided that the initial I = 8a§ — 51a§ — 12a§a1 +32aza1 + 55a2 — 19 — 14ay # 0.
Now, taking the commend

mrealroot([Ly, Ls), [az, a1],1/10%°, [Ls, I]),
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we obtain eight solutions:

[[ 688939015 1377878031 5077638577 5077638579 |
| | 85899345927 17179869184 | 17179869184 17179860184 > > |

[T 688939015 1377878031 _ 22257507763 _ 22257507761]  _
| | 85899345927 17179869184 | * 17179869184 — 17179869184 |2 77|

2085801391 1492945695 8810195803 8810195805 | L
171798691847 — 8589934592 | 17179869184 17179860184 > 1> |

[[ 84633102747 _ 338532410987 265975581777 _ 265975581775] 0
4204967296 0 17179869184 |’ 17179869184 > 17179869184 > 2"

[[ 62789278049 31394639025 7689817571 15379635145 | T
| | 17179869184 8589934592 | 85899345927 17179869184 > 17 |7

[ 84633102747 _ 338532410087 248795712591 248795712593 ] L
4204967296 ° 17179869184 |’ 17179869184 > 17179869184 |» 10 |»

[ 62789278049 31394639025 _ 32559504329 _ 16279752163 _
| | 17179869184 8589934592 | 171798691847 — 8589934592 |7 70"

2985891391 __ 1492945695 __ 25990064989 725990064987_ _ 6
17179869184° 8589934592 |’ 171798691847 17179869184 |’ P

The first solution (with a; > 0, a2 > 0) is what we need. In this case, the system
can have three small amplitude limit cycles among which two are stable.

Example D2. In [10], the following cubic Kolmogorov system is considered:

t=a(x—2y+2)(Az +y+ B),

y=y2z—y—2)(Dz+y+C). (42)

Here (2,2) is a positive fixed point. With the transformation © = z — 2,y = y — 2,
system (4.2) takes the form (here we use z,y instead of z,y)

t=(x+2)(r—2y)(Alx+2)+y+2+ B),
yv=w+2)2z—y)(Dx+2)+y+2+0C).
To ensure (0, 0) to be a center-focus form, we need D = A+B/2—C/2. Substituting
it into (4.3), we have
t=(x+2)(z—2y)(A(z+2)+y+2+ B),
y=w+2)2z-y)((A+B/2—-C/2)(z+2)+y+2+C).
At (0,0), the first four focal values of (4.4) are L1(2), L2(2), L3(2), L4(2). When
C=-4,In=2+B+ 2_A #0, Is5 # 0 and b+ 4 # 0, we can have reduced focal
values: L1 = L1 (2) = 0, L4 = L4(2) and
Ly = —3B% + 4AB — 22B + 28 A% + 56 A,

Lz = 5639949 B% — 15889097787 — 9906667659 B® — 118203801471 B°
— 407483203554 B* + 118362692448 B3 + 417384231264 B2,

(4.3)

(4.4)
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with

I, = 18252402A B3 + 30908073082 A + 1053193848 AB — 3997665 B*
— 132974583 B — 75984447082 + 403771368 B.

Taking the commend
mrealroot([La, L], [B, A], 1/10%°, L4, I, B + 4]),

we have four solutions
_ 2573675109802661915841 __ 40213673590666592435
147573952589676412928 * ~ 2305843009213693952 |7

__1183730637891661183 _ 303035043300265262847 44— =
288230376151711744 73786976294838206464 |’ [ ’

__290628590797434259035 71162514363189737036139_
36893488147419103232 147573952589676412928 |

145450142956256898121 72725071478128449063 | T
73786976294838206464 ’ 36893488147419103232 |’ [ )

_1278947606251465505551 7639473803125732752775_
147573952589676412928 73786976294838206464 |’

80151834260523818841 20037958565130954711] o
36893488147419103232° 9223372036854775808 |’ [ ’

__1278947606251465505551 7639473803125732752775_
147573952589676412928 73786976294838206464 |’

117330199710287679315 58665099855143839661 | I
147573952589676412928 73786976294838206464 |’ [ .

Clearly at all the four zeros, L1, Ly, and L3 are independent with respect to Ly;
therefore there are four classes of values for A, B, C, D such that system (4.2) has
four small amplitude limit cycles at (0, 0).

Example D3. Consider the following system [19]
& =y+ Bx®+ (C — G)z*y + (3D — H)zy? + Ey3,
y=-—x—Az3 — (3B + F)z%y — (C + G)zy?® — Dy>.
Clearly, (0,0) is an equilibrium. The first five focal values are L1(3),..., L5(3).
Well ordering the focal values in the order of H < F' < A < G, we obtain

(4.5)

L,——F—H,

Ly =4DG +2FG — FE + FA+ 4BG,

Ls = Gpssgsi I3y,

Ly = —G?psagsi Iy,

Ls = (32EC+48E? 9D+ 30DB—9B2)(—9B% —9B?D +32BC? + 144BCE
+ 144BE? + 9BD? — 48DCE — 144DE? + 9D%),
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where

P53 = 5A —5FE + QG,

psa = 3G — 15FE — 5C,

gs1 = (A2D — ADC + BEA — BGA — BCA +3DAG — DAE +2B3
— DGE + DCE —2DCG + 2DG? — 2D% — 2BD? — BE? — 2BG?
+BCE +2B%D — 2BCG + 3BGE),

Is; = (2G — E + A)2.

Let B=1,C=1,D =1 and G = —1, and take the function
mrealroot([psa, ps3, L2, L], [E, A, F, H],1/10'%, [Ls, g51151));

then we obtain

__ 9162596899 _ 4581298449 1145324613 __ 286331153
171798691847 8589934592 |’ 85899345927 2147483648 |’

— 85899345025 _ 85899345015) | | 85899345015 85899345925 _
17179869184° ~ 17179869184] |7 | 17179869184 17179869184 | -

This real root makes the first six focal values to be independent. Therefore, system

(4.5) has six small amplitude limit cycles.
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An Algebraic Method for Separating
Close-Root Clusters and the Minimum Root
Separation

Tateaki Sasaki and Fujio Kako

Abstract. Given a univariate polynomial over C, we discuss two issues, an
algebraic method for separating a factor of mutually close roots from the
polynomial, and a reasonable formula for the minimum root separation, by
assuming that the close roots form well-separated clusters. The technique we
use is very simple and effective; we move the origin near to the center of a
close-root cluster, and then we are able to treat the other roots collectively,
reducing the problem to a very simple one. Following this idea, we present a
very simple and stable algebraic method for separating the close-root cluster,
derive two lower-bound formulas for the distance between two close roots,
and obtain a fairly simple lower bound of the minimum root separation of
polynomials over C.

Keywords. Close root, close-root cluster, minimum root separation, separation
of close roots.

1. Introduction

In this paper, assuming that a given univariate polynomial contains well-separated
clusters of close roots and that the coefficients of the given polynomial can be
computed to any required accuracy, (1) we present a new algebraic method for
separating the close-root clusters, and (2) we investigate the minimum root sepa-
ration. Although these two issues are different, we discuss them in a single article
because we employ the same approach.

Our technique of attacking the above issues is very simple and effective; it was
devised in [TS00] first and used in [IS04] etc. If we move the origin near to the center
of a close-root cluster, the coefficients of the shifted polynomial show a peculiar

Work supported in part by the Japanese Ministry of Education, Science and Culture under
Grants 15300002.
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behavior. Using this behavior, we can treat the roots other than those in the cluster
collectively, and the problem is reduced to a much simpler one. Furthermore, with
this technique, we can usually obtain fairly accurate inequalities, where by accurate
inequality we mean that the quantities in the left hand side (1.h.s.) and the right
hand side (r.h.s.) are not much different.

Computation of the roots of a univariate polynomial is a very old issue, but
it is still posing problems to researchers. In 1990’s, several semi-algebraic meth-
ods were proposed for factoring a univariate polynomial into two factors numeri-
cally hence approximately. Sakurai, Sugiura and Torii [SST92] proposed a method
which is based on an Hermite interpolation. Pan [Pan95, Pan96, Pan01] proposed
a method using Graeffe’s technique and revealed a very good computational com-
plexity of the method. Repeating this factorization recursively, we obtain linear
factors hence the roots. The algorithms seem to be quite effective for many poly-
nomials, but actually they become unstable if the given polynomial contains close
roots.

In this paper, we consider ill-conditioned polynomials which contain well-
separated clusters of close roots. In order to separate factors of close roots, Sasaki
and Noda [SN89] proposed an algorithm of approximate square-free decomposi-
tion, and Hribernig and Stetter [HS97] presented a similar method. These authors
used the polynomial remainder sequence (PRS) in their algorithms. In this paper,
assuming that the PRS has been computed by a suitable method, we present a
very simple and very stable algorithm for separating a factor containing only a
cluster of mutually close roots. The algorithm presented is crucially based on the
above-mentioned peculiar behavior of the shifted polynomial.

In computer algebra, there are several quantities for which the theoretical
lower or upper bounds differ from the actual values by many orders of magnitudes.
The minimum root separation is one of such quantities. Let A(x) be a given square-
free polynomial over C or Z, of degree n > 3, having the roots ag, ..., a,, where
a; # a; (Vi # 7). The minimum root separation, or sep(A) in short, is defined to
be sep(A4) = min{|a; — o] |1 <@ < j < n}.

So far, many formulas for the lower bound of sep(A) were presented; see
[Mig92]. For polynomials over Z, Collins and Horowitz [CH74] derived the bound
sep(A) > L e ™/2n=3"/2||A|| 3", where ||A|, is the p-norm. A much better lower
bound is given by Mignotte [Mig92]: sep(4) > n~("+2/2D1/2 || A|; ™™V where
D denotes the discriminant of A(x). Unfortunately, these theoretical bounds are
extraordinary smaller than experimental values. In fact, after many experiments,
Collins [Col01] conjectured that sep(A) > n~"/4[|A||z/?. In deriving the theoret-
ical formulas, close roots are not considered so far. The minimum root separation
is determined by the closest roots, hence, we are absolutely necessary to take the
close roots into account.

In this paper, we will present a new approach to the minimum root separation.
The approach is again based on the peculiar behavior of the shifted polynomial.
It should be noted that the given polynomial must be treated as accurately as
required (by high precision arithmetic in several steps of algorithm). In fact, if the
coefficients are perturbed by relative magnitude €, 0 < ¢ < 1, then m multiple
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or very close roots may be moved as large as O(sl/ ™), hence the minimum root
separation will also be changed largely. On the other hand, many authors took
an approach to compute multiple roots pretty accurately without using high pre-
cision arithmetic, see [Zen03] for example. In this approach, it is assumed (often
implicitly) that the given polynomial has multiple roots and no close roots; in
other words, a cluster of close roots of a polynomial with truncated coefficients
are regarded as multiple roots. Without such an assumption, we cannot compute
“multiple” roots by the fixed-precision arithmetic; in fact, the concept of multiple
roots can never hold for polynomials with inexact coefficients (we should replace
it by “approximately multiple” roots).

In Sect. 2, we review two theorems for distinguishing close roots distributed
near the origin from the other roots. We append two new theorems for the cluster of
two close roots. The reader will see our technique from the proofs of these theorems.
In Sect. 3, we define a normalized PRS and explain characteristic behaviors of the
sequence when the given polynomial has close roots. Then, we review a method
for finding the locations of the clusters. Finally, we present a very simple and very
stable method for separating a factor containing only the close roots in a cluster.
In Sect. 4, we derive two lower bounds for the distance between two close roots and
obtain a fairly simple lower bound for the minimum root separation. In Sect. 5,
we point out open problems being concerned with this work.

2. Gap Theorems on the Roots
In this section, we review two theorems on a cluster of close roots of A(x):
AZ) = anz" +an_ 12" P+ dag = an(z —a1) - (z — ). (2.1)

Furthermore, we append two new theorems for special cases. First, we show a
well-known lemma,; see [Mig92] for the proof.

Lemma 1. Let a,, and ag be not zero and the roots be ordered as |a1| < -+ < |ap|.
Then, |a1| and |ay,| are bounded as follows:

|an| + max{[an 1], ..., a1}

|an|

|ao

< Jaa| < Jap| <
laol + max{la], ... Jan]} = 211 =l

(2.2)
By using this lemma, the following theorems were proved; see [T'S00] or [ST02]
for the proof of Theorem 1 and [IS04] for the proof of Theorem 2.
Theorem 1 (Sasaki and Terui). Let A(z) € C[z] be
A(x) = @™ + -+ ™+ 1 2™ 4 6™+ o+, (2.3)
where the coefficients satisfy

{ max{|&n|,...,|&m+1|}:1,

_ def _ _ _
e = max{|en1['/1 [Em—o|'/?, ..., &0V} < 1.
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Ife < 1/9 then A(x) has m small roots inside a disc Dy, of radius Ry, and other
n—m roots outside a disc Doy of radius Royus, located at the origin, where

_ (14 3€) — (+)/(1 + 38)2 — 16¢
Rin(out) = 4 .

(2.5)
Corollary 1. Each root in the close-root cluster located at the origin, of A(x) is
separated from other n—m roots at least by Rout —Rin = é\/(1+3é)2 — 16e.

Theorem 2 (Inaba and Sasaki). Let m = 1 in (2.3) and put é = |&|. If é <
1/(342v/2) then A(x) has one small root inside a disc Dy, of radius Ry, and other
n—1 roots outside a disc Doy of radius Royt, located at the origin, where

Rinony = 1767 (+>4¢(1 +é)2 8¢

(2.6)
Corollary 2. For m = 1, the smallest root around the origin of A(x) is separated
from other n—1 roots at least by Roui—Rin = é\/(lJré)2 — 8¢.

Rm and Rout (and Rin and Rout, too) are two roots of a quadratic polyno-

mial. Ry, and Ry were obtained first by Wang and Han in [WH90], in a study
of Newton’s method for computing a root of univariate polynomial. R;, was ob-
tained also by Yakoubsohn [Yak00] by a different approach, but he did not obtain
Rou. How accurately the formula (2.5) bounds the actual roots was investigated
numerically by Sasaki and Terui [ST02], which revealed that the formula bounds
the actual roots fairly well.

2.1. Special two Cases of m = 2
In this paper, we are interested in the case that only two close roots form a cluster.
In this subsection, we specialize the above theorems for the case of m = 2.

We first consider the case that the origin is very close to one of the two close
roots. If we perform a scale transformation so that the cluster size becomes O(1),
the polynomial A(z) will be transformed to the following regularized form:

Ay(z) = Gpd™22™ + - - - + azda® + axa® + = + &,
0<dkl, 0<|e<«k1, (2.7)

max{|an|,...,|as|} = |az| = 1.

We can transform A(z) in (2.3), with m = 2, to the polynomial Ay(z) in (2.7), as
follows. If |&1|? > |&o| then put Az(x) = A(é1z)/é2. Otherwise, compute A’(x) =
A(z+a) def al x4 -+ ahr? +ajz+ap, with o/ = (—&, ++/}—4& )/2, and put
Ay (z) = A'(az/ab) - ab/(a})?. Note that |o/| < 1 because max{|é|, |éo|'/?} < 1.

Ay () has one small root near the origin, let it be 4. Let % be a root of A5 (x),
other than 4, then we have |§| 2 0.5. For A,(x), we can strengthen Theorem 2 as
follows.
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Theorem 3. Put é = |&| for simplicity. If é < 1/[(2+d) +2v/1+d] then As(x) has

one small root ipside a disc Din of radius Rin and other n—1 roots outside a disc
Douy of radius Royut, located at the origin, where

& (1 +dé) — (H)V/(1+dé)2 — 41 +d)é

in(out) — 2(1 + d) .

Corollary 3. The smallest root 4 around the origin of As(z) is separated from
other n—1 roots at least by /(1 + dé)2 —4(1 +d)é /(1 + d).

(2.8)

Proof. Equality As(¥) = 0 gives us 4+ (@n,d" 24"t +---+azdy? +axy+1) = —&.
Since |§] < 1, we obtain

5] = e/ 1+ axd +asdi? - - + and" 25"
e/ {1—13—dFP? —---—d" 25"}
e/ {1—3l/Q—dA)}

= (1+d)3)?* - (1 +dé)|y| +é>0.

The last inequality holds only if (1+dé)? —4(1+d)é > 0, 0r & < 1/[(2+d)+2v/1+d].
With this condition, the above last inequality gives us the bound Ry, for 19

Next, consider d?4s(z/d) % Ay(z) = anaz™ + - - - + Go2® + do + d2eo. As()
has a root d¥, and we put v = d¥ for simplicity. Dividing A2(7) = 0 by 7, we obtain
equality @,y !+ --+ayy+a; =0, where a; = d(1+déy /7). We see |a1| ~d < 1
because || 2 0.5. We regard this equality as an equation in ~, of degree n—1 with
the constant term a;, and apply formula (2.2) to it. (We can state this situation
as follows. Consider a set of polynomials {@,2z" 1+ -+dsz+a; ’ |a1] < a}, where
a is so chosen that the set contains a polynomial having the root 7. Since a; is
a number, we can apply formula (2.2) to every polynomial in the set.) Then, we
obtain

A A

1 1
N2 i1yia) 2 1y @)
= (1+d)|y]* —d(1 +dé)|y| +d*¢ >0
or (L+d)§*—(1+de)|yl+eé=>0.
We have obtained the same polynomial for both || and |¥|. Since ¥ is not the
smallest root, we obtain the bound Rt for |¥]. The 4 is separated from other
n—1 roots by at least Routf}?ﬁn, which proves the corollary. O

Next, we consider the case that the origin is near to the center of close-root
cluster. That is, instead of Az(z) in (2.7), we consider Az (x) regularized as follows:

Ay(z) = @pa™ + - - + aza® + 22 + &1z + &, le1] < |éol, 29)
_ _ _ f _ _ .
max{|a,|, ..., |as|} =1, & = max{|e], ||/} < 1.

We can transform A(z) in (2.3), with m = 2, to the polynomial Ay(z) in (2.9), as

follows. Compute A'(z) = A(z—é1/2) ef alx™ + -+ ahz? + alx + afy, and put

Ay(z) = A'(x/n)n?/ah, where ) = max{|as/ab|'/!, |a}/ab|'/2, ... |a], /ab|"/ (")}
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Ay(z) has two small roots around the origin, let one of them be 4, and any
other root % of As(x) is such that ¥ 2 0.5.

Theorem 4. Let a polynomial Ps(r) be defined as
Py(r) =21 — (1 + |&1])r* + (|&1] — |&o|)r + |€o]- (2.10)

If &1 and &g in (2.9) are such that Py(r) has two real positive roots Ry and Rous,
with Ry < Rout, then Ag( ) has two small roots inside a disc Din of radius Rin and
n—2 roots outside a disc Douy of radius Rout, located at the origin. The conditions
for Py(r) having two real positive roots are

{ Condition 1 : |ée1] < |éol,

o (2.11)
Condition 2 : R <0,

where R = |e1|* — |e1|3(6 — 2|éo]) + |e1])?(1 — 4|éo| + |€0|?) — |e1|(26]e0| — 14|é0]) +
(4]eo| — T1[&o|* + 8lex )

Corollary 4. The two small roots around the origin, of As(x) are separated from
other n — 2 roots at least by

Rout — Rin. (2.12)
Proof. A(x) has a root 5. Denoting ¥ by 7 and dividing A5(7) by v%, we obtain
0= a,y" " 2+---+azy+az, where ay = 1+&1/¥+ &y /5. We see |az| ~ 1 because
|¥] 2 0.5. We regard the above r.h.s. expression as a polynomial in v of degree
n—2 with the constant term a@o, and apply formula (2.2) to it. Then, we obtain
the following inequality for :

5 > 1 < 1

7= _ . Z _ e _ e

L+1/]ag] = 141/~ [el/I7] = leol/1H?)
= 23 = @+ a1 + (el — [eo)13] + &] = 0
Next, consider A,(ex)/e? def Ay(z) = @pe" 22" 4 - + agex® + 22 +

(€1/e)x + (€g/e?), where e = €. As(x) has a root 4/e. Putting v = 4/e, we
have v2 - {@n(ey)" 2 + -+ + ag( v) + 1} = —(é1/e)y — (éo/€?). Since we have
elvl =19l <« 1, we obtaln the following inequality for 4:

(ledl/e)lyvl+ (el /e*) = [7* - (1= ley| = -+ = [ey["7?)
> PP {1 —elrl/(L—elyD)}
= 2’7’ — (L+]al)e*y)* + (|e] — |éol)el] + |eo] > 0
or 219 = (L+[el)l4* + (lex] = |eo])|F] + léo| > o.
We have obtained the same polynomial P5(r) for both 4 and 4. Since P(0) =

|€o] > 0, P2(r) has at least one negative root. Since |§| and || must be two roots
of P5(r), we have conditions in (2.11). O

Condition 2 in (2.11) is complicated to obtain the general solution, so we
estimate the values of € and Rj, for the following three cases.
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Case 1: |é1]=0and |6y =&®> = €=~0.23812, Ry, ~ 0.3596.
Case 2: 5lé1| = |é| = &2 = £~0.23002, R, ~ 0.3566.
Case 3: 2|é1| = |g| = &2 = e~0.21938, R, ~ 0.3527.

The value of Ry, in Theorem 4 is much larger that those in Theorems 1 and
2. However, Theorem 4 is less useful practically than Theorems 1 and 2, because
the first condition in (2.11) is quite restrictive.

3. Separating Clusters of Close Roots

In this section, by quo(A4, B), rem(A, B) and lc(A), we denote the quotient and
remainder of A divided by B and the leading coefficient of A, respectively. By || P||
we denote the infinity norm of polynomial P.

First of all, we note that the theorems in Sect. 2 can be generalized directly to
polynomials with inexact coefficients, so long as the error bound of each coefficient
is known. Here, we state the generalization for Theorem 1 only.

Proposition 1. Let the coefficients @y, . . ., @mi1,Em—1, - - -, € of A(x) in Theorem 1
contain small errors which are bounded respectively by €,y ..., Emt1sEm—1s---,€0-
Theorem 1 is valid if we regularize A(z) as max{|@n|+€n, - - ., [Gmi1|+ems1} =1
and define & as & = max{(|&m_1|Hem_1)"", (|Em_2ltem—2)"%, ..., (|€o+e0)/™}.

We assume that A(z) is monic and regularized as
ap, = max{|an_1|,...,laol} = 1. (3.1)

With this regularization, Lemma 1 tells us that any root a of A(z) is bounded
as |a] < 2. Therefore, if two different roots o; and «; of A(z) are such that
la; — o] < 1/n then we can say that «; and «; are mutually close roots of
closeness |a; — aj|. We consider the case that close roots of A(x) form clusters
of different sizes O(d1),...,0(0;), with 1/n > §; > --- > 6; (7 may be 1), and
that each cluster of size O(¢;) is separated from other roots by distance > d;. Let
the number of close roots of closeness < O(d;) be m; (i =1,...,7), and the close
roots of closeness O(d;) be distributed among ¢; clusters (i = 1,...,7). A bigger
cluster may contain several smaller clusters. We define the center of the cluster to
be the average value of the close roots in the cluster.

3.1. Normalized PRS (Polynomial Remainder Sequence)

Putting P, = A(z), P> = }ldA/dx, S1 =Ty =1and Sy = T1 = 0, we gen-
erate a PRS (P, P2, P, Py,...) and cofactor sequences (Si,S2,Ss,5S4,...) and
(Th,T5,T5,Ty, . . .), by the following formulas:

q; = quo(Pj_1, P),

Pj+1 = (ijl quj)/wj7 ( —923 ) (3 2)
Sjt1 = (ijlf%sj)/wj? Y ’
Tjtr = (Tj—1 — ¢;T5)/w;
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where w; is a number to be chosen to satisfy
max{lc(5j+1), IC(T]’+1)} =1 (] = 2, 3, . ) (33)
We call the PRS generated by the formulas in (3.2) normalized PRS.

Remark 1. We call a quantity Q shift-invariant if Q = Q’, where Q' is the same
quantity as @ but computed after shifting the origin arbitrarily. The 1.h.s. quantity
in (3.3) is shift-invariant, hence lc(Pj41) (j = 2,3, . ..) are shift-invariant. In [SS97]
and [Sas03], the normalization formula max{||S;y1|, |Tj+1l|} = 1 is used. If A(z)
is regularized, the PRS’s normalized by both formulas are almost the same.

Let indices k1, k2, ..., k; be such that
deg(Px,) =m; —4; (1=1,2,...,7). (3.4)

deg(Py,) is equal to the number of roots of dA/dz, of closeness < O(9;), distributed
among ¢; clusters, and Py, is an approximate common divisor of A(z) and dA/dz.
The normalized PRS behaves as follows, see [SS89] and [Sas03].

(1) We have || Pj|| = O(8?) for j < k; (i.e., | Pj|| does not decrease much until
the remainder becomes an approximate GCD of A and dA/dz).

(2) Foreach i =1,...,7, we have || P, 11|/ Pr|| = O(6?) (i-e., P, is an approx-
imate common divisor of A and dA/dz, of tolerance O(5?)).

(3) If A(z) contains only one cluster of size O(d1), we call the PRS single-cluster
type. For j > ki, the PRS of single-cluster type behaves as || Py, 1| = O(5;7)
for j =1,2,... (until we encounter smaller clusters).

(4) If A(z) contains two or more clusters of size O(d1), we call the PRS multiple-
cluster type. For j > ki, the PRS of multiple-cluster type behaves as
1Phvss i1l /[ Peasa | = O69) for 1< j < €1, 1Pyy a1l /I Physa ] = O2),
and so on. That is, ¢ successive remainder computations strip ¢ close roots
from the /¢ clusters, one root from each cluster, without changing the norm of
remainders much until the ¢ close roots are stripped. The PRS may become
of single-cluster type after being stripped off all the close roots of closeness

0(5y).

It should be emphasized that single- and multiple-cluster types are clearly distin-
guished from each other by the behavior of normalized PRS.

Remark 2. From the viewpoint of elimination, the elements of PRS are unique
up to constant factors. From the viewpoint of computation, however, the accuracy
of the result depends very much on the algorithm used; in fact, the conventional
Euclidean algorithm causes large cancellations errors if small leading coefficients
appear during the computation. This instability can be removed largely (but not al-
ways) by performing the elimination carefully. For example, Ohsako et al. [0ST97]
utilized the Givens transformation which works nicely for removing the cancella-
tion errors. One may compute an approximate GCD of P;(x) and P»(z) by a stable
method such as proposed by Corless et al. [CWZ02].



An Algebraic Method for Separating Close-Root Clusters 157

3.2. Finding the Location of a Cluster

Finding the location of clusters of close roots has already been discussed in [SN89]
and [HS97]. Here, we briefly survey the method.

We first consider the single-cluster case. Assume that the normalized PRS for
A(x) is of single-cluster type (hence, ¢; = 1), and put 6; = §, k1 = k and m; = m.
Let the mutually close roots in the cluster be aq, ..., a,, and a. the cluster center:
ae = (a1+- - +am)/m. We express P,(z) and define o as

{ Pk(l‘) = pmfll'mil +pm—25€m72 + - +p07

def _
1 del 1
(0% c =

(3.5)
m—1 pm72/pm71-

We will show in Sect. 3.2 that |al — a.| = O(§?), hence al, is very close to the
cluster center a.. Furthermore, we can know the cluster size § approximately by
the ratio || Pyi1]|/|| Pkl = O(62).

The fact || Pry1||/||Px|| = O(6%) shows that the above mentioned method will
work quite well for clusters of small sizes such as § < 1072 or 107*. So, in the
example below, we check the method by a cluster of very large size ~ 1071,

Ezample 1. (Single-cluster type). Let A(z) be as follows:
A= (z*—1)(z —0.30) (z — 0.31) (z — 0.35) (z* — 0.60x + 0.0925).

A(z) has five close roots of closeness ~ 0.05 at z ~ 0.3 (a. = 0.312), and the
normalized PRS shows that ||Ps||/||Ps|| ~ 0.0021 =~ (0.05)%. Determining o by

P, as described above, we obtain a/ = 0.31139---. Shifting the origin to o, we
def

obtain A'(x) = A(xz+cal) and P; def Py(z+al) as follows:
Alz) = 2" +0.61977---2% — 0.90334 - - -2° + 0.00300 - - - 2* — 0.00010 - - - 2>
+ 0.70895 - - - x 10™*22 4 0.11466 x 10~ %z — 0.14589 - - - x 1078,

P; = —0.15544---2* —1.0000--- x 10" *2% 4 - - +4.0545 - - - x 105,

Observe that the z*-term of A’(z) is abnormally small (~ (0.05)?) and that z‘-
terms (i < 3) of A’(z) decrease steadily as ¢ decreases.

We next consider the case of multiple clusters. Assume that A(z) contains
¢ clusters of close roots of closeness O(d), with £ > 1, then A(z) must be of the
following form:

A(z) = fl(x) (x — )M - (z — a))*C(z) + O(5?), py > o> e (3.6)

Here, o} is an approximate center of the ith cluster (i=1,...,£), A(z) represents
the factor of all the non-close roots, and C(x) represents the factor of close roots
of smaller closenesses.

Given A(z), we generate the following normalized PRS fori=1=2= ... =
11 successively:

i i i i— i) def i %
(P =PED, Pf) = | iy dPEda, o P PO, P,

1PV =0 (j<k),  IPE) <02,

ast

(3.7)
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where P(®) = A(z). Note that P(), P(®) ... are determined by large decreases of
[P IR, . ... Then, for index i < g, we have P oc (z—af)1— - (z—

ast ast
)= C(z) + O(6%). For index pp < i < pp, we have PO oc (z—af) =" (2 —
al )P =iC(x)+0(6%), where 1 < r < £. Therefore, we can obtain square-free factors
of the product (z—a})#t---(z—a})* by computing the quotients of P01 by
P (1 < i < py) successively. For example, if g1 = -+ = pp > ppgp1 = -+ = g
we will obtain the following polynomials:

P o O(z) - [(x—ah) - (x—ap) = [(z—a i) - (& — a)],
P ~ O(z) - [(x—a})--- (z—ap)],
pu) ~ C(x).

Thus, we have quo(P*1 1, P(#1)) ~ (z—a/)) - - - (z—.) and quo(P#e—1) Ple)) ~
(z—a)) - - - (z—}). Finally, computing the roots of approximately square-free factors
(r—ai) - (z—a;) and (z—a; ) - - - (r—ay), we can find the approximate locations
of the clusters.

Remark 3. Separating the approximate factor (z — af)** - - (x — o)) in (3.6) to
factors of the same “multiplicity” is the most unstable step of our method; this
point was discussed to some extent in [SN89]. If close-root clusters are closer, the
separation becomes more unstable. This fact forces us to assume that the close-
root clusters are well separated each other. This instability will be reduced much
if we adopt such “least square algorithms” as were used in [Zen03].

3.3. A Basic Problem on PRS

Let B(z) be a polynomial regularized as A(z) in (3.1). If A(z) and B(z) have
mutually close roots of closeness O(J), the normalized PRS of P; = A(x) and

P, = B(z) gives us || Pg,+1|| = O(0) in general. In the case of B(z) = degl(A) dA/dz,

however, we have || Py, 1] = O(6?). This means that the normalized PRS gives us
fairly accurate information on the close-root clusters. However, we have currently
no answer to the following basic problem.

Problem By using the PRS, determine fairly accurate upper bounds of the size
and the location of the close-root cluster of A(x).

Determining fairly accurate a priori upper bounds of § and a. is not easy. We
can, however, determine an a posteriori upper bound of ¢ so long as § is small. We
shift the origin to o/, an approximate center of the close-root cluster, determined
in Sect. 3.2. We express A(z+ca.) as follows:

Alz+al) & A@) = anx™ +---+a, ™+ +ajg. (3.8)
Then, we have (see [Sas03] for the proof; see also Example 1)

lam—1/am| = 0%),  lan,_;/am| = O0() (j=2,3,...). (3.9)
Note that the coefficients of z™~2-, z™3- ... 2%-terms of A’(x) decrease steadily,

hence we will be able to apply Theorem 1 to A'(x).
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Proposition 2. Let 1/d = max{|al,,/al,|, |a,, »/al,|'/?, |a;1/a;n_|1/(”*m)}, and
put € =e/d. If € < 1/9 then the cluster size ¢ is bounded as § < Ri,d, where Rj,
is defined in (2.5).

As for !, the problem is much more difficult. So, we give only an order
estimation, which is simple. Since the leading coefficients of elements of the nor-
malized PRS are shift-invariant, we can consider the PRS by shifting the origin to
a favorite point. Thus, moving the origin to the cluster center a., we express A(z)
and P as

{ A(z) = apj(z — ad)" + -+ ap(z — a)™ + -+ af,

3.10
Po = ol r(@—ad)™ 4 gl s —am 2t 4o tpy 10

Proposition 3. We have |, — a.| = O(8?).

Proof. We note that o — ac = ' pll,_o/pi,_1. Since o is the center of roots

Qi ..., Qm, we have @/, = O(6°) and @, _; = O(6?). As shown in [Sas03] by using
the subresultant, this fact gives us p//, _; = O(6°) and p!/,_, = O(§?), proving the
proposition. [

3.4. Separating the Factor of a Close-Root Cluster

In this subsection, we consider to separate a factor of A(x) to arbitrary accuracy,
where the factor contains only m mutually close roots of closeness < O(¢), with
d = 01. (Applying the separation algorithm recursively, we can separate any close-
root cluster of size O(¢;)).

We already know a,, an approximate cluster center. First, we move the origin
to o, and compute A'(z) = A(z+al) given in (3.8). Next, we compute the following
number

e = max{|al,_,/al,|, la_o/al |2, . labfal, Y (311

Using e, we transform A’(z) to the following regularized form:

def _ _ _ _ _
d = max{|a, Y™™ |ame] YT, max{|Gm—1|,...,|a0|} = 1.

(3.12)

{ A(z) def Al(ex)/al,e™ = Gpx™+ -+ 1™+ Gp12™ L + -+ + G,

By assumptions, e must be a small number of magnitude O(), and so is d.

We want to factor A(z) as A(z)=H (z) C(z), where C(z) =x™+cp_12™ 1+
-+ tco. H(x) can be expressed as H(r)=1+d hyx+d?hoz®+ - +d" ™hy _pa™™™,
where d is given in (3.12) and max{|h1],|hal,..., |[An_m|} = 1.

Since we assumed d to be small enough, the lower degree terms "+, _12™~
+- - Hg of A(x) is approximately equal to C(x). Therefore, we can determine H (z)
and C(z) iteratively as follows. As initial approximations, put H(z) ~ H©®) =1
and C(z) =~ C©) = 2™ +a,, 2™ '+ - -+ao. Expressing A(z) as A(z) = [1+Ay]-
[C) 4 Ag], where Ay = O(d), Ac = O(d), deg(An) < n—m and deg(Ac) < m,
we have A(z)—C©) = AzC© + Ag + O(d?). Thus, Ay and Ac up to O(d)
are equal to the quotient and the remainder, respectively, of A(z)—C(®) divided
by C©: Ay = quo(A—C©, CO) + O(d?), Ac = rem(A—C©, CO) + O(d?).

1
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Assume that we have determined H(z) and C(z) to order d* as H(z) = H® +
O(d**') and C(z) = C*®) 4+ O(d**'). We shall determine H*+1) and C*++1) so
as to satisfy A(zx) = HFHDCOEHD £ O(dF+2). Putting H*FD = HE) Ay
and CF*tD = C®) + A, with deg(Ay) < n—m and deg(Ac) < m, we have
A—H®CH® = Ay 0O 4+ Ac 4 O(d*?) (note that deg(A — HFO®)) < n—1).
Hence, we can determine H**1) and C*+1) by the following formulas:

{ HO+D) = H®) 4 quo(d — HWO®), 0)),

CO+D) — ) 4 rem(A — HO O, CO), (3.13)
Remark 4. Tt should be emphasized that, since |C(|| = 1 = 1c(C(?)), the algo-
rithm is quite stable; if d is smaller then the algorithm is more stable and it con-
verges faster. Note that, in the step of computing H**1) and C (k“) we have only
to compute A — H(k)C(k) to order d**1: we may handle only z™ -, gm+k-1_
2%-terms of A — H®(C®), Hence, the above algorithm is pretty efﬁ(:lent The
above algorithm is of linear convergence. If we determine Ay and Ag to satisfy
A—H®C® = Ay C® + Ac H®) + O(d***1), then we get an algorithm of
quadratic convergence.

Remark 5. If a coefficient of a polynomial containing m multiple roots is perturbed
by a small relative magnitude €, then the m multiple roots are split into m close
roots which are distributed within a circle of radius < O(g!'/™). Therefore, in
order to compute the roots of C(x) to accuracy 27P, with p a positive integer,
we must compute C(x) to accuracy 2" at least (if a close-root cluster of C(x)
contains smaller close-root clusters, we must compute C(x) much more accurately).
This means that we must compute A'(z) = A(x+al) to accuracy 27™P at least,
which is quite time-consuming. However, since the x*-term of A(z), k > m, is
of magnitude O(d"~™~*), we have only to compute its coefficient to accuracy
O(2=™P=9 /d"~™=F) with g the number of guard bits.

Ezample 2. We consider the polynomial in Example 1.

We already know that o = 0.31139- - -. Shifting the origin to o/, we obtain
the polynomial A’(z) given in Example 1. From the coefficients af, a}, ..., af, we
obtain e = 0.042814 - - -, which gives us A(z) as follows:

A(z) = 1-C© 4 (-0.0020291 - - - 22 — 0.029374x) - 2°
CO = 2°-0.093589 - -2t + -+ 22 + - —0.011226 - - .

Performing the above factor-separation algorithm, we find that the norm of differ-

ence A®) € A F®C®) decreases as follows:
[AO|| ~2.94x 1072 = [|[AD]~8.00x 10~* = ||A®)| ~4.04x 1075
= |A®)| ~4.00x 1071 = [|A®] ~1.60 x 104
We note that, since the cluster size is pretty large (6§ ~ 107!) hence the separation

of the cluster is not easy for many separation algorithms, our algorithm works
quite well and stably.
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Hribernig and Stetter [HS97] constructed an algorithm for separating a close-
root cluster, and the algorithm has some similarity to ours. Their algorithm is,
however, complicated compared with our algorithm, because they did not utilize
the fact that the coefficients |al,_ 4|, |al,_sl,- - ., |ag] of A'(z+al) decrease steadily
as expressed in (3.9).

4. On the Minimum Root Separation in a Cluster

Let C(x) be a factor of A(z), corresponding to the smallest close root cluster of
size O(0,), with deg(C) = m > 3. The factor C(z) is obtained by a repetition of
cluster separations and scale transformations, and we can obtain sep(A4) if sep(C)
is determined. After regularizing C'(x) as in Sect. 3.4, C(z) will contain no close-
root, cluster which can be separated by Theorem 1. In order to derive formulas
on sep(C'), however, we consider the case that C'(z) has only two close roots. We
also assume that we have computed o, an approximate cluster center, by the
normalized PRS of C(x) and dC/dx, and the origin has been shifted to al. We
denote the roots of C'(x) by 71, . . ., ¥m, among which v; and 7, are the close roots
around the origin.

4.1. A Lower Bound for |y; — 72|

Under some conditions, we can bound |y; —72| by applying Theorem 1 to C(x)
(we may use Theorem 4 but the statement becomes complicated). We regularize
C(z) and define e as follows:

C(x) = cpa™+ -+ 3z’ + 22 + c12 + co,
(4.1)

d
max{|cm|, ..., ]3|} =1, e &f max{|c1], |co|1/2}

Theorem 5. Let Ry, be the same as that in Theorem 1, with & replaced by e. If

e <1/9 and |3 — 4co|/4|co| > Rin/(1 — Rin) then the following inequality holds:
VI3 —4co| — 4lco| Rin/(1—Rin) x (1 —2Ri) (1 — Rin)
1+ (le1l/2) (1 = Rin)?/(1 — 2Rin)? '
Proof. Put C(z) = L(x) 22 + c1x + co, with L(z) = ¢pa™ 2 + -+ c3z + 1, and
let v € {71,72}. We regard v as a root of L(y)xz% + c1z + co, then we obtain
(11— ) — . Lm) = L(v2) _ Vet —deoL(m) \/01 4coL(72)
2 L(m)L(r) 2L(m) 2L(72)

Since L(y) =1+ c3y+ -+ cmy™ 2 and |y| < Rin < 1/3, we can bound |L(7)|
as

v =2| > (4.2)

Rin/(1-Rw) < |L(Y)| < 1+ Rin/(1-Run). (4.3)

We bound |L(y1)—L(v2)| as |L(y1)—L(v2)| = [m1—=v2|-|es+ca(mi+y2) +es(vi+yiye+
)+l <Im- 72| (1+2|7|+4|7|2+ ) = Im=l/(1=211]) < n—72l/(1-2Rin).
Puttmg R(y v/ ¢ — 4coL(7) /2L(), we search for a lower bound of

|R(v1) + R(y2)]. Although the roots 71 and 7y, are mutually related in that they
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are two different roots of C'(z), we neglect this fact and change L(v1) and L(v2)
arbitrarily under the restriction (4.3). Then, the numerator of | R(7)| is bounded as

JIg—acoL(] > /16 ~4co| — 4lco| Rin/ (1~ Run).
Noting that L(y) is a complex number, we bound |1/L(v1) + 1/L(72)| as

1 1 [L(71)+L(72)] 5 5
+ ’ = > 2(1-2Riy) (1—Rin)-
o) * 2| = e > 202 0 R)
Summarizing the above bounds, we obtain the theorem. (]

4.2. Basic Lemmas

The formula in Theorem 5 is rather complicated, so we search for another formula.
In this and the next subsections, we regularize C(x) as A(x) in (3.1) and define d
as follows:

C(z) = 2™+ cpor1z™ + -+ 22”4+ 12 + ¢,
maX{|Cm—1|,...,|02|}:1>> |Cl|,|00|, (44)
1/d = max{|cs/ca|, [ea/ca|/?, ..., |1/ ca|V/ (M=}

Put o = (y1+72)/2 and 4 = (71 —72)/2, and define H(z) and 7 as follows:
C(x) = H(z)- (z—0—79) (z—0+7),

H(z) = 2™ 2 4+ hy 3™ 2 + -+ hyx + hy, (4.5)
1/n = max{|hi/ho|, |ha/ho|*/?, ..., [1/ho|"/ (M=}

Expressing co, ¢1, ¢2, ... by ho, h1, hs, ..., we obtain ¢ = (62 —4?)ho, ¢1 =
(02—42)hy —20hg, ¢ = (02—4?)hj —20h;_1+hj_s (j > 2). By these, we obtain
c_ 20A +h1, C2 _ 1A - 20A h1+h2'
co  o2=%"  ho co  02—32  02-4%hy  ho

Solving o and 4 from these equations, we obtain

C . C? —4C
20=m+r="—_, 27:71*72:\/ D (4.6)
02 C’2
where
Cc1 hl Co C1 hl h% h2
C ="' - Co=° — -2 4.7
! Co ho’ 2 Co Co h() + hg h() ( )

The roots of Cox? + C1x + 1 are 1 and 7». In fact, equalities in (4.6) give us

1 1 —20 —M =72
2 _ 22 ) Gi= 5 = ‘
o7 =7 Y172 o7 =7 Y172

The above relation on ¢; and h; (j > 2) also gives us
¢j _ (hj—2/ho) = 20(hj—1/ho) + (¢°—=5%)(h;/ho)

e 1—20(h1/ho) + (02 =4%)(h2/ho) (G=3). (49

Cy = (4.8)
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Lemma 2. The following inequalities hold for |C1|, |Ca| and |C? — 4C5|/|Ca)?:

1 1
el 1 gy < lal L
lcol m lcol ~ m
1 2 1 2
ezl _ Lleal L, < |Gl < ezl 1 lenl (4.10)

lcol M lcol m lcol ~ m Jeol  n?’
|} —4eaco| — 2|ercol /n — T]eol® /0

(lea| + [eal/n + 2eol /n?)?

< |CF—4Cs|/|Cyf?.

Proof. Definition of n gives |h;/ho| < 1/n/ for j =1,2,.... From these inequalities
and the equality 0127404 = (01/00)2 - 4(02/00) + 2(01/00)(h1/h0) - 3(h1/h0)2 +
4(ha/hg), we obtain the above inequalities easily. O

Assuming that |o| and || are small enough, let us bound 7/d.

Lemma 3. So long as |o|/n < 1 and |0®—4%|/n* < 1, the following inequalities
hold:

1=2lo|/n—|o*=4*|/n* _ n _ 1+2lol/n+|0*=4*|/n*

. < < R (4.11)
L+2lol/n+]02=3%/n* = d — 1=2|o|/n—|o*=5|/n?

Proof. We can bound the r.h.s. expression in (4.9), let it be R;, by inequalities
\hji [ho| < 1/07" (' = j,j—1, j~2). Then, the above bound is obtained by bounding
cj/col = |R;|*7 by inequality [(147)/(1—7)]1/) < (147r)/(1—r) which is valid
for any integer 7 > 0 and any real number 7 such that 0 < r < 1.

We note that there exists a positive integer 57 such that 1/n = |hj» /ho|'/7".
For j = j"+2, we obtain |(h;»/ho) — 20(hjri1/ho) + (62 =4%)(hjri2/ho)| =
(1/n7") - (1 = 2|o|/n — |0® —4?|/n?). Bounding |c;/cs| in (4.9) by this inequality,
and using [(1—7)/(1+7)]/9) > (1—7r)/(1+7) which is valid for r such that
0 < r < 1, we obtain the lower bound. ([

We investigate the above inequalities by transforming C(z) as
O(a) = C(n2) /ho® & C'(w).
Then, H(x) is transformed as follows:

H(z) — H(pz)/ho < H'(z),
H'(x)=hl, 2™ 2+ ...+ hjz+1,

masc{[hl, o, ..., [}[} = 1.
Applying formula (2.2) to H'(z), we see that
o/l 2 1/2 or |yl=n/2 (> 3). (4.12)
Therefore, n is a number showing how the roots ~s, . .., v, are distributed. In fact,

expressing the quantities in (4.10) by ¢j =co/n?, ¢, =c1/n, ch=ca, C} =C1n and
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Clh=C4n?, we can remove 7 from inequalities in (4.10). Let the roots of C’(x) be
Yoo osVm (Vi =vi/n; i=1,...,m). With 4],~}, we can rewrite (4.11) as follows:

L=|m+nl=Imel o7 o 1+ e+l
L+ m+nl+inwel = d 7 1= |n+nl -l

So long as ] and 4 are small enough, the above inequalities are fairly accurate.

(4.13)

4.3. A Formula for the Minimum Root Separation
A fairly accurate upper bound of «, is currently not obtained, although we have
an order estimation by Proposition 3. Therefore, we set the following condition on
C2,C1, Cp:

|Cl/02|2 < |Co/02| < |Cl|2 < |CQCO|. (414)
Since the origin has been moved to «, this condition will be well satisfied. If the

condition is not satisfied, we shift the origin slightly to satisfy the condition. With
the above condition, we define e as follows:

e & max{|er/eal, eo/er]/*} = leo/er]! . (4.15)
Note that, if we transform C(z) to a regularized form by C(z) — C(x) =
C(dx)/cad® = Ema™ +---+a?+cx+¢ and define & as & = min{|c], |co|*/?},
then we have e = e/d.

Theorem 6. Let Ry, be the same as that in Theorem 1, with & replaced by e/d. Let
Rin be such that the polynomial y* — (1—2Rin)y? + Rin(2+Rin)y + R?n has three
real roots, and the largest root (a little smaller than 1) be Nmin/d (Mmin s a lower
bound of n). If e/d < 0.03 as well as |c1|* < |caco| then the following inequality
holds:

|cf — 4eaco| — 2|ercol /Mmin — Tlcol® /Mfin

(4.16)
(lez| + lev]/Mmin + 2lcol /M5in)?

I —2l? >

Proof. We note that if e/d < 0.03 then Rin < 0.0621--- and the above cubic
polynomial has three real roots. The regularization of C(x) in (4.4) tells us that
71]; [72| < Rind, hence |o|/n < Rin(d/n) and |0®—47|/n* < R (d/n)?. Then, by
putting y = n/d, (4.11) becomes

y2 — QRiny — R?n < < y2 + 2Riny + R?n

Y +2Ray+ R, T YT 2 2Ry - B2
The Lh.s. of this inequality gives us a lower bound of 77, and we obtain 7y, as in

the theorem. Replacing 1 by 7min in the bottom inequality in (4.10), we obtain
(4.16). O

Corollary 5. Ife/d > 0.03 then we have the following inequality:

3 —2¢ —7¢2
Iy — 42| > 0.03d- \/1+5i2§2£ ., where & =0.0442---. (4.17)
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Proof. As a critical case that the close-root cluster of 7; and v, are separated
from the other roots and inequality (4.11) holds narrowly, we consider the case of
€ = e/d = 0.03 (this number is pretty small compared with 1/9). In this case, we
have |e1/ca| < 0.03d, |co/c2| = (0.03d)2, Ry = 0.0621- -, and nyin/d = 0.678 - - -.
(€ = &d/Nmin = 0.0442 - --). We bound |c? —4caco| as |3 —4eaco| > |4caco| —|e1)?,
then the r.h.s. of (4.16) is monotone increasing for € € [0, 1]. Hence, substituting
the actual values to |c1/cz| etc. in the r.h.s. of (4.16), we obtain (4.17). O

5. Discussions

Our study in this paper is restricted in that the close roots are assumed to form
well-separated clusters and that only polynomials over C are treated. Developing
an algebraic algorithm for separating close roots distributed arbitrarily is a chal-
lenging theme. A more challenging theme is to find a reasonable lower bound for
the minimum root separation for polynomials over Z.

The separation algorithm presented in Sect. 3 will be very useful practically.
The underlying idea is so simple and effective that it will be applied to various
problems. In fact, collaborating with Terui, one of the present authors (T.S.) de-
veloped recently a numerical algorithm for computing the close roots in a cluster
simultaneously and efficiently.

The formula in the corollary of Theorem 6 is practically not bad as the lower
bound for the minimum root separation. However, our formulas are not expressed
by the coefficients of the original polynomial A(z) but undergone a repetition of
separation of close-root clusters, and they are not elaborated yet. Furthermore,
our theory is not complete in that we set the condition (4.14). We should develop
a theory without such a condition.
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On the Location of Zeros of an Interval
Polynomial

Hiroshi Sekigawa and Kiyoshi Shirayanagi

Abstract. For an interval polynomial F', we provide a rigorous method for
deciding whether there exists a polynomial in F' that has a zero in a prescribed
domain D. When D is real, we show that it is sufficient to examine a finite
number of polynomials. When D is complex, we assume that the boundary
C of D is a simple closed curve of finite length and C' is represented by a
piecewise rational function. The decision method uses the representation of
C and the property that a polynomial in F' is of degree one with respect to
each coeflicient regarded as a variable. Using the method, we can completely
determine the set of real numbers that are zeros of a polynomial in F'. For
complex zeros, we can obtain a set X that contains the set Z(F'), which
consists of all the complex numbers that are zeros of a polynomial in F', and
the difference between X and Z(F') can be as small as possible.

Mathematics Subject Classification (2000). Primary 12D10, 26C10, 30C15.

Keywords. Interval polynomial, polynomial, zero, convex set, edge theorem.

1. Introduction

There are two premises for incorporating numeric or approximate computation
in symbolic computation. One is that we know the exact values but use approxi-
mate computation for efficiency. An example is the theory of stabilizing algebraic
algorithms [11, 12, 13]. The other is that inexact values are given.

In this article, we consider problems on the latter premise. That is, we treat
the problems regarding zeros of real polynomials with perturbations. More pre-
cisely, let [I;, h;] C R be bounded closed intervals for 0 < j < d. We consider the
following types of problems.

e Does there exist a polynomial f = aqz®+- - -+ag such that each a; lies in the
interval [I;, h;] and f has a zero in the prescribed real (or complex) domain?

e What is the union of the sets of (real) zeros of polynomials f = agz?®+- - -+aqg
such that each coefficient a; lies in the interval [l;, h;]?
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A similar but a slightly different problem on real zeros is treated in [5]. For a
given real polynomial f that has no real zero, [5] provides an algorithm that finds
the nearest real polynomial to f in the infinity norm among polynomials having a
real zero. For complex domains, similar problems have been studied for complex
polynomials (see, for example, [9, 4, 6, 2]). In such studies, complex perturbations
are considered, and this is quite natural, since coefficients are complex. As de-
scribed in [9, 7, 14], these studies can be viewed and understood in the common
framework of fundamental observation from linear algebra.

Considering applications, we are very interested in the above types of prob-
lems since coefficients of polynomials may contain errors. For real polynomials, it is
natural to consider only real perturbations, since in many practical examples real
coefficients are obtained through measurements or observations and the errors are
also real numbers. The methods in this article do not assume that perturbations
are small except in several cases where small perturbations must be assumed so
that the leading coefficient does not vanish.

It is also natural to consider only real zeros for many applications. Therefore,
we treat real zeros in the first half and complex zeros in the second half. For
real zeros, we provide a rigorous method for determining whether there exists
a polynomial whose coefficients lie in the intervals [I;, h;] and whose zero lies
in the prescribed interval. We show that it is enough to examine only a finite
number of polynomials. For complex zeros, we provide a rigorous method that
first follows [9, 7, 14] but in the end differs from them because the perturbations
are real. This type of research has already been carried out in control theory [3]
and some results, such as Kharitonov’s Theorem [8] and the Edge Theorem [1],
have been obtained. The Edge Theorem is closely related to our main results on
complex zeros; therefore, we will describe the relation between them.

This article is organized as follows. Section 2 introduces the notion of interval
polynomials that can describe a set of polynomials with perturbations. Section 3
describes the decision method for real zeros. Section 4 describes the decision prin-
ciple and computation methods for complex zeros and the relation with the Edge
Theorem. Finally, Section 5 mentions future directions.

2. Definitions and Notations

In this section, we introduce interval polynomials to describe a set of polynomials
with perturbations and pseudozeros to describe zeros of interval polynomials.

Definition 1 (Interval polynomials). For 1 < j < n, let e;(z) be a monic polynomial
in R[z] and A; = [I;, h;] C R be a bounded closed interval. The set of polynomials

Zajej(x) aj € A; (*)

is said to be an interval polynomial. A; is said to be an interval coefficient.
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For simplicity, the set described by () may be denoted as follows:
Arer(z) + Agea(x) + - - - + Apen(x).
Note that an interval polynomial F' is a convex set from the definition.

Definition 2 (Pseudozeros). Let F' be an interval polynomial. We define a point
¢ € C as a pseudozero of F if and only if there exists f € F such that f(c) = 0.
We write all pseudozeros of F' as Z(F'). A pseudozero c of F is said to be a real
pseudozero if ¢ is real. We write all real pseudozeros of F' as Zg(F).

When computing, we restrict the real and the imaginary parts of numbers
to rational numbers or real algebraic numbers and use exact computation unless
mentioned otherwise.

3. Deciding the Set of Real Pseudozeros

In this section, for an interval polynomial F', we provide a method for determining
real pseudozeros of F'. The fundamental tool is a method for determining whether
there exists a polynomial f € F' such that f has a zero in a given closed interval
D = [dy,ds] in R. When d; = da, this can be determined by using interval arith-
metic with exact computation for endpoints. When d; < ds, the following lemma
is the fundamental tool.

Lemma 1. Let F' be an interval polynomial as described by (x). Suppose that every
ej has no zero in the interior of the interval D. Then, each e; is always positive
or negative in the interior of D. We denote by P the set of all indices j such that
ej > 0 and by N the set of all indices j such that e; < 0. We put

fil) =Y Les(@) + Y hjei(@),  fal@) =D hjei(z)+ > Liej(a).
jeP JEN jeP JEN
Then, two polynomials f; and f1 belong to F.

1. If at least one of fi(d1), fi(d2), frn(d1) and fr(d2) is 0, or there exists a pair
with opposite signs, then there exists f € F' such that f has a zero in D.

2. When fi(d1), fi(d2), fr(d1), fn(d2) > 0, there exists f € F such that f has
a zero in D if and only if f; has a zero in D.

3. When fi(d1), fi(d2), fr(d1), fn(d2) < 0O, there exists f € F such that f has

a zero in D if and only if fn has a zero in D.

Proof. Note that fi(c) < f(¢) < frn(c) hold for any f € F and any ¢ € D.

First we prove Case 1. When one of fi(d;) and fx(d;) is 0, the statement
is clear. If fi(dy1)fi(d2) < 0 (resp. fn(d1)frn(d2) < 0), then the intermediate value
theorem implies the statement. Suppose that f;(d1)fi(d2) > 0 and f5(d1)fr(d2) >
0 (see Fig. 1). Then, the sign of fi(di) and that of f5(dy) should be opposite;
otherwise all of the signs of f;(d;) and fi(d;) are the same. Put

fn(dy)

P fu(dy) - fidy)
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/\/fh
YA

FIGURE 1. An example of the case f;(d1)fi(dz), fn(d1)frn(d2) > 0.

Then, the polynomial g = (1 —¢)f, + tf; is in F and has a zero at d;.

Since the proofs for Cases 2 and 3 are similar, we only show that of the
former. Suppose that a polynomial f € F has a zero at ¢ in the interval [dy, d2).
Then, d; < ¢ because fi(c) < f(¢) =0 and f;(d1) > 0. Therefore, the intermediate
value theorem implies that f; has a zero in the interval [dy, ]. O

Remark 1. Arguments similar to the proof of Lemma 1 are valid for intervals
(—00,d2], [d1,00), and (—o0, 00) if no zero of e; exists in the interior.

Remark 2. Under the same assumption of Lemma 1, every f € F has a zero in D
if and only if both f; and f; have a zero in D.

Using Lemma 1, we can determine the real pseudozeros as follows.

Theorem 1. Let F' be an interval polynomial as described by (x). Let all of the
distinct real zeros of H?Zl ej be oy < ax < -+ < . We make intervals Dy =
(=00, 1], D = [ak, akt+1] (1 <k <m—1) and D,, = [am, 00).
For the interval Dy, we denote the polynomials corresponding to fi(x) and
fn(z) described in Lemma 1 by fi1(x) and f n(x). Then, we have
Zr(F) = U {ceDy| frilc) <0< frn(e) }.
k=0
Proof. The inequalities fx ;(c) < f(c)
(1—8)fea+tfun € Ffloranyt (0<t¢

< fr.n(c) hold for any ¢ € Dy, f € F and
< ) These facts imply the statement. [

Corollary 1. Zg(F') is the union of a finite number (possibly zero) of closed inter-
vals whose types are as follows:
o A closed interval o, 8], where a and B are zeros of fi1 or fi n.
o A closed interval (—oo, a] or [a, 00), where o is a zero of either fi i or fip.
o The whole real numbers R.

When the degrees of all polynomials in F are equal, only the first type appears.

Proof. Let m be the number of the distinct real zeros of H?Zl ej. We take all of
the distinct zeros of fi ;(z) and fi n(x) in Dy described in Theorem 1 and denote
them by Br1 < Br2 < -+ < Br,n). Then, the signs of fi () and fi x(z) do not
change in the interval (8kp, Bk,p+1). The signs also do not change in the interval
(=00, Bo,1) for k = 0 nor in the interval (3, n(m),00) for k =m
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Take every interval on which fi ;(x) is negative and fi ,(z) is positive and
make it closed by adding the endpoints that are zeros of fi ;(z) or fi n(x). Zr(F)
is the union of all such closed intervals. g

Ezample 1 (Lagrange interpolation). In the Lagrange interpolation for m points
a1 < az < --+ < am, each monic polynomial e;(z) is represented as follows:

ej(@) =[] (= - an).
k£
We can easily compute real pseudozeros since {x € R | ej(z) =0}={ar |k #j}.
Remark 3. The converse of the last part of Corollary 1 is not true. When the
degrees are not constant, all types of intervals in Corollary 1 may appear. Consider

the two monic polynomials e; (z) and ex(x):

ei(z) = x2* — 5, ea(z) = 2* — 22

We define three interval polynomials F'(z) C G(x) C H(z) as follows:

F(z) = [1, 1.5]ei(z) + [—1, —0.5]es(x),

G(z) = [1, 1.5]e1(x) + [-1.5, —0.5]ez(x),

H(z) = [0, 1.5]es(x) + [—1.5, O]ez(z).
Note that both e(z) — ez(x) and ey (z) — ea(x)/2 belong to F' (C G C H), and
deg(e1(z) —ea(z)) = 2 and deg(eq () —ea(x)/2) = 4. As described below, we have

Za(F) = [—\/5,—\/5/2} U [\/5/2, ¢5},

2:(G) = (o0, —V/5/2| U[V/5/2,00) |

Zr(H) = R.
Real zeros of e; are =+v/5 and real zeros of ey are 0 and +1. Since f(—z) = f()
for any f € H, it is sufficient that we examine only in the interval [0, 00). We
divide [0, 00) into three intervals: [0, 1], [1, v/5] and [+v/5,00). The polynomial e;
is negative in [0, v/5) and positive in (v/5,00). The polynomial ey is negative in
(0,1) and positive in (1, 00).

First we examine G since it is clear that Zr(H) = R. In the interval [0, 1],
3

1
) z* — 32% +10) < 0.

gn(z) = er(z) — je2(z) = —

In the interval [1, v/5],
1 1
gn(z) = e1(x) — 262(56) = 2(564 + 2% —10) < 0.

In the interval [v/5, 00),

3 1
0(e) = exla) - beala) = b (@t 32 +10) <0,
3 1 a5 15 9
gn(z) = 261(56) 262(1‘)—1‘ + T 5 = 2(256 5)(z* + 3).
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Therefore, the set of all real pseudozeros Zr(G) is (—o00, —1/5/2]U[/5/2, 00), that
is, the union of two unbounded closed intervals.

To determine Zg(F'), it is sufficient to examine only the interval [v/5,00)
since F' is a subset of G. Now

filz) = e1(x) — ea(x) = 2% — 5,

fil@) = on(z) = (207~ 5)(a? +3).

Therefore, the set of all real pseudozeros Zg(F) is [—v/5, —/5/2] U [\/5/2, /5],
that is, the union of two bounded closed intervals. Note that V5 < \/ 5/2.

Next, we apply Theorem 1 to Wilkinson’s famous example.

Ezample 2 (Wilkinson). Put e;(z) = ]_[30:1(50 —j) and es(z) = x'%. We consider

the following two interval polynomials F(z) C G(z):
F(z) = ei(z) +[-27%,0e2(z),  G(z) = ex(2) + [-27%, 0ea().

The “endpoint” polynomial e; — 27 23e; of F' is Wilkinson’s original example.
First, we consider F'(z). Since the signs of e; and ez do not change in the
region x < 0, the polynomials f; and f; for z < 0 are as follows:

fx)=e(x),  fulz) = elz) - 27%ex(x).

Since 0 < fi(x) for z < 0, there is no pseudozero in the region.
The interval coefficient of e; consists of one point and 0 < es(z) for 0 < z.
Therefore, for 0 < z,

filz) =ei(z) —27Pex(x),  fulz) =ei(a).

The number of real zeros of f; is 10 and there is no multiple root. We denote by
a1 < ag < -+ < ajg the real zeros. They lie in the intervals as described below:

a1 € (110724, 1-10"%),  aye (2410718, 24 10717),

as€ (310712, 3-10713),  ase (4410710, 44 1079),
ase (5107, 5 10°%), ag € (6 + 1075, 6 +107),
ar € (6.999, 6.9999), as € (8.001, 8.01),

Qg € (89, 899), 10 € (201, 21)

From the above inequalities,
{ceR|0<¢ 0< fr(e)} = [0,1]U[2,3]U[4,5]U[6,7]U[8,9] U [10,11]
U[12, 13] U [14, 15] U [16,17] U [18,19] U [20, c0),
{ceR|0<g¢ filc) <0} = [a1,a2) U [as, as] U [as, ag) U [az, as] U [ag, a1g].
Therefore, the set of all real pseudozeros for F' is as follows:
Zr(F) = [a1,1JU[2, a2] U fas, 3] U [4, au] U [as, 5] U [6, ae] U |7, T] U [8, g
U[ag, 9] U [10, 11] U [12,13] U [14, 15] U [16,17] U [18, 19] U [20, ar1]-
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Similar arguments hold for G. It is clear that Zr(G)N(—o0, 0] is empty. For 0 < z,

g1(z) = e1(z) — 27 ez (), gn(z) = e1().

The number of real zeros of g;(x) is 14 and there is no multiple root. We denote
by 81 < B2 < --- < P14 the real zeros. They lie in the intervals as described below:

€(1-107%6,1-10727), B € (2+1072° 24+ 10719),
53 €(3-10" 14 310719, Bs€(4+10712 4+ 1071,
55 €(5-1077, 5 10719), Bs € (6+1078, 6+1077),
€(7 (
(

— 10~ 5 7—1079), Bs € (8+107%, 84+ 107%),
59 € (8.999, 8. 9999) Bio € (10.001, 10.01),
Bi1 € (10.9, 10.99), B2 € (12.3, 12.4),

Bis € (12.4, 12.5), Bia € (20.01, 20.1).
From the above inequalities,
{ceR|0<¢ 0<gn(c)} = [0,1]U[2,3]U[4,5]U[6,7]U[8,9]U[10,11]
U[12,13] U [14,15] U [16,17] U [18,19] U [20, c0),
{ceR[0<c, gilc) <0} = [B1, 8] U[Bs, Ba] U [Bs, B6] U [B7, Bs] U [Bo, Bro]
U[B11, Bi2] U [B13, B14]-

Therefore, the set of all real pseudozeros for G is as follows:

ZR(G) - [617 1] U [27 62] U [637 3] U [47 64] U [657 5] U [67 66] U [677 7]
U[87 68] U [697 9] U [107 610] U [6117 11] U [127 612] U [6137 13]
U[14, 15] U [16, 17] U [18, 19] U [20, B1a).

4. Deciding the Location of Pseudozeros

In this section, first we describe a principle for deciding the location of pseudozeros.
Let F be an interval polynomial as described by (%) and D be a domain in C. We
consider the following problem.

Problem 1. Does there exist a pseudozero of F' in D?

Below, we assume that D is a closed domain in C whose boundary C is a
simple curve. When D is not bounded, we further assume that the degree of f € F
is constant. Since the domain D is not bounded when C' is not a closed curve, from
the above assumption on the degree we can construct a new closed domain D’ C D
such that the following conditions are satisfied.

e The boundary of D’ is a simple and closed curve.
e Z(F)ND=Z(F)nD'.

Therefore, we can assume that C is a simple and closed curve. Furthermore, we
assume the following conditions.
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Condition 1. C is of finite length and C = UX_ O} (K < 00), where each Cj, is
expressed by an injective function as

or(s) + ik (s), s € Sk.
Here ¢ (s), ¥x(s) € Q(s) and Sy, is either of type [a, ], [a, o0), (—0o0, b] or R.

First, we reduce the problem to examine zeros on C'. Second, we reduce it to
examine polynomials whose coefficients are the endpoints of the interval coefficients
with at most one exception.

4.1. Preliminaries

Take a polynomial fo € F. We can determine whether fy has a zero on C using
Sturm’s algorithm, the sign variation method, or some other improved algorithm,
and whether it has a zero in the interior of D using the argument principle when
it has no zero on C. If f has no zero in D, then Problem 1 is equivalent to asking
whether there exists a pseudozero of F' on C.

Proposition 1. Suppose that a polynomial fy € F has no zero in D. When D is
unbounded we assume that degrees of all polynomials in F are equal. Then, the
following two conditions are equivalent.

1. There exists a polynomial f € F that has a zero in D.
2. There exists a polynomial f € F that has a zero on C.

Proof. 1t is sufficient to prove that the first condition implies the second condition.
Assume that f has a zero in D but no zero on C. Let g¢ be (1 —t)fo + tf. Then,
go = fo, 91 = f and g € F for any t (0 < ¢ < 1). We prove the statement by
contradiction. Suppose that every g, (0 < ¢ < 1) has no zero on C.

When D is bounded, Rouché’s theorem (see below) implies that the number
of zeros of gg in D is equal to that of g;. This contradicts the assumption.

When D is unbounded, the assumption that C' is of finite length implies that
the compliment D¢ of D is bounded. Therefore, the number of zeros of gg in D¢ is
equal to that of g;. Since deg g9 = deg g1, the number of zeros of gy in D is equal
to that of g;. This contradicts the assumption. [

The following is a version of Rouché’s theorem.

Theorem 2 (Rouché’s Theorem). Let C be a simple closed curve of finite length in
a domain Q@ C C and let the inside of C' be in ). Suppose that f(z) and ¢(z) are
holomorphic on Q and that f(z) + te(z) has no zero on C for any t (0 <t < 1).
Then, the number of zeros of f(z) inside C is equal to that of f(z) + ¢(z).

We provide a proof since this version is not described in standard textbooks.
Proof. The following inequality holds for 0 <¢; <ty <1:
£ (2) +t20(2)| < |F(2) + tap(2)| + [t2 — ta]lp(2)].
Let m(t) be min.ec{|f(z) + te(z)|} and M be max,cc{|p(2)|}. Then,
m(t2) < |f(2) +tip(2)| + [t2 — t1| M.
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Therefore, the following inequality holds:
m(te) < m(t1) + |ta — t1| M.

When we interchange ¢; and t5, the resulting inequality also holds. Therefore,
Im(t2) —m(t1)| < [t2 — t1|M.

This inequality implies that m(t) is continuous in the interval 0 < ¢ < 1. From the
hypothesis, m(t) > 0 holds for any ¢ in [0, 1]. Therefore, m = ming<;<1{|m(t)|}
should be positive. Now, we denote the length of C by L and the maximum of
[f(2)¢'(z) = f'(2)¢(2))| on C by G. Let N(t) be

/f’ +t¢'( )Z
) +tp(z

Then, we have

1 t1 —t / —f t1 — t2|GL

™ Je (f(2) + tip(2))(f(2) +t200(2)) 2mm
which implies that N(t) is continuous on the interval 0 < ¢ < 1. Therefore, the
equality N(0) = N(1) holds since N(t) is a nonnegative integer for any ¢. O

4.2. Main Theorem
In this subsection, we prove the main theorem.
Theorem 3. Let F' be an interval polynomial as described by (x) and D be a closed

domain whose boundary C' satisfies Condition 1. When D is unbounded we assume
that degrees of all polynomials in F are equal. Suppose the following conditions.

o There exists a polynomial fo € F that does not have a zero in D.
o There exists a point ay € C' that is not a pseudozero of F'.

Then, the following two conditions are equivalent.

1. There exists a polynomial f € F having a zero in D.
2. There exists a polynomial f € F such that f has a zero on C' and the number
of coefficients a; of f that are not l; or h; is at most one.

We prove the following lemma for the proof of Theorem 3.

Lemma 2. Consider the following simultaneous equations with a parameter z € C,

ai(z)z +b1(2)y = ci(2),
{ az(2)r + ba(2)y = ca(2), (1)

where a;(z), bj(z), ¢j(2) are continuous with respect to z. Let I' be a simple curve
of finite length whose two endpoints are zy and z1 (20 # z1). Let d(z) be the
determinant

a1(z) bi(z) ’
az(z) ba(z) |°
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Suppose the following conditions:
e d(z) =0 and d(z) #0 for z € '\ {z0}.
o The solutions of (1) are bounded for z € T' \ {zo}.

Then, the simultaneous equations (1) are indeterminate at z = 2.
Proof. For z € T' \ {20} we put

_ | az) bi(2) _
nm(z) - 02(2) bg(z) I ny(z) -

Then, the solution = and y of (1) can be represented as functions of z as follows:

_ _ ny(2)
The functions n,(z) and n,(z) converge to 0 since d(z) converges to 0 as z tends
to zo on I' and the solution of (1) is bounded in I" \ {zo}. Therefore,

1z (20) = 1y(20) = 0, (2)

since nz(z) and ny(z) are continuous. Furthermore, if a;(z9) = b;(20) = 0 hold,
then c¢;j(z0) = 0. The reason is as follows. Since there exists a positive number M
such that |z(z)| < M and |y(z)| < M hold for z € ' \ {20}, the inequality

|¢j(2)| = laj (2)z(2) + b;(2)y(2)| < (la;(2)] + [bj(2)[) M
holds for z € '\ {20} Since (Ja;(2)|+|b;(2)|)M converges to 0 when z tends to zo,
¢;(z) converges to 0 and c¢;(z9) = 0 follows from the fact that ¢;(z) is continuous.

We prove the lemma by dividing it into three cases.

First, we prove the case aj(z9) = a2(z9) = 0. If by(z9) # 0, then the second
equation of (1) is equal to the first equation multiplied by ba(z0)/b1(20). Again,
b1(z0) # 0 implies the conclusion. If by (zy) = 0, then ¢4 (z9) = 0 and the equations
of (1) become the second equation only. Furthermore, if b2(29) = 0, the second
equation also vanishes.

Second, we prove the case a1(z0) = 0 and az(z9) # 0. (The case a1(z) # 0
and az(z9) = 0 is similar.) The assumption d(zp) = 0 implies that bi(zp) = 0.
Therefore, ¢1(z0) = 0 and the second equation of (1) vanishes. Then, the assump-
tion az2(zp) # 0 implies the conclusion.

The last case is that when both a;(zo) and az(z) are not 0. The assumption
d(z0) = 0 and (2) imply that the second equation of (1) is equal to the first
equation multiplied by as(z0)/a1(z0) and az(zo) # 0 implies the conclusion. [

ai(z) c(z) ’ '

a2(z) ca(2)

The proof of the main theorem is as follows.

Proof. Tt is sufficient to prove that condition (1) implies condition (2) under the
assumptions of the theorem.
From Proposition 1, there exists a polynomial g € F' having a zero a on C.
If the number of coefficients of g that are not the endpoints of the interval
coefficients is less than two, the proof is done.
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Otherwise, we take two of them and write them as ¢; and ts. Then, we can
write the real part of g(z) and the imaginary part of g(z) as follows:

Reg(z) = a1(2)t1 + b1(2)t2 + c1(2), Img(2) = az(2)t1 + b2(2)t2 + c2(2),

where a;(z), b;(2), ¢j(2) are continuous functions with respect to z. The equation
g(a) = 0 is equivalent to the simultaneous equations

al(z)tl =+ b1 (Z)tg =+ C1 (Z) = 0, 3)
as(2)tr + ba(2)ts + ca(z) = 0. (

We consider these to be the simultaneous equations of ¢; and t, with parameter
z. If the determinant
ai(z) bi(z) (4)
az(z)  b2(2)
is 0 at z = «, then we can move t; and t; as « is a zero, until either t; or to reaches
one of the end points of the interval coefficients.

If the determinant is not 0 at z = «, the solutions ¢; and t, are continuous
with respect to z whenever the determinant is not 0. Therefore, when we move z
from a to ap on C, one of the following occurs.

(a) The determinant (4) is not 0, and either ¢; or ¢3 reaches one of the endpoints
of the interval coeflicients.
(b) The determinant (4) is 0 at a point (.

If the determinant (4) is not 0, and ¢; and ¢y are in the interval coefficients as z
tends to g, then from Lemma 2, the simultaneous equations (3) are indeterminate
at z = . This contradicts the assumption that aq is not a pseudozero of F'.

When case (a) occurs, we find that there exists h € F' such that h has a zero
on C and the number of coefficients of h that are not equal to the endpoints of the
interval coefficients is less than that of g. If case (b) occurs, we can move t; and
to as (3) holds at z = (3, until either ¢; or ¢5 reaches the endpoints of the interval
coefficients. That is, also in this case, we can find a polynomial A € F such that
h has a zero on C and the number of coefficients of h that are not equal to the
endpoints of the interval coefficients is less than that of g.

We apply this procedure repeatedly until condition (2) is satisfied. |

4.3. Edge Theorem

Here, we describe the relation between Theorem 3 and the Edge Theorem [1].

In the Edge Theorem, the notion of a polynomial polytope appears, which
is an extension of an interval polynomial. The set of polynomials represented as
a convex combination of a given finite number of polynomials is said to be a
polynomial polytope. For more details see textbooks on control theory.

Theorem 4 (Edge Theorem). Suppose that a domain D C C satisfies the condition
“any point in the compliment of D is on a path to infinity.” Let F' be a polynomial
polytope. All zeros of any polynomial in F are contained in D if and only if all
zeros of any exposed edge of F' are contained in D.
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Remark 4. For an interval polynomial, an exposed edge is a subset of the set of
polynomials whose coefficients are the endpoints of the interval coefficients except
at most one coefficient. However, we should examine all such polynomials since
there is no efficient way to find all exposed edges.

Suppose that Theorem 3 can be applied to a domain D and the Edge Theorem
can be applied to the compliment D¢ of D. Then, as described above, we can solve
Problem 1 using Theorem 3. We can also solve Problem 1 by applying the Edge
Theorem to D¢ because the negation of the statement “there exists a polynomial
f € F such that at least one zero of f belongs to D” is “all zeros of any polynomial
in F' belong to D¢.” The computational cost when we use Theorem 3 is slightly
high; determining whether there exists a zero in D for a given polynomial in F
and whether there exists a polynomial f in F' such that f has a zero at a given
point on C' are added.

However, the strong point of Theorem 3 over the Edge Theorem is that there
exists a domain D such that Theorem 3 can be applied to D but the Edge Theorem
cannot be applied to D¢. Closed disks and closed rectangles are such examples.

4.4. Computation Method

In this section, we describe the computation method using Theorem 3.
First, we show the method for deciding whether a given point on C is a
pseudozero of an interval polynomial.

4.4.1. Polynomials Having a Zero at a Given Point of the Boundary. Let F' be an
interval polynomial as described by (x). Then, we can write

F(z) = Z{ It +1Yej(z) | 0<t; <1

Therefore, there exists a polynomlal f € F such that f has a zero at a complex
number « if and only if the equation

Z{ L)t + 1} ej(@) =0

has a solution 0 < ¢; < 1 for all 5. If (1) Re(h; — l;)e;(a) < 0 or (2) Re(h; —
l;)ej(a) = 0 and Im(h; — l;)e; (o) < 0, we replace t; by 1 —¢; and we write the
resulting equation as follows:
Z ajtj =b. (5)
j=1

Here, we take arg z for z € C in the range —7 < arg z < 7. Therefore, the above
substitution implies the inequalities —7/2 < arga; < /2 for a; # 0. We consider
the problem that (5) has a solution 0 < ¢; <1 for all j.

Lemma 3. The set {Z?Zl ajt; | 0 <t; <1} is equal to the convex hull of the set
{>j_1ejajlej=0,1}
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Proof. It is clear that the set {Z?Zl a;t; | 0 <t; <1} contains the convex hull
of the set {7, eja; |5 =0, 1}.

To show the latter contains the former, take any element § = 2?21 a;t; in
{>°j-1ajt; | 0<t; <1} and sort ¢; in increasing order 0 < t;1) <tj2) < -+ <
tim) < 1. Then,

B= ajt;=(1—tsm) 0+tsa) > asg + 24 (o) — trk—1)) D_ i)
j=1 j=1 k=2

j=k
and the equalities show that ( is represented as a convex combinations of 0 and
Z?:k ) (1 <k< n) O

Hence, we construct the convex hull of the set V = {Z?Zl gja; | e;j =0or 1}
and determine whether b is in the convex hull. There are 2™ points in V in general,
but the convex hull can be constructed efficiently: We can construct it by examining
at most n points a1, ag, ..., a,.

Theorem 5. Let the set V' be as above. First, sort a; # 0 as the arguments in
increasing order. Note that —mw/2 < arga; < m/2 hold. If two or more points, say
aj, a, ai, have the same argument, then we add them up together and replace a;,
ay, a; with the sum, and write the results as p1, p2, ..., pm. Then, the vertices of
the convez hull are, in counterclockwise order, 0, vy, ..., Voym—1, where

J
Sopr (1<i<m),
k=1

Z pr (m+1<j<2m-—1).
k=j—m+1
We need a lemma for the proof. For z;, zo € C, we define

Re z1 Re z2

Imz; Imzo

d(zl, 22) = ’

Then, the following lemma is clear.

Lemma 4. 1. For any z, z1 and zo € C and a € R,
d(z,z) =0, d(z1,22) = —d(22,21), d(az1, z2) = d(z1,az2) = a - d(z1, 22),
d(z1 + 22,2) = d(z1, 2) + d(22, 2), d(z,z1 + 22) = d(z,21) + d(z, 22).
2. When z1 and zo are not 0 and —m/2 < arg z1, arg zo < w/2 hold, d(z1,22) > 0

holds if and only if arg zy < argze holds, and d(z1,z2) = 0 holds if and only
if arg z1 = arg zo holds.

Now, we prove Theorem 5.

Proof. For any j (1 < j < 2m), it is sufficient to prove that an arbitrary point
> h_y €kay is sitting at the left of or on the straight line from v;_; to v; (we put
vg = vam = 0). To prove this, we introduce the following two statements.
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e For any j and a = ), _, €rax, the inequality d(p;j,a — vj_1) > 0 holds.
e Any a =Y, _, eray satisfying d(p;,a — vj_1) = 0 lies between v;_1 and v,.
First, we prove the first statement when 1 < j < m. We divide ZZ:1 ELaL
into three parts: S1 consisting of az’s whose arguments are less than argp;, S»
consisting of a;’s whose arguments are equal to argp;, and S3 consisting of ax’s
whose arguments are greater than argp;. Then, we have

j—1
d(pj,a—vj-1) = d(pj,a Zpk =d(p;, S1 — Y px) + d(p;, S2) + d(p;, Ss)-
k=1
From the definitions of S; and S5, we have d(p;, S2) = 0 and d(p;,S3) > 0
Furthermore, the definition of S; implies

d(pj, S1) = d(pj, Y ewar) >d(p;, Y. ax) = d(P;wipk)-
k k=1

arg ap<argp;

Hence, the first statement is proved.

Next, we prove the second statement. Lemma 4 implies that the equality
d(pj, ar) = 0 holds if and only if ar = 0 or arga, = argp; (The construction of p;
implies that p; # 0). For the sum a = >"}'_, exax, we only add ay, # 0. The proof
of the first statement implies that the equality d(v; — v;_1,a) = 0 holds if and
only if the equality €, = 1 holds for k£ such that arga, < argp; and the equality
ex = 0 holds for k such that argas > argp;. Therefore, the equality

a="v-1+ E EkQ

arg ax=arg p;

holds, and the equalities v; = v;_; 4+ p; and

p; = Z ak

arg ap=arg p;

imply the statement.

Similar arguments hold for m + 1 < j < 2m, considering that v; —v;_1 =
—Pj—m, by dividing ZZ:1 €ray into Sy consisting of ax’s whose arguments are less
than argp;_,, into S> consisting of ax’s whose arguments are equal to argp;_m,
and into S3 consisting of aj’s whose arguments are greater than argp;_n,. O

4.4.2. Polynomials Having Zeros on the Boundary. Let F' be an interval polyno-
mial as described by (x). For a polynomial f = 2?21 aje; € F, suppose that a; is
either I; or h; for j # . Here, we describe a method for determining whether we
can make f have a zero on the segment Cj C C' by moving a.

We write the representation of C) as ¢k (s) + i (s), s € Sk. For simplicity,
writing ay as t and [lx, hy] as [I, h], we have

f(z) =tex(z JrZaJeJ te[l,h].
J#A
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Substituting ¢ (s) + i1 (s) for x, we have
F(on(s) + ihy(s)) = u(s, t) + iv(s, 1),

where u, v € Q(s,t). Therefore, f has a zero on Cy for some ay € [ly, hy] if and
only if the following simultaneous equations have a solution s € Sy and [ <t < h.

u(s,t) = 0,
{ v(s,t) = 0. (6)

These equations are of degree one with respect to t. Therefore, solving v = 0 and
v = 0, we write t = Ty(s) and t = T(s), where T}, To € Q(s) (see Remark 5
below). Moreover, we put
Ti(s) — Tr(s) = (7)

where P, Q € Ql[s] and ged(P, Q) = 1.

Therefore, the problem is whether there exists a zero a € Sy of P that satisfies
I <T(a) < h by putting T =T or T» (we can take either).

When [ = h, we set
e, 0
Qu(s)
where P;, Q; € Ql[s]. Put G; = ged(P, P;), we can solve Problem 1 by examining
whether there exists a zero o € Sy, of Gy since the equations T'(a) =l and P(a) =0
hold for any zero «a of Gy, and T'(8) # [ for any zero 8 of P/G.

When [ < h, we compute (8) and

T(s)—1=

T(s) —h= (9)

where Pp, Qn € Q[s], ged(Pr, Qr) = 1. Put G; = ged (P, P) and Gy, = ged(P, Py).
Then, G; and G, are relatively prime because T'(a)) = for any zero « of G; and
T(8) = h for any zero 8 of Gj. Therefore, we can divide zeros of P into three
groups: the zeros of Gy, the zeros of G}, and the zeros of P/(G|G}).

We only need to examine real zeros since S C R. For a real zero « of Gj,
we examine whether a € S, and we can solve this using, for example, Sturm’s
algorithm (or some other efficient algorithm). We carry out a similar procedure
for a real zero of Gy,.

For areal zero a of P/(G,G},), we examine whether a € Sy, and I < T'(a) < h.
The former can be carried out using, for example, Sturm’s algorithm. The latter
can be carried out using approximate computation with error analysis, for example,
by interval computation, under the assumption that we can raise the precision as
high as desired since T'(«) is not equal to [ or h.

To summarize, for the rational function g (s) + ik (s) (s € Sk) that repre-
sents the segment C}, of C, the simultaneous equations in (6) determined by f and
the range [I, h] of t, we carry out the following computations.
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e Noting that the equations in (6) are of degree one with respect to ¢, solving
u=0and v =0, we write t = T} (s) and t = T5(s), where T}, T5 € Q(s) (see
Remark 5 below).

e Compute (7).

e Put T'(s) as either T1(s) or T»(s) (we can use either).

e When I = h, compute (8). If gcd(P, P;) has a zero in Sy, the answer to the
question posed in Problem 1 is “Yes.”

e When ! < h, compute (8) and (9), and put G; = gcd(P, P,), Gy, = gcd(P, Py).

If G; or G, has a zero in Si, the answer is “Yes.”
If both G; and G}, have no zero in Si, when P/(G;G}) has a zero «
that is in Sy and I < T'(a) < h, the answer is “Yes.”

The number of polynomials f to be examined is at most n2”~!. For each polyno-
mial f, we examine each segment C}, of C'. If we obtain “Yes” for Problem 1 during
the examination, the rest of the procedure is not needed. If we do not obtain “Yes”
after the whole examination is done, then the answer is “No.”

Remark 5. When ey () is constant, v(s,t) in (6) is a rational function only in s.
In this case, when computing P and @, we put ¢ = T'(s) by solving ¢ from u = 0
and set the left-hand side of (7) to v.

The order of the computational steps in the determination of whether f has
a zero in D for a given polynomial f € F' and whether « is a pseudozero of F' for
a given point a € C is a polynomial in n. On the other hand, the order of the
computational steps in the determination of whether there exists a pseudozero of
F on C'is 2" times a polynomial in n and K, since the number of polynomials to be
examined is of order 2" as described above and the number of C}, is K. Therefore,
the order of the total computational steps in the determination of whether there
exists a pseudozero of F' in D is 2" times a polynomial in n and K.

4.4.3. Experiments. We carried out experimental computations for the following
examples. We used the experimental computer algebra system Risa/Asir [10] on a
computer with an Intel (R) Xeon™™ processor (3.2 GHz) and 4 GB of memory.

Ezample 3. Solve Problem 1 for the interval polynomial
F =[0.9995, 1.0005]2% + [—0.6185, —0.6175]x + [0.9995, 1.0005]
and the domain D = {z € C ||z — (0.3096 + 0.9526 - 7)| < 0.0004 }.

Ezample 4. Solve Problem 1 for the interval polynomial F' in Example 3 and the
domain D that is the rectangle whose vertexes are 0.3092+¢-0.95, 0.31 -+ -0.95,
0.31 44 -0.953 and 0.3092 + ¢ - 0.953.

We obtained “No” for Example 3 and “Yes” for Example 4 within 0.1 s in
both cases.
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4.5. Rough Shape of Pseudozeros

Since, unlike real pseudozeros, the shape of pseudozeros is complicated, we should
be content with a rough shape that is almost equal to the exact shape in general.
For example, for an interval polynomial F', we should be content with a set X D
Z(F) that is a union of congruent closed rectangles intersecting Z(F'). We say
that a set X is a rough shape for Z(F') with precision ¢, which is a positive real
number, if the longest edge of the congruent rectangles is less than or equal to €.

If the set Z(F') is bounded and an initial rectangle containing Z(F') is given,
we can obtain a rough shape with arbitrary precision using the above computa-
tion methods for Theorem 3. If all polynomials in F' have the same degree, we
can compute an initial rectangle using, for example, the Cauchy bound for an
algebraic equation. Once the initial rectangle is obtained, we divide it into four
congruent rectangles and examine whether each of them intersects Z(F). Similar
computations are performed recursively for the rectangles that intersect Z(F).

Note that we cannot use the Edge Theorem for determining a rough shape
of pseudozeros of an interval polynomial since the outside of a rectangle does not
satisfy the precondition for the Edge Theorem.

For efficient computation, several techniques are needed in order to avoid
redundant computations. These remain for future study.

5. Conclusion

We have proposed a method for determining whether there exist a polynomial in
a given interval polynomial that has a zero in a prescribed domain. The method
is rigorous but is not efficient for a complex domain. Avoiding redundant compu-
tations, especially when computing a rough shape of pseudozeros, is one of our
future directions. Another direction is to consider the following type of problem:
For a given interval polynomial F' and a given domain D, does every polynomial
in F have a zero in D?
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Root-Finding with Eigen-Solving
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Abstract. We survey and extend the recent progress in polynomial root-
finding via eigen-solving for highly structured generalized companion matri-
ces. We cover the selection of eigen-solvers and matrices and show the benefits
of exploiting matrix structure. No good estimates for the rate of global con-
vergence of the eigen-solvers are known, but according to ample empirical
evidence it is sufficient to use a constant number of iteration steps per eigen-
value. If so, the resulting root-finders are optimal up to a constant factor
because they use linear arithmetic time per step and perform with a constant
(double) precision. Some by-products of our study are of independent interest.
The algorithms can be extended to solving secular equations.

Mathematics Subject Classification (2000). Primary 65H05; Secondary 65H17;
Tertiary 65F15.

Keywords. Polynomial root-finding, eigenvalue, generalized companion ma-
trix, secular equation.

1. Introduction

1.1. Background

Polynomial root-finding is a classical and highly developed area but is still an
area of active research [McN93, McN97, McN99, McN02, NAGS88, P97, P01/02,
PMRTa]. The divide-and-conquer algorithms in [P95, P96, P01/02] (cf. [S82],
[G52/58, CN94, NR94, K98] on some important related works) approximate all
roots of a polynomial by using arithmetic and Boolean time which is optimal
up to polylogarithmic factors (under both sequential and parallel models of com-
puting). The algorithm, however, is quite involved, and the users prefer more
transparent iterative algorithms, such as Newton’s, Jenkins-Traub’s [JT70, JT72],
Miiller’s, Laguerre’s, and Halley’s, which use linear arithmetic time per iteration
and approximate a single root, and Durand-Kerner’s (actually Weierstrass’) and

Supported by PSC CUNY Awards 66437-0035 and 67297-0036.
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Aberth/Ehrlich’s (actually Borsch-Supan’s), which use quadratic time per itera-
tion and approximate all roots of a polynomial (see Tables 4-6). The iterations
converge superlinearly if the approximations are close to the roots.

Computing close initial approximations is still an unsettled area. A popular
approach is to seek them as approximations to the eigenvalues of the Frobenius
companion matrix, whose spectrum is precisely the set of the roots of the polyno-
mial. This property characterizes the more general class of generalized companion
(hereafter we say GC) matrices of a polynomial, which can be used instead of the
Frobenius matrix and, like it, can be chosen highly structured. Thus one can first
approximate the eigenvalues of a GC matrix numerically, by exploiting its structure
and employing the highly effective software of numerical eigen-solvers, and then
refine the approximations rapidly, by applying the cited polynomial root-finders.
Such a combination of the power of numerical techniques of structured matrix
computations and symbolic/algebraic methods of computations with polynomi-
als naturally continues the extensive study in [P92, BP94, BP94, P98, P98/01,
MP00, P01, EP02, BGP02/04, EMP04, BGP03/05] and the references therein.
We contribute to this area once again, although we only cover eigen-solving, not
the refining stage.

1.2. The QR DPR1 Approach

Matlab approximates polynomial roots by applying the QR eigen-solver to the
Frobenius matrix. This works quite well except that the output approximations to
the eigenvalues are frequently too crude and need refinement.

Malek and Vaillantcourt in [MV95, MV95a] and Fortune in [F01/02] apply
the QR algorithm to the diagonal plus rank-one (hereafter we say DPRI) GC
matrices, defined by the polynomial and the root approximations, which we call
the companion knots. As soon as the QR algorithm stops and outputs the updated
knots, the matrix is updated as well, and the QR algorithm is reapplied to it.
According to the extensive tests reported in the three papers and some theory
in [F01/02], this process indeed improves the approximations rapidly until they
initialize the cited popular root-finders.

In [BGP03/05, BGP04] the rank structure of the DPR1 input matrix has
been exploited to accelerate the QR stage of the algorithms in [MV95, MV95a,
F01/02] by the order of magnitude. The resulting algorithm uses linear (rather than
quadratic) memory space and linear arithmetic time per iteration, but otherwise
performs as the classical QR algorithm, remaining as robust and converging as
rapidly. The acceleration, however, is achieved only where the companion knots
are real or, with the amendment in [BGP04] based on the Mdbius transform of
the complex plane, where they lie on a line or circle. Thus the algorithms in
[BGP03/05, BGP04] use linear space and linear time per step only for the original
DPR1 matrix, but not for its updates.
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1.3. Improved DPR1 Eigen-Solving

To fix this deficiency we employ rather simple means. We examine other polynomial
root-finders and matrix eigen-solvers in lieu of or in addition to the algorithms
used in [MV95, MV95a, F01/02], and we propose an alternating application of
various algorithms in a unified recursive process for root-finding. In [BGP02/04]
the inverse power iteration with Rayleigh quotients (hereafter we say the IPI) is
applied to the Frobenius and DPR1 GC matrices. It is immediately verified that
in the case of a DPRI input, linear memory space and linear arithmetic time are
sufficient per an IPI step (as well as for the QR step in [BGP03/05, BGP04]) and
also for deflating a DPR1 matrix. The algorithm in [BGP02/04] is initialized with
the companion knots on a large circle, which is a customary recipe for polynomial
root-finding. The IPI, however, converges faster near an eigenvalue. This motivates
using a hybrid algorithm where the IPI refines the crude approximations computed
by the QR algorithm.

For the IPI, QR, and all other popular eigen-solvers no good upper bounds
are known on the number of steps they need for convergence. According to the
ample empirical evidence, however, a single QR step as well as a single step of the
IPI (initialized near the solution) is typicaly sufficient per an eigenvalue [GL96,
pages 359 and 363]. (See our Sect. 6.1 or [P05] on a nontrivial technique of conver-
gence acceleration for the IP1.) Under the latter semi-empirical model, the hybrid
polynomial root-finders based on eigen-solving perform O(n?) ops with the double
precision of d bits, that is, O((n?dlogd)loglogd) bit-operations, to approximate
all roots sufficiently closely to initialize the Newton’s or Weierstrass’ refinement.

This cost is within the factor of (logd)loglogd from an information lower
bound. (The factor is a constant if so is d.) Indeed, one needs at least n complex
numbers to represent the coefficients of a monic input polynomial ¢(z) = z™ +
Cno12" L+ .-+ 17 + o, and needs at least the order of (n — i)d bits in each
coefficient ¢; to approximate the roots within the error 279 max; |c;|. This means
the order of n?d bits in all coefficients. Therefore, at least the same order of Boolean
operations is required to process these bits.

Unlike the nearly optimal algorithm in [P01/02], the eigen-solving approach
has the more limited goal of obtaining close initial approximations for polynomial
root-finders and requires no computations with the extended precision.

1.4. Extensions and Further Study

How much can the progress be pushed further? According to the above argument,
at most by a constant factor. This can still be practically important. The natural
avenues are by exploting effective eigen-solvers such as Arnoldi’s, non-Hermitian
Lanczos’, and Jacobi-Davidson’s (besides the QR and IPI), applying them to the
DPRI1, Frobenius and other relevant GC matrices, and combining these eigen-
solvers with some popular polynomial root-finders. We estimate the computational
time for multiplication of these GC matrices and their shifted inverses by vectors,
for deflation, and for updating a GC matrix when its companion knot changes.
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Besides, we observe that the eigen-solvers also support some new proximity
tests for the roots as well as the computation of the basic root-free annuli for
polynomial factorization (see Sect. 6.5). We also comment on the extension of the
algorithms to approximating the eigenvalues of sparse and structured matrices
and to solving secular equations. On further applications of these equations, see
[GT73, M97, BP98] and the references therein.

For simplicity we narrow our study to monic input polynomials and skip the
important special case of polynomials that have only real roots. See [JV04, BP98|
and the bibliography therein on these omitted subjects.

1.5. Organization of Qur Paper

We organize our paper as follows. In Sect. 2, we recall some basic definitions. In
Sect. 3, we study some relevant classes of GC matrices. In Sect. 4, we estimate the
arithmetic computational complexity of some basic operations with these matri-
ces. In Sect. 5, we study their computation, deflation, and updating. In Sect. 6,
we cover various aspects of the application of eigen-solving for these matrices to
polynomial root-finding. In Sect. 7, we comment on the extension of our methods
to approximating matrix eigenvalues. In Sect. 8, we recall the correlation between
the polynomial and secular equations. In the Appendix, we comment on heuristics
for multiple roots and root clusters and on computing approximate polynomial
geds. All authors share the responsibility for extensive numerical tests that sup-
ported the presented exposition and analysis. Otherwise the paper is due to the
first author.

2. Basic Definitions

M = (m;;)7,-
n, MT and v7 are their transposes.

Ok, is the k x [ null matrix, 0y = O k. Iy is the k& x k identity matrix. I is
the identity matrix of an appropriate size. e; is the i-th column of I,,, i = 1, ...,
n; e = (1,0,...,0)7, e, = (0,...,0,1)T.

B = (B, ..., By) is the 1 xk block matrix with blocks By, ..., By. diag(s;)’,
is the n x n diagonal matrix with the diagonal entries s1, ..., s,. diag(B1, ..., Bg)
is the k x k block diagonal matrix with the diagonal blocks By, ..., Bg.

det M and cps(\) = det(A — M) are the determinant and the characteristic
polynomial of a matrix M, respectively.

0

1 . . . .
7 = (Zi,j)?:jzl = ' ' is the n x n shift matrix, z; ;1 = 1 for

1 1s an n X n matrix, v = (v;); is a column vector of dimension

1 0
i=2,..,m;2;=0fri#j+1, Zv= (0,01, ..., vy_1)T for v.= (v;)",. Here
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and hereafter the blank space in the representation of matrices stands for their
zero entries.
f* = a — by/—1 is the complex conjugate of f = a + by/—1, for real a = Rf
and b = Sf. w, = exp(2my/—1/n) is a primitive n-th root of 1.
I iyt
V= Jn (wy; )i,j:O (2.1)
is the unitary matrix of the discrete Fourier transform on the n-th roots of 1.

“DPR1”, “GC”, “IPI”, “RBDPR1”, and “TPR1” stand for “diagonal plus
rank-one”, “generalized companion”, “Inverse Power Iteration”, “real block diag-
onal plus rank-one”, and “triangular plus rank-one”, respectively. In Sects. 3 and
7, “ops” stands for “arithmetic operations”. In the Appendix, “ged” stands for
“greatest common divisor”.

C = C, is a GC matrix for a monic polynomial

c(x) = cpx" + cp1z" M ..+ ax o, cp =1, (2.2)

if co(x) = ().

3. Some Classes of GC Matrices

Root-finding for a polynomial ¢(z) in (2.2) is equivalent to eigen-solving for a GC
matrix C = C.. The efliciency of the eigen-solving greatly depends on the choice of
the matrix. Next we examine some most relevant classes of GC matrices (compare

the studies of GC matrices in [E73, G73, B75, F90, C91, MV95]).

3.1. The Frobenius Companion Matrix

We first recall the classical Frobenius companion martix.

Theorem 3.1. The n X n matriz

0 —Cp
1 —C1
C=F, = : (3.1)
0 —Cn—2
1 —Cn—1

is a GC matriz F, for a monic polynomial c¢(x) in (2.2).

C=F.=27—cel forc=(c;)l .
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3.2. DPR1 GC Matrices

Theorem 3.2. For a polynomial c(x) in (2.2) and n distinct scalar companion knots
S1y...,8n, Write

i=1 j=1,j#1¢ =%
c(si) .
d; = ,i=1...,n, 3.3
q,(si) ( )
u=(u)jy, v=(v)j, B=Bs=diag(s;)j=;, C=B—uv’ (3.4)
where
lwi| + |vi] #0, di = wivsy, 1 =1,...,n. (3.5)

Then C is a DPR1 GC matriz for the polynomial c(x), that is, cc(x) = c(x).

Proof. cc(x) = q(z) + .1, digi(x) because the i-th and j-th rows of the matrix
xI—C —diag(0, x —s;, 0) —diag(0, x —s;, 0) for ij are proportional to one another,
whereas c(z) = q(z)+ >, d;q;(z) due to the Lagrange interpolation formula. [

3.3. RBDPR1 GC Matrices

The polynomials ¢(z) in (2.2) with real coefficients may have some pairs of nonreal
complex conjugate roots. In this case the DPR1 matrices would have nonreal
entries. To avoid this deficiency we introduce the Real Block DPR1 (hereafter we
say RBDPR1) GC matrices whose diagonal blocks have size of at most two. We
begin with an auxiliary result on block diagonal plus rank-one matrices.

Theorem 3.3. Let B = diag(DB1, ..., B) where B; are n(i) x n(i) matrices, m(i) =
2;21 n(y),i=1,...,k, m(k) =n. Write

P; = diag(0pm(i—1)» In(i)s On—m(i))> Pi = (On(iy,m(i—1)s In(i)s On(i),n—m(i))s

so that P,w = (wj);n:(:‘i(ifl)%»l

its subvector made up of the n(i) respective coordinates, whereas by padding the
vector P;w with the m(i — 1) leading zero coordinates and the n — m(i) trailing
zero coordinates, we arrive at the vector Pyw. Let s; be an eigenvalue of the matriz
B and let C = B —uv”. Then cc(s;) = det(s;] — B + Pyuv? P;) = det(s;] — B; +
PillVTPi) Hj;éz det(siI — BJ) = CB(SZ‘),i = 1, ceey .

is the projection of a vector w = (w;)}_; into

Proof. Let q; # 0 be a left eigenvector of the matrix B associated with the eigen-
value s; such that Bq! = s;q;. Write a; = qfu and u = (uj)?_;. If a; = 0, then
we have qf (s;I — B) = qX'(s;I] — C) = 07 and therefore cg(s;) = cc(s;) = 0.
Otherwise subtract the vector 7 qf (s;l — B +uv’) = " qfuv’ = u;v" from
the j-th row of the matrix s;] —C = s;] — B+uv?’ forj =1,...,m(i—1), and for
j =m(i)+1,...,n. This turns the matrix s,/ — C into the matrix s;I — B+ P;uv’
without changing its determinant cc(s;). Observe that det(s;I — B + Puvl) =
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det(s;I — B + P;uv' P;) and that s;,] — B + P;uv’ P; is a block diagonal ma-
trix with the diagonal blocks s;l, ;) — Bj for j = 1,...,i— 1,4+ 1,...,k and

silny — Bi + PiuvTPiT. This proves Theorem 3.3. O
Theorem 3.3 enables the following alternative proof of Theorem 3.2.

Proof. (An alternative proof of Theorem 3.2.) Apply Theorem 3.3 for B; = (s;),
j=1,...,n, B =diag(s;)7_, k =n,n;, =1, =1,...,n. Obtain that cc(s;) =

=1
d;qi(si), substitute q;(s;) = ¢'(s;), diq’(s;) = ¢(s;), and obtain that ¢(s;) = cco(s;),
it =1,...,n. This proves the theorem because c¢(z) and cc(x) are monic polyno-
mials of degree n. (]

Theorem 3.4. For two integers h andn, 0 < h < 7, a polynomial c(x) in (2.2) with

real coefficients, h distinct pairs of real numbers (f1,91), ..., (fn, gn) such that g;#0
for alli, and n—2h distinct real numbers sap41, - - ., Sn, write So;—1 = f; +giv -1,
§2; = fz 791\/71; Bz = (,f‘;l ?:)’ 1= 17"'»h; Bj*h = (Sj)’ .7 = 2h + 17"'»”;

B = diag(B;)'=1; q(x) = [T}_y(z — 5;), dj = ;,gj), j=1,...,n, so that dy =
a5y, i=1,... h. Let

u=(u))joy, v =(v)j=y, C=B—uv’ (3.6)

where
Ui—1V2i—1 + UpiV2; + (U2i—1V2; — U2iV2i—1)V —1 = 2d2;_1,
fori=1,... h, |uj| + |vj|#0, ujv; =d;, j =2h+1,...,n.
Then the RBDPR1 matriz C is a GC matriz of the polynomial c(x), that is,
c(z) = co(x).
Proof. Apply Theorem 3.3 for k = n— h and deduce that (s2;—1 — s2;)cc(s2i-1) =
q2i—1(52i—1) det(s2;—11o — W;) for

Wi _ Bi o PillVTPi — (fi*uzi—lvzi—l gi*uzi—lvzi) ,i —_ 17 . .,h.

—gi—u2iv2i—1 fi—u2iv2;

Substitute sa;—1 — fi = giv/—1 and deduce that

giv/—14uzi_1v2i—1 —gituzi_1v2i )
Soi_1lo — W; =
2i—142 g ( gitu2iva2i—1 givV—14uziva; )’

so that det(se;—11o —W;) = g;(u2sV2i—1 — Ui —102; + (Ui 1V2i—1 +U2qv2;)v/—1), i =
1, ..., h. Substitute the latter expression and the equations so;_1 — s2; = 2g;v/—1
and ¢;(s;) = ¢'(s;) for j = 2i — 1 into our expression above for cc(s2;—1) and
obtain that
2g;cc (521‘71)\/*1 = 9iq'(s2i-1) ((u2i—1v25-1 + uzivzi)\/*l + U2iV2i—1 — U2i—1V2:),
2co (521‘71)
q,(52i71)
Now apply equation (3.3) and deduce that co(s2i—1) = ¢(s2;—1) fori =1, ..., h.
Since the polynomials ¢(z) and cc(z) have real coefficients, obtain that
co(s2:) = et (s2i-1) = *(s2:-1) = ¢(s2i), i = 1,..., h. Deduce that cc(s;) = c(s;)

Usi—1V2i—1 + Uiv2; + (Ugi—1V2; — Unvei—1)V —1 = = 2d2;_1.
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by applying Theorem 3.3 for B; = diag(s;),j = 2h+ 1,...,n. Now Theorem 3.4
follows because ¢(z) and cc(z) are monic polynomials of degree n. O

3.4. Arrow-Head GC Matrices

Theorem 3.5. For a polynomial c(x) in (2.2) and n distinct nonzero scalars si, . . .,
Sn, write

- - q(z)
a@)=T[-s) a@ = J[ @-sn= " iz2n @)

i=2 J=2,j#i !

c(s;) c(si) . c(s1) ~— d;
d; = = ,1=2,...,n, d = + 3.8
7(s:) = ails) Vo) T O
and choose n pairs of scalars u;, v;, i =1, ..., n such that

ulzdl—sl, ’()1:0, uivi:di, ’L:2,,TL (39)

Write B = By = diag(s;)",, u = (u;)?1,v = (v;)?_,. Then the north-western
arrow-head matriz

C =B — (uel +e;v7") (3.10)
is a GC matriz of the polynomial c(x), that is, cc(x) = c(x).
Proof. Expand the determinant cc(x) = det(xI — C) along the first row or the
first column of the matrix I — C' and deduce that

CC(I) (‘T =+ ul Zuzvlqz

Therefore,
co(si) = wivig;(s;), 1 = 2,...,n;

co(s1) = (s1+ ui1)g Zuz viq;(51)-

Substitute equations (3.8) and (3.9) and deduce that co(si) =c(si),i=1,...,n
The theorem follows because the monic polynomials co(z) and c¢(z) of degree n
share their values at n distinct points s1, ..., S,. (I

3.5. Further Variations of GC Matrices

The Frobenius, DPR1, and arrow-head matrices are the most popular classes of
GC matrices. The RBDPR1 GC matrices extend the DPR1 GC matrices in the
case of a real input and a nonreal output. Similarly we can extend the class of the
arrow-head matrices. Let us point out some further variations and extensions.

1. Variations of the parameters.
For fixed companion knots, each GC matrix in Sects. 3.2-3.4 is defined
with n or n — 1 parameters, which we can vary at will.

Example 3.1. Some sample choices of the parameters.
e u; =1, v;,=d;, i=1,...,n, in Theorem 3.2
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® Uy = Vi = 1, ugi_y = Nd; + Id;, ugy = Nd; —d;, i = 1,...,h,
u; =1, v; =d;, j=2h+1,...,n, in Theorem 3.4
e u; =1, v;=d;, i=2,...,n, in Theorem 3.5

Example 3.2. Scaling for numerical stabilization.
In Theorem 3.2 require that |u;| = |vs| (resp. |u;| = |vi|) for all i.

2. Variation of the input polynomial.
We can fix a scalar b and then apply Theorem 3.5 to the polynomial
(z —b)c(x) with a root b to approximate the remaining n roots. Applying the
theorem, we replace ¢(z) with (x — b)e(x), replace n with n 4+ 1, and choose

s1 =b,sothat dy = > ., Sl‘ﬁsi.

3. Modification of the matrices.
e We can extend Theorem 3.4 by choosing any set of 2h real 2 x 2 matrices

B, = (; z) , i =1,...,h and any set of n — 2h real 1 x 1 matrices
B; = (sj), j = 2i+1,...,n, with n distinct eigenvalues overall. Suppose

s2i—1 and sg; denote the eigenvalues of the matrix B;, i = 1,..., h. Then
for any choice of the values ug;_1, u2;, v2;—1, v2; satisfying
(521‘71 - fi)u2iv2i + (521‘71 - jz‘)u2iflv2i71 + giugiv2i—1 + hiuzi—1v9;
= 2(s2i—1 — S2i)d2i—1, 1 =1,...,h,
the matrix C in (3.6) is a GC matrix of the polynomial c(z).

e We can interchange the roles of the subscripts 1 and n throughout The-
orem 3.5 to arrive at the dual south-eastern arrow-head matrix C' such
that co(x) = c(z). Alternatively, we can turn a north-western arrow-
head matrix into a south-eastern one by applying the similarity trans-
form C — JCJ where J = J~! is the reflection matrix whose entries
equal one on the antidiagonal and equal zero elsewhere.

e More generally, any similarity transform C — S~1CS of a GC matrix
C = (., for a polynomial ¢(z) maps C into a GC matrix for ¢(x). If alln
roots of ¢(x) are distinct, then the converse is also true, that is, two GC
matrices associated with such a polynomial ¢(x) are always similar to
one another. In the next subsection we specify such transforms among
our sample GC matrices. The similarity transforms can be of some help
in actual computations, e.g., with appropriate diagonal matrices S we
can scale the GC matrices to improve their conditioning. This diagonal
scaling of GC matrices is equivalent to choosing n parameters among
u;, vy, ¢ = 1,...,n in Sects. 3.2 and 3.3 or n — 1 parameters among
u;, v, ¢ =1,...,nin Sect. 3.4.

3.6. Similarity Transforms Among GC Matrices of Four Classes

Simple similarity transforms of a 2 x 2 matrix B = ( fg ?) into the diagonal

matrix diag(dgi,l, dgi), dgifl = fz +gz \/71, dgi = fz —3gi \/71 can be immediately
extended to transforming a block diagonal matrix B in Theorem 3.3 into a diagonal
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matrix. This relates the matrix classes DPR1 and RBDPRI1 in Sects. 3.2 and 3.3
and similarly for the arrow-head matrices in Sect. 3.4 and their counter-parts where
the diagonal entries can be replaced by real blocks.

Furthermore, both arrow-head matrix C' in (3.10) and the transpose F! of
a Frobenius matrix F, in (3.1) are TPR1 matrices, and the paper [PMRTYCal]
shows non-unitary similarity transforms of TPR1 into DPR1 matrices as well as
into arrow-head matrices. For the matrices /7 and C in (3.10), these transforms
into DPR1 matrices use O(n?) ops. There are also similarity transforms of our
matrices in (3.4), (3.6) and (3.10) into a Frobenius matrix via their reduction
to a Hessenberg matrix in [W65, pages 405-408] as well as a unitary similarity
transform of a matrix F, into a DPR1 matrix due to the following result.

Theorem 3.6. The similarity transform with the matriz V' in (2.1) maps the Frobe-
nius matrix Fo in (3.1) into @ DPR1 matriz:

VEVH = diag(w?)!=) +uv?’, u=Ve, vI' =el V¥,

4. The Complexity of Some Basic Computations

Multiplication of the input matrices and their shifted inverses with vectors are
basic operations in some popular eigen-solvers. Tables 1 and 2 and Theorem 4.1
show arithmetic complexity of these operations for the matrices C in (3.1)—(3.10).

In the columns of Tables 1 and 2 marked by a/s, m, and r we show how
many times we add/subtract, multiply, and compute reciprocals, respectively, to
arrive at the vectors Cw, (zI — C)~'w, and (zI — C — gh”)~'w for a fixed pair
of vectors g and h, any scalar x such that the matrices 2 — C and zI — C — gh”
are nonsingular, and any vector w. Some entries of Table 2 have two levels. In
the upper level the number of ops depending on the vector w is displayed; in the
low level the number of the other ops is displayed. All estimates hold where the
parameters u;, v;, u;, and v; satisfy the equations in Example 3.1. For other choices
of the parameters the arithmetic cost can slightly change.

TABLE 1. The complexity of multiplication of GC matrices by a vector

Matrix C Vectors Cw

g h m a/s
Frobenius in (3.1) c e, n n—1
DPRI in (3.4) u v 2n—-1 2m-2

RBDPRI in (3.6) u v 2n+2h 2n
Arrow-head in (3.10) e; —v 2n—1 2n—2

Theorem 4.1. Let a polynomial c¢(z) and scalars s;, d;, u;, vi, S;, di, u;, and v;
for i =1,...,n, satisfy equations (3.1)~(3.10). Let four matrices, all denoted by
C, satisfy equations (3.1), (3.4), (3.6), and (3.10), respectively, and let C = Z for
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TABLE 2. The complexity of multiplication of the shifted inverse
matrices by a vector

Matrix C Vectors (zI — C) 'w (x] — C)'w
g h m a/s r r m a/s

Frobenius c e, O 2n—1 2n-—2 0 n n-—1
in (3.1) 1 n-1 n 1 0 1
DPR1 u v 1 2n 2n—1 0 n O

in (3.4) n+1l n+1 2n n 0 n
RBDPRI1 u v n+l n+h 2n—-142h n h 2h
in (3.6) 2n 2h n+3h h h h
Arrow-head e; —v 0 2n—1 2n—2 0 n n-—1
in (3.10) n n—1 2n-1 n 0 n

C in (3.1), C = B for C in (3.4) and (3.6), and C = B +uel for C in (3.10), so
that C — C denotes the rank-one matrices —cel , —uv?, and e1v?, respectively.
Let x be a scalar such that the matrices xI — C and I — C' are nonsingular. Let
w be a vector. Then Tables 1 and 2 display the upper bounds on the numbers of
the operations a/s, m, and r involved in computing the vectors Cw, (xI —C)~tw,
and (xI — C)~tw. For the two latter vectors, an upper bound on the number of
the ops not depending on the vector w is showed in the lower level of each entry
of Table 2. The other ops are counted in its upper level.

Proof. The straightforward algorithms support the estimates for the complexity
of computing the vectors Cw and (zI — C)~'w. (Apply the forward substitution
algorithm under (3.10) for (zI — C)~'w.)

Compute the vectors (zI — C)~'w for the matrices C in (3.1) and (3.10) by
applying Gaussian elimination. For a Frobenius matrix C' in (3.1), first eliminate
the subdiagonal entries by using no pivoting and then apply the back substitution.
For an arrow-head matrix C in (3.10), first eliminate the first row of the matrix
and then apply the forward substitution. Verify the respective estimates in Table
2 by inspection.

The Sherman-Morrison-Woodbury formula ([GL96, page 50] and [BGP02/04,
Sect. 5]) implies that (zI — C)™' = (I + ! (B—=zl)"'de’)(zI — B)™!, 7 =
el(xI — B)~!d, for e = (1,...,1)T and the DPR1 matrix C in (3.4). Therefore,
(2l —C)*w = (2l —B)"'w+ 7 (B—xzI)"'d, 0 = e’ (B — zI)"'w, and the
estimates in Table 2 follow. Similarly cover the RBDPR1 matrices. (]

5. The Computation, Deflation, and Updating of a GC Matrix

This section covers the computation of a GC matrix, its deflation, and its updating
when the companion knots and the input polynomial are modified.
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5.1. The Computation of a GC Matrix

The matrix C' = F, in (3.1) is given with the coefficients of the polynomial ¢(x).
The computation of the GC matrices C' of the other three classes can be exemplified

with the case of the DPR1 matrices in (3.4) and can be reduced essentially to
C((SJ))
q S

The computation is simplified for the customary initial choice of the knots

equally spaced on a large circle such that s; = aw?™', j =1, ..., n, where a
exceeds by a sufficiently large factor the root radius r = max;|z;| of the polynomial
c(z) = [[j=, (z — z;). In this case g(z) = 2" —a", ¢'(x) = nz"~". Then application
of the generalized discrete Fourier transform [P01, Sect. 2.4] yields all ratios d; in
(3.3) by using O(nlogn) ops. (Surely if n is a power of two, then one should just
apply FFT.)

If, however, some crude initial approximations to the roots are available, they
are a natural choice for the companion knots. Then the above complexity bound of
O(nlogn) ops generally increases to O(nlog®n) based on a numerically unstable
algorithm in [P01, Sect. 3.1] and to 2n? —n based on a stable version of the Horner’s
algorithm [BF00]. Even the latter cost bound is still dominated at the subsequent
stages of the root approximation.

When the root approximations and the companion knots or the input poly-
nomial are updated, one can recompute the matrix C' by applying the algorithms
above, but let us next examine some alternative updating means.

computing the ratios d; = at the n distinct companion knots s;, j =1,...,n.

5.2. Reversion of a Polynomial, Shift of the Variable, and Their Affect on the GC
Matrices

We reverse the input polynomial c¢(x) in (2.2) and shift the variable z by a
scalar s when we preprocessing the input polynomial and apply some popular
root-finders, e.g., Jenkins-Traub’s. To update the associated GC matrices for the
shifted polynomial c¢s(x) = c(z — s), we can re-use the same values di,...,d,
at the knots x = s; + s because c¢s(s; +s) = c(s;) and q¢,(s + s;) = ¢(s;) for
gs(xz) = q(x—s) and j = 1,...,n. For the reverse polynomial ¢,¢, () = x™c(1/x) we
have ¢pey( 1) = 770(s:): Ghen( 1) = Tl & — 1) = (—1)" 162/ () Ty 55

i=1,...,n, and so we can update di, ..., d, by computing 52 ”,...,5,21 "

addition performing O(n) ops.

Alternatively, we can replace the GC matrix C with C~! or C' — sI, respec-
tively. We can compute the first column of the matrix (F. — sI)~! in O(n) ops,
due to Theorem 4.1, and we can represent the matrix with this column [C96].

Due to the Sherman-Morrison-Woodbury formula and Theorem 4.1, we ob-
tain the DPR1 representation of the matrix (C' — sI)~! by using O(n) ops for
any matrix C' in (3.4), (3.6), and (3.10). In particular it takes 2n divisions, 2n
multiplications and n additions/subtractions for a DPR1 matrix C in (3.4).

and in
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5.3. Deflation of Polynomials and GC Matrices

Suppose we have approximated a root z of a polynomial ¢(z) in (2.2). Then we
can deflate the associated matrices C' in (3.1), (3.4), (3.6) and (3.10) preserving
their structure.

For the Frobenius matrix in (3.1), we just compute the quotient polynomial
e (x) = ;(2 by using n — 1 subtractions and n — 1 divisions. For the three other
matrix classes we also use O(n) ops but involve no coefficients of ¢(z) unlike the
Frobenius case.

For the DPR1 matrix in (3.4), we replace the vector s = (s;)_; with s™*" =
(5;)"=' and compute the associated vector d™*¥ = (d?**)"_! according to equa-
tions (6.2) in [BGP02/04], that is,

Si — Sn

L IR ST (5.1)

S; — 2
This takes 2n — 2 additions/subtractions, n — 1 multiplications, and n—1 divisions.

If z = s, then d}°" ~ d; for i <n, and we yield cost-free deflation.
Similarly we deflate the matrices C in (3.6) and (3.10). Under (3.10) we write

s = (s;)7!, rely on (3.8), and compute the associated vector 4" = (d?ew)?;f
according to the following equations, which extend equations (5.1),
s $i— s
d?ew:dlj,d?ew:di ;7;,1':2,...,11—1. (5.2)
K2

The computations involve 2n — 3 additions/subtractions, n — 1 multiplications,
and n — 1 divisions. We can keep the deflation processes (5.1), (5.2) in the field
of real numbers for polynomials with real coefficients. We just need to deflate the
pair of the complex conjugate roots as soon as one of them is approximated.

And again if z = s, then d?ew ~ d; for all i < n, and we yield cost-free
deflation.

5.4. Updating the Companion Knots and Matrices

If we have updated a single companion knot s;, we can update the DPR1 matrix in
(3.4) by using O(n) ops. Indeed the values c(s;) remain invariant for j¢, whereas
we can compute the values c(s;) and ¢;(s;) by using 4n — 3 ops with Horner’s

4% (s;) ijsj:: for every j#i by

Sj—

algorithm, and we can compute ¢7*(s;)

using four ops per value.
Similar observations apply to the RBDPR1 and the arrow-head matrices.

6. Root-Finding via Eigen-Solving

6.1. Approximating the Extremal Eigenvalues

In Table 3 we display the numbers of basic operations required at the kth iteration
step in four popular eigen-solvers. They approximate the extremal eigenvalues, that
is, the eigenvalues which are the farthest from and the closest to the selected shift
value s and which for s = 0 are the absolutely largest and the absolutely smallest



198 V.Y. Pan et al.

eigenvalues, respectively. Tables 1-3 together furnish us with the respective ops
estimates for these eigen-solvers.

TABLE 3. The numbers of multiplications of the matrix C, CH
and (C' — pl)~! by vectors and additional ops at the kth iteration

step
Eigen-solver Cxv CHxv (C—pl)~'xv Additional Ops
Arnoldi 1 (4k+4)+0(1)
non-Hermitian Lanczos 1 1 15n + O(1)
Jacobi-Davidson 1 1 9+ k*)n+0O(1)
IPI 1 1 on — 1

The inverse power iteration (IPI) approximates the single eigenvalue closest
to the shift value s. We refer the reader to [GL96, Sects. 8.2.2 and 8.2.3], [S98,
Sect. 2.1.2]), and [BDDRvV00], and the bibliography therein on this iteration and
its Rayleigh-Ritz block version for approximating some blocks of the extremal
eigenvalues. A new modification of the IPI is proposed in [PIMal], whereas the
papers [BGP02/04] and [P05] specialize the IPI to the DPR1 and Frobenius input
matrices. By applying the IPI to such matrices for the reverse polynomial ¢,¢, (),
we approximate the absolutely largest roots of the polynomial ¢(z).

The Jacobi-Davidson algorithms also approximate the single extremal eigen-
value or a block of such eigenvalues [S98, Sect. 6.2], [BDDRvV00], whereas
the Arnoldi and the non-Hermitian Lanczos algorithms [GL96, Sect. 9.4], [S98,
Chap. 5], [BDDRvV00] approximate simultaneously a small number of eigenval-
ues consisting of both eigenvalues closest to and farthest from a fixed shift value.
Actually all these algorithms approximate the Ritz eigenpairs, that is, the pairs of
the eigenvalues and the associated eigenvectors (or more generally, blocks of the
eigenvectors and the associated eigenspaces).

Table 3 does not cover the ops required for approximating a Ritz pair for an
k x k auxiliary Hessenberg (resp. tridiagonal) matrix in the Arnoldi (resp. non-
Hermitian Lanczos) algorithm and for computing the Euclidean vector norms (at
most two norms are required per step). Actually, to make the Arnoldi and the
Jacobi-Davidson algorithms competitive, one must keep k smaller, although such
a policy is in conflict with the task of approximating the eigenvalues closely. This
seems to give upper hand to the Lanczos algorithm and the IPI.

Another crucial factor is the number of iteration steps required for conver-
gence, but all the cited eigen-solvers have good local and global convergence ac-
cording to the extensive empirical evidence and partly to the theory [GL96, S98,
BDDRvV00]. Local convergence of the Arnoldi and Lanczos algorithms can be sub-
stantially speeded up with the shift-and-invert techniques [S98, pages 334-336].

Convergence of the IPI can be additionally accelerated in the case of the
Frobenius input matrix C' = F.. [P05]. Formally, let § = max, x|\~ 7| where s is
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the selected shift value approximating an eigenvalue A\, and the maximum is over
all other eigenvalues p. Then the eigenvalue A is approximated within the error
in O(6%) in k IPI steps, whereas the much smaller error bound in O(62") can be
reached in k steps of the algorithm in [P05]. The latter algorithm uses almost as
many ops per step as six FFT’s at 2" points for h = [log,(2n — 1)], that is, the
order of nlogn ops per step, versus O(n) ops per an IPI step.

Finally, since all of the above algorithms approximate the eigenvalues which
are the closest to the shift value s, a by-product of their application is a proximity
test at the complex point s for the roots of the polynomial ¢(x). We exploit this
observation at the very end of the section.

6.2. Approximating All Eigenvalues

To extend the algorithms in the previous subsection to computing all eigenvalues,
we can recursively combine them with deflating the polynomial ¢(z) and/or up-
dating its GC matrix (see Sect. 5.3) as long as we can approximate the eigenvalues
closely enough to counter the error propagation. We discuss how to improve the
initial approximations to the eigenvalues in the next subsections.

We can dispense with deflation and apply the selected eigen-solvers to the
same matrix but vary the shift values s trying to direct the eigen-solver to a new
eigenvalue. The iteration can occasionally converge to the same eigenvalue already
approximated, but according to the empirical evidence and some theory available
for Newton’s iteration, running it for the order of n to nlogn initial shift values
equally spaced on a large circle is usually sufficient to approximate all eigenvalues.

Furthermore, the algorithm in [P05] always enforces convergence to a new
eigenvalue of the Frobenius matrix F,, so that in n applications it outputs approx-
imations to all n eigenvalues.

Finally we recall that the QR algorithm approximates all eigenvalues of a
matrix in roughly 10n® ops according to extensive empirical evidence [GL96,
Sect. 7.5.6]. The bound relies on using 10n? ops per QR iteration step for an
n X n Hessenberg input matrix. For a DPR1 input and the initial companion knots
equally spaced on a circle, as well as for any set of companion knots on a circle or
a line, the QR algorithms in [BGP03/05, BGP04] use at most 120n ops per step,
so that we can extrapolate the cited empirical cost bound to at most 120n2 for all
eigenvalues.

6.3. Eigen-Solvers and Root-Finders as Root-Refiners

Based on our study in the previous sections, we should approximate the roots
of a polynomial ¢(z) in (2.2) by applying selected eigen-solvers to appropriate
GC matrices, performing the computations numerically, with double precision,
updating the matrices when the approximations to the eigenvalues improve, and
possibly changing the eigen-solvers during the iteration process. As we mentioned
in the introduction, one can expect that a variant of this approach with the QR
algorithm and the DPR1 GC matrices in [MV95, MV95a, F01/02] should rapidly
improve approximations to the eigenvalues to the desired level.
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Based on our study in Sect. 3, we should expect the same effect if we use the
RBDPRI (in the real case) or arrow-head matrices instead of the DPR1 matrices.
Furthermore, all other eigen-solvers in the previous subsections can be applied
instead of the QR algorithm, and next we briefly compare them with each other and
with popular polynomial root-finders applied as root-refiners. We must, however,
exclude the algorithm in [P05], which is applied to the Frobenius matrix F,. and
is not updated when we update the computed approximations to the roots.

The QR algorithm in [BGP03/05] and [BGP04] requires quadratic time per
step and quadratic memory space for DPR1 matrices with general complex com-
panion knots and thus becomes inferior as an eigen-refiner.

The IPI and the non-Hermitian Lanczos algorithms seem to be better candi-
dates to be the GC eigen-refiner of choice because they require fewer ops per an
iteration step than the Jacobi-Davidson and the Arnoldi algorithms (see Sect. 6.1).
There is a potential competition from the popular root-finders applied as root-
refiners. They have superlinear local convergence, like the IPI, but require ex-
tended precision of computing. Note another practical advantage of the IPI over
the popular polynomial root-finders. For a real input matrix C' the IPI can be
easily extended to confine the computations to the real field. Namely, we should
just apply the power iteration step to the real matrix (sI —C)~1(s*I—C)~! where
s and s* denote two complex conjugate approximations to two complex conjugate
eigenvalues of the matrix C.

Tables 4 and 5 display some relevant data on some most popular root-finders
that approximate one root at a time and simultaneously all roots, respectively.
Note the respective increase of the arithmetic cost per step in Table 5.

TABLE 4. Four root-finders for a polynomial of a degree n approx-
imating one root at a time (In Miiller’s and Laguerre’s algorithms
computing a square root is counted as an op.)

Root-finder References ops/step Order of
convergence

Miiller’s [T64, pages 210-213], [W68] 2n+20 1.84

Newton’s [M73, MR75, NAGSS| 4n 2

Halley’s [OR00, ST95] 6n 3

Laguerre’s  [HPR77, P64] 6n + 6 3

Table 4 does not cover the Jenkins-Traub algorithm in [JT70, JT72]. The
statistics of its application show that its performance is similar to the other root-
finders in Table 4 (in fact they tend to be inferior in accuracy to the QR based
root-finders), but the formal data on its ops count are hard to specify because this
algorithm combines various other methods.

Among modifications of the listed root-finders, we note application of Miiller’s

algorithm to the ratio CC/((Z)) rather than to the polynimial c(x). This increases the
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TABLE 5. Two root-finders approximating simultaneously all
roots of a polynomial of a degree n

Root-finder References ops/step  Order of
convergence

Durand-Kerner’s [W03, D60, K66] (An—1)n 2

Aberth’s [B-S63, E67, A73, BF00] (Tn—3)n 3

ops count per step to 4n + O(1) but substantially improves convergence according
to our extensive tests.

6.4. Flowcharts for Root-Finding with Eigen-Solving
To summarize, here is a flowchart of our root-finding for a polynomial ¢(x) in (2.2).

e [nitial approrimation.
Select and compute a GC matrix for ¢(z) (cf. Sect. 5.1).
Select and apply an eigen-solver for this matrix to compute n distinct
approximations to the roots of ¢(x) (see Sects. 6.1 and 6.2).
e Updating the GC matriz and the approzimations to the roots.
Choose the companion knots equal to the computed approximations to
the roots and update the GC matrix (cf. Sect. 5.4).
Apply the IPI n times with the shifts into the n current companion
knots to improve the approximations to all eigenvalues.
Repeat recursively until convergence.

In a modified version of this flowchart, we select a root-finder in Tables 4 or
5 and substitute it for the IPI at the initial and/or updating stage.

Computations in both original and modified versions can include deflation
(see Sect. 5.3).

Implementing the flowchart, we should numerically stabilize both eigensolvers
(by means of diagonal scaling (see the end of Sect. 3.5)) and root-finders (by means
of shifting the variable z to turn the coefficient ¢,,_; into zero). Then we should
scale both the variable x and the polynomial ¢(z), that is, shift to the polynomial
d™c(z/d) for a scalar d chosen to decrease the disparity in the magnitudes of the
coefficients of the latter polynomial.

6.5. Divide-and-Conquer Root-Refining and Bounding the Output Errors

We can accelerate root-finding and eigen-solving if we can split a polynomial ¢(x)
into the product Hle c¢i(z) of k > 1 nonscalar polynomials ¢;(x) and repeat
this step recursively (see [P01/02, BP98] and the bibliography therein). Effective
splitting algorithms in [S82, K98, P01/02, BGMO02] compute the factors ¢;(z) in
nearly optimal arithmetic and Boolean time provided we know some sufficiently
wide root-free annuli on the complex plane that isolate the root sets of the factors
¢i(z) from each other (see also [C96, BP96] on some alternative splitting algorithms
and [W69, BJ76, B83, DM89, DM90, VD94| on various applications to signal and
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image processing). The algorithms in [P01/02] compute the desired annuli also in
nearly optimal time but are quite involved, which diminishes their practical value.
For a large input class, however, the annuli are readily available as by-product of
approximating the roots even with a low precision.

With the GC representations in Sects. 3.2 and 3.4 we can bound the ap-
proximation errors and detect the basic root-free annuli for splitting based on the
following result for the DPR1 and arrow-head matrices.

Theorem 6.1. The union Y., , D; (resp. > i, D;) contains all eigenvalues of
the matriz C in equation (3.4) (resp. the matriz C in (3.10)) provided D; (resp.
D;) denote the discs {z : [v —s; +di| < 3, |ujuil} or{z: [z —s +dif <
Do i luivilh, i=1,...,n (resp. the discs {x : |z —s1+ui| < oo uilt, {z: |z—
sil <|vjl}, 7 =2,...,n, or the discs {z: |z —s1+u1| < 2?22 v}, {z: |z —
si| < |wil}, i =2,...,n). Moreover, if the union of any set of k discs D; (resp.
D;) is isolated from all remaining n — k discs, then this union contains exactly k
eigenvalues of the matriz C (resp. C).

Proof. The theorem (due to [E73] for DPR1 matrices) immediately follows from
the Gerschgorin theorem [GL96, Theorem 7.2.1] applied to the matrices C
and C. O

We need 3n — 1 ops to compute the radii of the discs Dy,..., D, (or just
2n — 1 ops under the choice of parameters in Example 3.1), and we only need n—1
ops to compute the radii of the discs Dy, ..., D,.

Similarity transforms into a DPR1 matrix (see Sect. 3.6) enable us to extend
the estimates in Theorem 6.1 to the RBDPR1 matrices C' in (3.6), and we can
yield a similar extension from the arrow-head matrices.

All discs D; (resp. D;) are isolated from each other for all ¢ if the matrix C
(resp. C) has n distinct eigenvalues and if the values |u;| and |v;| (resp. |u;| and
|vi|) are small enough. In this case the disc radii serve as upper bounds on the
errors of the computed approximations s; (resp. s;) to the eigenvalues.

Finally recall that a proximity test at a point s for the roots of a polynomial
c(z) = H?:1(5U — z;) defines a root-free disc {z : |z — s| < min; |z; — 2|} and
that such a proximity test is a by-product of the application of either of the IPI,
Arnoldi, non-Hermitian Lanczos and Jacobi-Davidson algorithms to the matrix
sI — C.. Now if the latter disc covers the intersection of two discs D; and D;
(resp. Dy, and D;), then they are isolated from one another. This observation
combined with Theorem 6.1 suggests a promising heuristic method for isolating
the eigenvalues.

7. Extension to Eigen-Solving

We can extend our eigen-solvers for GC matrices to the matrices A for which we
can readily compute the following scalars and vectors.
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the scalar ca(z) = det(xI — A) for a scalar z

the scalars /4 (z) = — trace(x] — A)"'ca(z) and ¢4 (z) for a scalar
the vector (xI — A)~!v for a vector v

the vector Av for a vector v.

Furthermore, as soon as we have n values c4(z) at n distinct points s1, .. ., s,
computed, we can compute GC matrices C' = C, in Sects. 3.2-3.4 for ¢(z) = ca(x).
Then we can apply our algorithms to compute approximations zy, ..., Z, to the
roots, which are generally crude due to the rounding errors in computing the GC
matrix. We can, however, refine the approximations by applymg the IPI or the
algorithm in [P05] to the matrix A and the shift values Z, ..., Z,.

Moreover, we can compute some crude initial approximations to the roots
without computing a GC matrix. Indeed, apply the eigen-solvers in Table 3 as
long as you compute the vectors v and apply the root-finders in Tables 4 and 5
as long as you compute the scalars z. In fact the Durand-Kerner’s and Miiller’s
algorithms only require the computation of the scalars c4(z).

For many important classes of matrices all or most of the listed scalars and
vectors can be readily computed at a low cost. This is the case, e.g., for various
structured (e.g., Toeplitz) matrices [PO1, Chap. 5], for banded matrices B having a
small bandwidth (e.g., tridiagonal matrices) or more generally, for matrices associ-
ated with graphs that have small separator famillies [LRT79, GH90, GS92, PR93].

8. Polynomial and Secular Equations

The polynomial equations ¢(z) = 0 are closely related to the secular equations,
encountered in updating the singular value decomposition of a matrix, the solution
of the least-squares constrained eigenproblem, invariant subspace computation,
divide-and-conquer algorithms for the tridiagonal Hermitian eigenproblem, and the
“escalator method” for matrix eigenvalues (see [G73, M97] and the bibliography
therein).

For a matrix C' in (3.10), recall the characteristic equation c¢o(x) = 0, rewrite
it as co(x) = (z + a)q(x) — Y, dig;(x) = 0, for the scalar a = uy; — s; and then
divide it by ¢(z) to arrive at the secular equation

whose roots are given by the eigenvalues of the matrix C' in (3.10). Likewise, recall
the Lagrange interpolation formula co(z) = q(z) + Y., diq;(z) and divide its
both sides by ¢(z) to arrive at the secular equation

1+ini =0,
=1
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TABLE 6. Five root-finders for a function r(\)

Method References Max order Convergence
i of () order

Miiller’s [T64, pages 210-213], [W68] 0 1.84

Newton’s modified [M73, MR75, NAGS8] 1 2

Halley’s [OR00, ST95] 2 3

Laguerre’s [HPR77, P64] 2 3

Laguerre’s discrete [DJLZ96, DJLZ97, Z99] 0 3

whose roots are equal to the eigenvalues of the matrix C' in (3.4). By allowing to
scale the equation, we reduce the root-finding for any secular equation of the form

k d
=0
aerﬂJr;x—si

to solving the eigenproblem for the arrow-head or DPR1 matrices. This also enables
simple reduction of the polynomial and secular equations to one another.

Appendix. Simplification of Root-Finding

The efficiency of the known polynomial root-finders applied as root-refiners typi-

cally decreases where the roots are multiple. Since i((f)) = Zle ors for c(z) =
Hle(x — z;)™ where 21, ..., 2z are distinct, this suggests the application of

c(z)

root-finders to the rational function [ 7} or to the polynomial o(z)

g9(z)
ged(d, ¢) is the ged of ¢/(z) and ¢(x). With approximate division by approximate

geds, we can also replace root clusters by their single simple representatives.

The problem of computing approximate gcds of univariate polynomials is of
high independent interest (see [CGTW95, P98/01, GKMYZ04, Za, LYZ05] and
the bibliography therein). The approach in [P98/01] remains a good candidate for
being the method of choice. It relies on the reduction to polynomial root-finding.
Can any further progress be obtained based on matrix methods, e.g., on Theorem
6.17

where g(z) =

To avoid vicious circle of the back-and-forth transition between root-finding
and approximate gcds, we can apply the root-finders to the rational function
flx) = 5/((9;)). The Borsch-Supan’s root-finder [B-S63] (widely known as Aberth’s

or Ehrlich’s [B96]) proceeds by recursively computing the values of this function.
The iterative processes in Tables 4 and 5 can be reduced essentially to the recur-
sive evaluation of ¢(¥)(z) at the approximation points z for i = 0, 1, ..., k and
a small fixed integer k. The poles of the function 5((2)) can cause divergence, but

overall convergence tends to be faster and more reliable when we apply Miiller’s
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method to the function f(z) according to our tests with Miiller’'s and Newton’s
root-finders, each applied to both ¢(z) and f(z).
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Galois Theory via Eigenvalue Methods

David A. Cox

Abstract. In recent years, eigenvalue and eigenvector methods have played
an increasingly important role in solving polynomial systems. This expository
article explains how these ideas can be applied to Galois theory.

Introduction

Galois theory was invented to understand the solutions of a univariate polynomial
equation and led significant developments in pure mathematics. More recently, so-
lutions of multivariate polynomial systems have been studied by the eigenvalue and
eigenvector methods. This expository article will explore some of the unexpected
connections between these approaches. Full details can be found in [4].

1. Eigenvalue Methods

We begin with a quick review of eigenvalue methods. Given a system of polynomial
equations

fl(l‘lw"»xn):”':fs(l‘lw"»xn):o (11)

with coefficients in an infinite field F', we get the quotient ring

A:F[-Th---,xn]/<f17-"»fs>7

which is an algebra over F since it is both a ring and a vector space over F' in a
compatible way. Every polynomial h € F[z1,...,z,] gives a multiplication map

mp:A— A

defined by my ([f]) = [hf], where [f] € A is the coset of f in the quotient ring A.
It is well-known that A is finite-dimensional over F' if and only if the equations
(1.1) have only finitely many solutions over the algebraic closure F.

The following Eigenvalue Theorem was noticed by Lazard [11] in 1981 and
developed in the context of resultants by Auzinger and Stetter [2] in 1988.



212 D.A. Cox

Theorem 1.1. Assume that (1.1) has a finite positive number of solutions. Then
the eigenvalues of my, are the values of h at the solutions of (1.1) over F'.

Eigenvalue and eigenvector methods have been studied in numerous papers,
many of which are listed in references to [4] and [7]. See also Stetter’s book [14].
From a symbolic point of view, the numerical information contained in the eigen-
values is encoded into the characteristic polynomial CharPoly,,, (u) of my. This
paper will illustrate some surprising uses of these characteristic polynomials.

2. Single-Variable Representation

We will be interested in the case when the multiplication map my, is non-derogatory,
meaning that all of its eigenspaces have dimension one. As explained in [4], the
eigenvectors of my, give especially useful information about the solutions of (1.1)
when my, is non-derogatory.

For a solution p, we get the local ring A, such that dimp A, is the multiplicity
of the solution. We now define a special kind of solution using the ring A,.

Definition 2.1. A solution p of (1.1) is curvilinear if A, ~ F[z]/(z¥) for some
integer k > 1.

Alternatively, let m;, be the maximal ideal of A,. The integer
ep = dimp m,/ mi = # minimal generators of m, (2.1)

is called the embedding dimension of A,. Then one can prove that a solution p is
curvilinear if and only if A, has embedding dimension e, < 1.
The following result is proved in [4].

Theorem 2.2. There exists h € Flxq,...,x,] such that my, is non-derogatory if
and only if every solution of (1.1) is curvilinear. Furthermore, if this happens,
then my, are non-derogatory when h is a generic linear combination of x1,...,Ty.

One property of the non-derogatory case is that when my, is non-derogatory,
we can represent the algebra A using one variable. Here is the precise result.

Proposition 2.3. Assume that h € Flx1,...,x,] and that my is non-derogatory.
Then
F[u]/(CharPoly,, (u)) ~ A.

Proof. Consider the map F[u] — A defined by P(u) — [P(h)]. One easily shows
that P(u) is in the kernel if and only if P(my) is the zero linear tranformation.
By the definition of minimial polynomial, it follows that the kernel of this map is
generated by MinPoly,, (u). Thus we get an injective homomorphism

Flu]/(MinPoly,,, (u)) — A.
But MinPoly,,, (u) = CharPoly,, (u) since my, is non-derogatory, and
dimp F[u]/(CharPoly,,, (u)) = deg CharPoly,,, (u) = dimp A.

It follows that the above injection is the desired isomorphism. (I
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When all of the solutions are curvilinear (e.g., they all have multiplicity 1),
Proposition 2.3 applies when h is a generic linear combination of the variables.

3. Factoring

We will use characteristic polynomials of multiplication maps my, to do factoring
over number fields.

Suppose that f(z), g(x) € Q[z] are irreducible with roots «, 5 € C such that
f(a) =g(B) = 0. Then f(x) factors into irreducibles over Q(3), say

f(@) = fil@)--- fr(x),  fi(z) € Q(B)[z]. (3.1)

This is easy to say, but how is this done in practice? We will describe a method
due to Kronecker that reduces this problem to factorization over Q (using known
algorithms) and gcd computations in Q(3) (using the Euclidean algorithm).

Consider A = Qlz,y]/(f(x), g(y)). For h € Q[z, y], we let ®(u) € Q[u] denote
the characteristic polynomial of mj, : A — A.

Theorem 3.1. Pickt € Q such that h = x +ty takes distinct values at the solutions
of f(z) =g(y) =0 and let

@:H@@

be the irreducible factorization of ®(u) in Q[u]. Then the irreducible factorization

of f(x) over Q(B) is
f(@) = fi(x) - fr(2),
where
fi(z) = ged(®i(z +t0), f(2))
and the ged is computed in Q(8)[x].

Proof. One easily sees that the solutions of f(z) = g(y) = 0 have multiplicity
1 since f(x) and g(y) are separable. By assumption, h = = + ty takes distinct
values at all solutions of f(z) = g(y) = 0. Since they have multiplicity 1, my, is
non-derogatory. Then the single-variable representation given by Proposition 2.3
implies the map sending u to [z 4 ty] € A induces an isomorphism

Q[u]/{®(w)) ~ A

since ®(u) is the characteristic polynomial of my,. Since the eigenvalues all have
multiplicity 1, the above factorization of ®(u) is a product of distinct irreducibles.
By the Chinese Remainder Theorem, this factorization gives a decomposition

A~ Qlu H@
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into a product of fields. Using the definition of A, this transforms into the product
of fields given by

A =Qlz,yl/{g(y), f(x)) ~ HQ[x,y]/@(y), f(@), ®i(z +ty)). (3.2)

Since y — G induces Q[y]/{g(y)) ~ Q(B), we can rewrite (3.2) as a product of fields
A= TTQOI/ ), Bl + ). (3.3)

However, Q(8)[z] is a PID, so that {f(x), ®;(x+t3)) is the principal ideal generated
by fi(z) = ged(f(x), ®;(z+1t0)). Since each factor in the product in (3.3) is a field,
fi(z) is irreducible over Q(3). Notice also that f;(z) divides f(z). Showing that
this gives all irreducible factors of f(x) is straightforward—see [4] for details. O

This theorem gives the following algorithm for factoring f(x) over Q(f):

e Pick a random ¢ € Q and compute ®(u) = CharPoly,,, (u) for h = z + ty.
Also compute Disc(®(u)).

e If Disc(®(u)) # 0, then factor ®(u) = [],_; ®;(u) into irreducibles in Q[u]
and for each i compute ged(®;(z+t8), f(z)) in Q(B)[z]. This gives the desired
factorization.

o If Disc(®(u)) = 0, then pick a new ¢ € Q and return to the first bullet.

An alternate approach would be to follow what Kronecker does on pages
258-259 of [10, Vol. IT] and regard t as a variable in h = = + ty. Then ®(u)
becomes a polynomial ®(u,t) € Q[z, t]. Now factor ®(u,t) into irreducibles Q[u, t],
say ®(u,t) = [[;—; ®i(u,t). Then f;(z,3) can be recovered from ®;(x + t3,t). A
rigorously constructive version of this is described in [5].

We can also use characteristic polynomials to do primary decomposition. The
idea is to look at (3.2) from the point of view of ideals, which easily implies that
(f(@), 9(w) = [ f(2), 9(y), Bi(x + ty)).

i=1
This is the primary decomposition of {f(x), g(y)) since the ideals in the intersection
on the right are maximal. Hence, in this special case, we can compute a primary
decomposition using the characteristic polynomial of a multiplication map. The
general case is discussed in [4].

4. Galois Theory

Consider the splitting field of 22 — z — 1 € Q[x]. Two simple description of this
field are
Q(V5) and Qlyl/(y* - 5)-

However, we will see that the splitting field can also be expressed as

Q[l‘l,l‘g]/<l‘1+l‘2 71,$1I2+1>. (41)
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Although this may seem more complicated, it has the advantage of giving explicit
descriptions of the roots (the cosets of z1 and x3) and the Galois action (permute
these two cosets). Note also that the generators of ideal appearing in (4.1) make
perfect sense since they give the sum and product of the roots of 2 — z — 1.

We will generalize this approach to arbitrary polynomials using the methods
developed in earlier sections. Many of the ideas discussed here are well-known to
researchers in computational Galois theory. See, for example, [1] and [12].

4.1. Splitting Algebras

Let F be an infinite field and f(z) € F[z] be a monic polynomial of degree n with
distinct roots. We will write f(x) as

f@)=a"—cz" '+ 4+ (-1)"cn, ¢ €F.

Let o1,...,0, denote the elementary symmetric polynomials in z1,...,x,. Then
consider the system of n equations in z1,...,z, given by
01(T1, ..y @y) —C1 = =0p(T1,...,Tn) —cp =0. (4.2)

The associated algebra

A=Flz1,...,xn]/{01 —C1,...,0n — Cn)
is the splitting algebra of f over F. The system (4.2) and the algebra A were first
written down by Kronecker in 1882 and 1887 respectively (see page 282 of [10,

Vol. I1] for the equations and page 213 of [10, Vol. II] for the algebra). A modern
treatment of the splitting algebra appears in the paper [6].

4.1.1. The Universal Property. The natural map F|z1,...,x,] — A takes o; to
¢;, so that by the identity
(x—z1) - (x—2,)=2" —012" 4+ 4 (=1)"0y,
the cosets [z;] € A become roots of f(z). Thus f(x) splits completely over A.
But more is true, for the factorization of f(x) over A controls all possible
splittings of f(z). Here’s why. If f(x) splits completely in some F-algebra R, say
fl)=(x—a1) - (z—an), ai,...,a, €R,

then x; — «; induces an F-algebra homomorphism ¢ : A — R such that this
splitting is the image under ¢ of the splitting of f(z) over A. The splitting of f(x)
over A is thus “universal” since any splitting is a homomorphic image of this one.

4.1.2. The Dimension of A. We know that dimg A is the number of solutions,
counted with multiplicity. Let F' an the algebraic closure of F' and fix a splitting

f(z) = (z —a1) - (z — an) € Flal.
Using this, one easily sees that (4.2) has the n! solutions given by
(0‘0(1)7 : --»aa(n)), o€eS,.

We can also determine the multiplicities of these solutions. Since o; —¢; has degree
i as a polynomial in 1, ..., z,, Bézout’s theorem tells us that (4.2) has at most
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1-2-3---n = n! solutions, counting multiplicity. Since we have n! solutions, the
multiplicities must all be 1. Hence

dimp A = n!.

4.1.3. The Action of S,,. The symmetric group S,, acts on F[z1,...,z,] by per-
muting the variables. Since o;—c¢; is invariant under this action, the action descends
to an action of S, on the splitting algebra A.

4.1.4. The Emergence of Splitting Fields. Although f splits over A, this algebra
need not be a field. So how does A relate to the splitting fields of f over F'?7 We
will analyze this following Kronecker’s approach.

Since F' is infinite, h = tiz1 + - -+ + t,x, takes distinct values at the solu-
tions of (4.2) for most choices of t1,...,t, € F. Since all solutions of (4.2) have
multiplicity 1, the characteristic polynomial of mj;, on A is

CharPoly,,, (u) = H (u— (t1ao(1) + + tnQo(n))) (4.3)
o€Sn

and the linear map my, is non-derogatory. By Proposition 2.3, the map sending u
to [tix1 + -+ - thxn] € A induces an F-algebra isomorphism

F[u]/(CharPoly,,, (u)) ~ A.

Now factor CharPoly,,, (u) into monic irreducible polynomials in F'[u], say

CharPoly,,, (u) = H G;(u).
i=1

Since CharPoly,, (u) has distinct roots, the G;(u) are distinct. Hence we have
isomorphisms

A~ F[u]/(CharPoly,,, (u)) ~ H\F[U]NGZ(U», (4.4)
i=1 ;(:

Each K; is a field, and since the projection map A — K; is surjective, each K; is a
splitting field of f over F'. Thus the factorization of the characteristic polynomial
of my, shows that A is isomorphic to a product of fields, each of which is a splitting
field of f over F'.

4.1.5. History. The methods described here are due to Galois and Kronecker. In
1830 Galois chose t1,...,t, such that the n! values tia,(1) + -+ + thay(n) are
distinct and showed that
V:t10ll+“‘+tn0ln

is a primitive element of the splitting field. He also used the polynomial on the
right-hand side of (4.3). Unlike Kronecker, Galois simply assumed the existence of
the roots.

In 1887 Kronecker gave the first rigorous construction of splitting fields. He
first proved the existence of ¢1,...,t, as above and then factored CharPoly,,, (u)
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into irreducibles. If G;(u) is one of the factors of CharPoly,,, (u), he showed that
Flu]/(G;(u)) is a splitting field of f over F.
4.2. Some Galois Theory

We now use the above description of A to prove some standard results in Galois
theory. We begin by observing that A has two structures: an action of S,, and a

product decomposition
i
A~ H KZ‘,
i=1

where K; is a splitting field of f over F. As we will see, the Galois group arises
naturally from the interaction between these structures.

Since the decomposition A ~ []'_, K; is unique up to isomorphism, it follows
that for 1 <¢ <r and o € S,,, we have o0(K;) = K for some j. This easily implies
the first part of the following result.

Proposition 4.1. For each i =1,...,r, there is a natural isomorphism
Furthermore, S,, acts transitively on the set of fields {Ki, ..., K, }.

Proof. It remains to prove transitivity. Under the isomorphism
Flu]/(CharPoly,,, (u)) ~ A,
S, permutes the factors of CharPoly,,, (u) = [[,_; Gi(u). Over F, the factoriza-

tion becomes
CharPoly,,, (u) = H (u— (tr06(1) + -+ tnQo(n)))-
ocES,
This shows that S, must permute the G;(u) transitively. By (4.4), we conclude
that S,, permutes the K; transitively. (I

We can use Proposition 4.1 to prove some classic results of Galois theory as
follows. We begin with the uniqueness of splitting fields.

Theorem 4.2. All splitting fields of f over F are isomorphic via an isomorphism
that is the identity on F.

Proof. Let L be an arbitrary splitting field of f over F. Then splitting of f over
L must come from the universal splitting via an F-algebra homomorphism ¢ :
A — L. Furthermore, ¢ is onto since the roots of f generate L over F. Using the
decomposition A4 ~ [];_, K;, we obtain a surjection

i
[[5 — L
i=1
It is now easy to see that L ~ K; for some i. Then we are done since this is an
isomorphism of F-algebras and the K; are mutually isomorphic F-algebras by the
transitivity proved in Proposition 4.1. (I
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Theorem 4.3. # Gal(K;/F) = [K;: F].

Proof. Note that Gal; = {0 € S, | o(K;) = K,} is the isotropy subgroup of
K; under the action of S, on {Kj,...,K,}. Since this action is transitive by
Proposition 4.1,

Ga =
However, we know that Ki,..., K, are mutuiﬂly isomorphic. Thus
n! =dimp(A) = [K1:F]+ -+ [K,.:F]=r[K;: F].
Combining this with the previous equation gives # Gal; = [K;: F']. Then we are
done since Gal; ~ Gal(K;/F) by Proposition 4.1. O

Theorem 4.4. If the characteristic of F' doesn’t divide # Gal(K;/F’), then F is the
fized field of the action of Gal(K;/F) on K;.

Proof. For brevity, we refer the reader to [4] for the proof. We should also note
that a more general version of Theorem 4.4 is proved in [6]. O

4.3. Primary Decomposition
The Galois group of f consists of all permutations in S,, that preserve the alge-
braic structure of the roots. In this section, we will use primary decomposition
to describe “the algebraic structure of the roots” and see how the Galois group
“preserves” this structure. We will work over Q for simplicity.

Given f = 2" — 12"t + -+ + (=1)"¢, € Q[z] as in Sect. 4.1, the splitting
algebra is

A=Q[x1,...,xn|/{01 —C1,y. ., 00— Cn).

Pick h = tyx1 + - - - + t,x, such that my : A — A is non-derogatory and let

CharPoly,, (u) = H Gi(u)
i=1

be the irreducible factorization of the characteristic polynomial in Q[u]. Similar to
what we did in Sect. 3, the isomorphism (4.4) gives the primary decomposition

T

<01—01,...,0n—cn>:ﬂli

where

I; = <0'1 —Cly...y0Op — CnyGl(h»

4.3.1. Computing the Galois Group. Note that S,, permutes the ideals I; since
(01 —c1,...,0n — Cyp) is invariant. It follows easily that

Using a Grobner basis of I;, we can determine whether o(I;) equals I; for any
given o € S,,. Hence, by going through the elements of S, one-by-one, we get a
(horribly inefficient) algorithm for computing the Galois group.
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4.3.2. Relations Among the Roots. Each ideal I; in the primary decomposition
is larger than (o7 — ¢1,...,0, — ¢n). The ideal (o1 — ¢1,...,0, — ¢,) encodes
the obvious relations among the roots, and the polynomials we add to get from
(01 —c1y...,0n — ¢p) to I; reflect the extra algebraic relations between the roots
that hold in the splitting field K;. Having more relations among the roots means
that I; is larger and hence K; and the Galois group are smaller.

For instance, if the Galois group of f is Sy, then (o1 —¢1,...,0n —¢,) is a
maximal ideal and the splitting algebra is the splitting field. This means that the
only relations among the roots are the obvious ones relating the coefficients to the
roots via the elementary symmetric polynomials.

We conclude with some examples that indicate what happens when the Galois
group is smaller than S,,.

Ezample. Let f = 23 —c12?+cax —c3 € Q[z] be an irreducible cubic. The splitting
algebra of f is A = Q[z1, x2, x3]/{01 — 1,02 — 2,03 — ¢3). It is well-known that

S3 lfA(f) ¢ Q27

the Galois group of f is isomorphic to {Z/3Z it A(f) € @,

where A(f) € Q is the discriminant of f. By the above analysis, it follows that A
is the splitting field of f when A(f) ¢ Q2.

Now suppose that A(f) = a? for some a € Q. In this case, the splitting
algebra is a product of two copies of the splitting field, i.e., A = K; x K. Let

VA = (21— x2) (21 — 23) (22 — w3) € Q1 22, 23).
In the splitting algebra A, we have [v/A]? = [A(f)], so that
[VAJ? = [a].

Since A is not an integral domain, this does not imply [v/A] = =+[a]. In fact,
[V/A] € A cannot have a numerical value since [v/A] is not invariant under S3. Yet
once we map to a field, the value must be +a. But which sign do we choose? The
answer is both, which explains why we need two fields in the splitting algebra.

In this case, we have the primary decomposition

(o1 —c1,00 — 2,03 —c3) = I1 N Iz,
where
I = {01 —c1,00 — 3,03 — 03,\/A —a),
I, = {01 —c1,00 — 3,03 — 03,\/A+a>.

This primary decomposition show that the Galois group is As since Ajs is the
subgroup of S3 that fixes VA and hence fixes I; and Is.

The quartic is more complicated since there are five possibilities for the Galois
group of an irreducible quartic. We will discuss the following case.
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Ezample. Let f = z* — c12® + cox? — c32 + ¢4 € Q[z] be an irreducible quartic
with roots ay, as, as, aq and splitting algebra

A = Q[$1,l‘2,l‘3,$4]/<0’1 —C1,02 —C2,03 —C3,04 — C4>.
To find the roots of f, we use the Ferrari resolvent
x> — cox? + (crc3 — 4eq)x — cg — cieq + 4eacy. (4.5)

Euler showed that if 81, 82, 85 are the roots of (4.5), then the roots of f are

i(clzlz \/ﬂl +c%—402 :I:\/ﬂngc%—élcQ :I:\/ﬁngc%—élcQ),
where the signs are chosen so that the product of the square roots is ¢ —4cj ca+8¢s.
Also, as shown by Lagrange, the roots of the resolvent (4.5) are
Q1o + azay, Qo + asay, ooy + asas. (4.6)
The Galois group G of f over Q is isomorphic to one of the groups
Sa, A4, Ds, ZJAZ, 7./27 X 7/2Z,
where Dg is the dihedral group of order 8. Three cases are easy to distinguish:
Sy if A(f) ¢ Q? and (4.5) is irreducible over Q,
G~ A if A(f) € Q? and (4.5) is irreducible over Q,
Z)27 x ZJ27 if A(f) € Q% and (4.5) is reducible over Q.

The remaining case is when A(f) ¢ Q% and (4.5) has a root in Q. Here, the Galois
group is Dg or Z/47. We state without proof the following nice fact:

G~ Dy < A(f) ¢ Q% (4.5) has aroot b € Q, and

(01 —c1,02 —ca,03 —c3,04 —cq) =11 NI N3

—_~ o~

is the primary decomposition, where
I = (01 —c1,09 — 2,03 — €3,04 — €4, T122 + 2374 — b),
I, = (01 —c1,09 — 2,03 — €3,04 — €4, T123 + T2x4 — b),
I3 = (01 —c1,09 — 2,03 — €3,04 — C4, T124 + ToT3 — b).

The reason for three ideals is that b is one of the three combinations of roots given
in (4.6). To get a field out of the ideal (o1 — ¢1,02 — c2,03 — ¢3,04 — ¢4), We must
commit to which combination gives b. This gives the ideals Iy, I, Is as above.

4.4. Numerical Methods

The earlier part of this section used symbolic methods to highlight the ideas of
Galois theory. But when we turn our attention to computing Galois groups in
practice, we encounter some interesting symbolic-numeric methods.

Most algorithms for computing Galois groups in computer algebra systems
such as Maple, Magma and GAP use resolvents. For example, an irreducible quartic
over Q has the Ferrari resolvent (4.5), whose factorization over Q helps determine
the Galois group of the polynomial.
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A more substantial example concerns the polynomial f = z7 — 1542 + 99
studied by Erbach, Fischer and McKay [8] in 1979. Let F7 be the finite field with 7
elements. The proof that the Galois group of f is isomorphic to PSL(2, F7) uses the
resolvent R of degree (;) = 35 whose roots are all possible sums of three roots of f.
The coefficients of R can be expressed in terms of the coefficents of f, though doing
so symbolically would be very cumbersome. The paper [8] finds it more efficient
to compute the roots of f numerically. This gives numerical approximations of
the roots of R, from which R can be computed without difficultly, provided one
pays sufficient attention to the accuracy. After this numerical computation, R is
factored by symbolic methods, and the factors give crucial information about the
Galois group of f.

A general introduction to the use of resolvents in computational Galois theory
can be found in Chapter 14 of [3]. Some of the numerical issues are discussed in
the paper [13], and a recent survey of computing Galois groups appears in [9].
Further references can be found at the end of Chapter 14 of [3].
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Pythagore’s Dilemma, Symbolic-Numeric
Computation, and the Border Basis Method

Bernard Mourrain

Abstract. In this tutorial paper, we first discuss the motivation of doing
symbolic-numeric computation, with the aim of developing efficient and cer-
tified polynomial solvers. We give a quick overview of fundamental algebraic
properties, used to recover the roots of a polynomial system, when we know
the multiplicative structure of its quotient algebra. Then, we describe the bor-
der basis method, justifying and illustrating the approach on several simple
examples. In particular, we show its usefulness in the context of solving poly-
nomial systems, with approximate coefficients. The main results are recalled
and we prove a new result on the syzygies, naturally associated with commu-
tation properties. Finally, we describe an algorithm and its implementation
for computing such border bases.

1. Introduction

Polynomial system solving is ubiquitous in many applications such as geometric
modeling, robotics, computer vision, computational biology, and signal processing.

In CAGD (Computer-Aided Geometric Design) for instance, the objects of a
scene or a piece to be built are represented by piecewise-algebraic models (such as
spline functions or NURBS), which are able to encode the geometry of an object
in a compact way. Indeed this B-spline representations is heavily used in CAGD,
being now a standard for the representation of shapes. From a practical point of
view, critical operations such as computing intersection curves of parameterized
surfaces, or analyzing their topology are performed on these geometric models,
which require, in fine, to solve polynomial equations.

In robotics or molecular biology (rebuilding of a molecule starting from the
matrix of the distances between its atoms obtained by NMR), we have to com-
pute positions of solids, satisfying polynomial equations, deduced from distance
constraints. In signal processing, computing high-order statistics from signal obser-
vations leads to polynomial equations on the parameters that we want to identify.
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Typical methods like minimization techniques and Newton-like methods are
often used in these problems, but they do not always offer guarantees. They are
local methods which do not provide global information on the set of solutions
of the problems. However in many applications, it is important to detect all the
possible solutions (usually all real solutions in a given domain).

In this paper, we give a tutorial presentation of a symbolic-numeric method
for solving a polynomial system f; = --- = f,, = 0, which yields such global
information on the roots.

Our objective is to devise certified and output-sensitive methods, in order to
combine control and efficiency. How can we realize this objective?

First we have to make the context of our computation precise. The num-
bers that we can encode on a computer are integers, floating point numbers with
fixed size. Such arithmetic is the basis of all symbolic and numeric methods in
scientific computation. But there exist also dedicated efficient libraries to compute
with integers, rational numbers or floating numbers of arbitrary size. Whereas in
numerical computation, one uses fixed size floating point arithmetic, in symbolic
computation, one is inclined to use large integer or rational numbers. But we should
be aware that these number types, which are the basements of our computation,
cannot represent all the numbers that we need in our modeling problems.

This is not a new problem. A long time ago, in the Ancient Greeks works,
Geometry, the art of measuring the world, was already closely tied to arithmetic
problems. Pythagore developed a complete model of computation, relating geomet-
ric constructions to (commensurable) numbers that we call today rational num-
bers. But Hyppase de Metaponte exhibited publically some weakness of this model
(namely that /2 is not a rational number). The story says that this act of bravery
had terrible consequences for him. Today, we want to deal with models of the real
world on a computer. But this machine is able to compute efficiently only with
fixed size or floating point numbers and we are facing again Pythagore’s dilemma:

e Should we consider that floating point arithmetic is sufficient to analyze all
these problems?
e Should we accept to deal systematically with exact but implicit representation?

The roots of symbolic-numeric computation can, somehow, be found in these ques-
tions. On one side, symbolic or exact computation allows to answer in a certified
way, to many geometric questions such as counting the number of real roots in
a domain, but suffers from a swell of complexity involving huge implicit repre-
sentations. On the other hand, numerical computation is usually very efficient
in approximating locally a given solution, but lacks for a global view on all the
possible solutions. The objective of symbolic-numeric computation is to combine
efficiency, doing approximate combination and certification, controlling the errors
from the symbolic models.
The two main challenges, in this context, are to devise methods

e which are numerically stable, when we perturb slightly the input coefficients,
e and which allow to control and improve the approximation level.
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The first point is a prerequisite in the treatment of polynomial systems, for which
the coefficients are known with some uncertainty. Such situations appear in many
domains, such as CAGD, robotics, signal processing, where the models are not
exact, due to measurement errors or to rounding operations, during the geometric
processing steps.

Here is an example, which illustrates an instability in the algorithmic ap-
proach, which is not an instability of the problem. Consider a system of equations
in two variables of the form

p1i=ax?+bzi+1i(r1,22) =0,
p2i=ca? +dxd+la(zr1,22) =0,

where a, b, ¢, d € C are complex numbers, a d — b ¢ # 0 and Iy, l> are linear forms.

Let us compute a Grobner basis [6] of these polynomials for a monomial
order refining the degree order. The initial ideal is generated by (2%, 3) and the
corresponding basis of A = Clz1, x2]/(p1,p2) is {1, 1, 2, x1 T2}.

The two conics have horizontal and vertical axes and the basis (1, x1, x2, 1 T2)
of A = Clz1,x2]/(p1,p2) is easily deduced from the Grobner basis computation.
Consider now a small perturbation of this system

P1 =Dp1 + €1 71 T2,
P2 = P2 + €2 T1 T2,

where €1,¢e5 € C are “small” parameters. The zero-set is also the points of inter-
section of the two conics, which are slightly deformed but the initial ideal is now
(22, 2110, 23) (if 21 = 2).

The basis of A = Clz1,x2]/(P1,D2), deduced from a Grébner basis computation
for the same monomial ordering, becomes {1, z1, 2, z2}.

We see that, in the result of a small perturbation, basis may “jump” from
one set of monomials to another, though the two situations are very closed to each
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other from a geometric point of view. Moreover, some of the polynomials of the
Grobner basis have large coeflicients, for we have to divide by coefficients of the
order €1, €5. This computation illustrates an unstable algorithm in a geometrically
stable configuration.

Let us illustrate also the need to analyze approximation levels and to study
convergence problems on the classical Wilkinson polynomial of degree 20:

Expanding this product using large integer, and solving p with an appropriate
solver (here we use mpsolve developed by D. Bini and G. Fiorentino [3]) yields
the roots 1,2, ..., 20. Consider now the polynomial

q:=p+10719219,

If we solve with the same solver, we obtain the following approximations of the
roots:

0.9999999999999885647030 + i * 0.780304076295825340952 1037,
1.99999999991869592542 — i * 0.355997149308138207546 1025,
3.00000163363722549548 — i x 0.193933463965337673953 1021,
3.99783995916073831012 — i * 0.149038769767887986466 1012
4.92749594405462332247 £ i * 0.36215400924406582206,
5.46579204715263866632 £ i * 1.42160717840964156977,
6.02565971634962238568 £ i * 2.81462226694663675275,
6.67233216337412127217 £ i % 4.70875887169693640999,
7.57026709806031661287 £ i * 7.48404858744277845517,
9.34247692903625548411 + i x 12.0445559069247813966,
15.3308398638862630747 £ i * 20.5636861821969070263,
44.1662154433454716695 + i * 24.4655059912717440795.

Since the roots of the polynomial p are simple, applying the implicit function
theorem, we can show that locally, they are continuous functions of the coefficients
of the polynomial. In other words, for any € > 0, there exists a § > 0 such that a
small perturbation of the input coefficients of at most § induces a perturbation of
at most € on the roots. From a geometric point of view, we are in a stable situation.

However, the perturbed example shows that if we want a perturbation of
order, say, 10~2 on the roots, we should consider approximation of the input coef-
ficients at a precision much less than 10~!°. Here, a perturbation of 10719 on the
coefficients of p induces a perturbation of size > 20 on some of the roots.

A main challenge in symbolic-numeric methods is thus to analyze how the
approximation on the input and output are related, and how to improve efficiently
this level of approximation. In this tutorial paper, we are not going to elaborate
on this difficult problem, but focus on the stability question in algebraic solvers.
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2. From the Structure of 2 to the Roots

In this section, we recall classical results, useful for solving effectively a polynomial
system. We illustrate these on small examples.

We next define some notations which we will use hereafter. Let K be an
effective field. The ring of m-variate polynomials over K will be denoted by R,
R =K[x] = K[z1,...,z,]). We consider n-variate polynomials f1,..., fs € R. Our
goal is to solve the system of equations f; = 0,..., fs = 0 over the algebraic
closure K of K. These polynomials generate an ideal of K[x] that we call I. From
now on, we suppose that I is zero-dimensional so that its number of roots over K
is finite. The set of roots, with coordinates in the algebraic closure of K, will be

denoted by Zyn (I) = {C1y- .+, Ca}s With G = (Giay-- -, Gin) €K
2.1. The Quotient Algebra

We denote by 2 = R/I the quotient algebra of R by I, that is the set of classes
of polynomials in R modulo the ideal I. The class of an element p € R, is denoted
by p € 2. Equality in  is denoted by = and we have a = ad’ iff a —a’ € I.

The hypothesis that Z(I) is finite implies that the K-vector space 2 is of finite
dimension (say D) over K [6, 8]. As we will see, we will transform the resolution
of the non-linear system f = 0, into linear algebra problems in the vector space 2,
which exploits its algebraic structure. Let us start with an example of computation
in the quotient ring 2.

Ezample 2.1. Let I be the ideal of R = K[z, x2] generated by

1 = 13x2+8x1x2—|—4x2—8x1—8x2+2,
1 2
1
f2 217%4—171172—171—6.

The quotient ring A = K[z, z2]/I is a vector space of dimension 4. A basis of 2
is 1, x1, 2, 1x2. We check that we have

2 _ 2
i = xl—f2=—331332+$1+67

5 13 4 55 2 5
9$1f1—(9+ 9 $1+9$2)f2=—$1$2+54$1+ 27$2+54.
More generally, any polynomial in K[z, 2] can be reduced, modulo the polyno-
mials fi, f2, to a linear combination of the monomials 1, 1, z2, 1 2, which as we

will see form a basis of 2.

2 _ .2
TiTy = TiT2 +

Hereafter, (x*)ocp = x” will denote a monomial basis of 2. Any polynomial
can be reduced modulo the polynomials f1,..., fs, to a linear combination of the
monomials of the basis xZ of 2.

2.2. The Dual

An important ingredient of our methods is the dual space R that is, the space
of linear forms A : R — K. The evaluation at a point ( € K" is a well-known
example of such linear forms: 1. : R — K such that ¥p € R, 1:(p) = p(¢).
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Another class of linear forms is obtained by using differential operators. Namely,

for any a = (v, ..., ay) € N* consider the map
d“:R — K
1 o an
p = (doy)™ -+ (de,)™" (p)(0), (1)

[T !
where d, is the derivative with respect to the variable z;. For a moment, we assume
that K is of characteristic 0. We denote this linear form d* = (dy)®* ---(d,)*"
and for any (ai,...,a,) € N (B1,...,0,) € N observe that

o (11 58 1 i Y = G,
d (1_[1 i ) (0) _{ 0 otherwise.

It immediately follows that (d®),en» is the dual basis of the primal monomial
basis (x“)aenn- Notice that (d*),enn can be defined even in characteristic # 0.
Hereafter, we will assume again that K is a field of arbitrary characteristic. By
applying Taylor’s expansion formula at 0, we decompose any linear form A € R as
A =3 cnn A(x®)d®. In particular, the evaluation 1¢ is represented by

1c=) ¢™d~

[

The map A — >~ y» A(x¥) d® defines a one-to-one correspondence between the
set of linear forms A and the set K[[d1,...d,]] = K[[d]] = {>  cyn Ao df* ---dgn}
of formal power series (f.p.s.) in the variables dy, ..., d,.

Hereafter, we will identify R with K[[d1,...,dy]]. The evaluation at O corre-
sponds to the constant 1, under this definition. It will also be denoted 19 = d°.

Let us next examine the structure of the dual space. We can multiply a linear
form by a polynomial (R is an R-module) as follows. For any p € R and A € R, we
define p- A as the map p-A : R — K such that Vg € R, p-A(¢q) = A(pq). For any pair
of elements p € R and for a; € N, «a; > 1, we check that we have d;(z; p)(0) =
d?i_lp(O). Consequently, for any pair of elements p € R, = (aq,...,q,) € N,
where «; # 0 for a fixed i, we obtain that

zi-d*(p) = d*(x;p) =dft - -d AN TN A0 (p),

that is, z; acts as the inverse of d; in K[[d]]. This is the reason why in the literature
such a representation is referred to as the inverse system (see, for instance, [13,
16, 9]).

2.3. The Multiplication Operators

The first operator that comes naturally in the study of 2 is the operator of mul-
tiplication by an element of a € . For any element a € 2, we define the map

M,: A — 2
b — ab.
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We will also consider the transposed operator

A — MEA)=AoM,.
The matrix associated to this operator in the dual basis of a basis of 2 is the
transposed of the matrix of M, in this basis.

Ezample 2.2. Let us compute the matrix of multiplication by x; in the basis
(1,21, 22, x122) of A = K[z, z2]/(f1, f2), where fi, fo are the polynomials of
Example 2.1. We multiply these monomials by x; and reduce them to a normal
form. According to the computations of Example 2.1, we have

1xz = 21,

1
T Xx] = —r1T2 + 21+ 6’
T2 X T1 = T1T2,
55 2 5
T1To X 1 = —T1To + xr + xo +

54 27 54’

so that we have .

0 5 0 4
11 0 2
M, = :
0 0 0 2
0 -1 1 -1

The multiplication map can be computed, when a normal form algorithm
is available. In the next section, we will describe how to compute such a normal
form, in a symbolic-numeric setting.

The algebraic solver approach is based on the following fundamental theorem
(see [2, 14, 23)):

Theorem 2.3. Assume that Zyn(I) = {(1,...,(a}-

1. The eigenvalues of the linear operator M, (resp. Mt) are {a(C1),...,a(Ca)}-
2. The common eigenvectors of (MY),co are (up to a scalar) 1¢,, ..., 1¢,.

Notice that if (x*)necp is a monomial basis of 2, then the coordinates of the
evaluation 1, in the dual basis of (x*)ack are (({*)acr where ¢* = 1,(x*). Thus,
if the basis (x*)q4cp contains 1, x1, . . ., 2, (which is often the case), the coordinates
[Va)ack (in the dual basis) of the eigenvectors of M} yield all the coordinates of

the root: ¢ = [“"*,..., “*»]. This leads to the following algorithm:

v1 v1
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Algorithm 2.4. SOLVING IN THE CASE OF SIMPLE ROOTS.

Let a € R and M, be the matrix of multiplication in a basis x¥ = (1,z1,..., 2y, ...)
of 2.

1. Compute the eigenvectors A = [A1, Ay, ..., Ay, ,...] of ME.

2. For each eigenvector A with A; # 0, compute and output

¢ = (B Aay,
= (W)

The set of output points ¢ contains the set of simple roots of Z(I), since for such
roots the eigenspace is one-dimensional. But as we will see on the next example,
it can also yield in some cases' the multiple roots:

Ezample 2.1 continued. We compute the eigenvalues, their multiplicity, and the

corresponding normalized eigenvector of the transposed of the matrix of multipli-
cation by zi:

Eigenvector Eigenvalue Multiplicity
15 5 1

1. — _ _
L, 376’ 18] 3
17 7] 1
376718 3

2

1,

K

As the basis chosen for the computation is (1,x1,x2,x122), the previous
theorem tells us that the solutions of the system can be read off, from the 279
and the 3™ coordinates of the normalized eigenvectors:

15 17
= | — d = .
Cl ( 3’ 6) an <2 (37 6)

Moreover, the 4" coordinate of these vectors is the product of the 2 by the 3™
coordinates.

In order to compute exactly the set of roots, counted with their multiplicity,
we employ the following theorem. It is based on the fact that commuting matrices
share common eigenspaces.

Theorem 2.5 ([14, 16, 5]). There exists a basis of A such that Ya € R, the matrix
M, is, in this basis, of the form
P 0 a(¢;) *
M, = e with Ni = .
0 Ng 0 a(G)

Here again, it leads to an algorithm:

Ldepending on the type of multiplicity
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Algorithm 2.6. SOLVING BY SIMULTANEOUS TRIANGULATION.

INPUT: The matrices of multiplication M,, (i =1,...,n) in a basis of 2.
1. Compute a (Schur) decomposition P such that all matrices T,, = PM,,P~!
(i =1,...,n) are upper-triangular.
2. Compute the diagonal vectors t; = (t;,, .
T, = (t;,) (fori=1,...,D).
OuTPUT: t;,7 = 0,..., D the solutions of the input polynomial system, repeated
with their multiplicity.

.., ") of the triangular matrices

1,

The first step is performed by computing an ordered Schur decomposition of M;
(where [ is a generic linear form) which yields a matrix P of change of basis.
Next, we compute the matrices T,, = PM,,P~! (i = 1,...,n) which are triangular,
since they commute with M;. The decomposition of the multiplication operators
in Theorem 2.5 is in fact induced by a decomposition of the algebra

A=A & & Ug,

where 2; is the local algebra associated with the root ;. More precisely, there

exist elements ey, ..., eq € 2, such that fori,j =1,...,d,
el =e;,
eie; =0, i # 7,

e1+---+e=1.

These polynomials, which generalize the univariate Lagrange polynomials, are
called the fundamental idempotents of 2. They are such that 2A; = ;2 and
e;(¢(;) =11if ¢ = j and 0 otherwise. The dimension of the K-vector space 2; is the
multiplicity pe, of ¢;. See [26, 14, 8].

2.4. An Exact Representation of the Roots

In some problems, it is important to have an exact representation of the roots,
with which we can effectively compute. Hereafter, we recall how to represent them
as the image, by a rational map, of the roots of a univariate polynomial. The
Chow form of 2 is the homogeneous polynomial in u = (ug, . .., u,) of degree D,
defined by

Cr(u) = det(ug +ug My, + -+ -+ up My, ).

According to Theorem 2.5, we have:

Theorem 2.7. The Chow form of U is

C[(u) = H (UO 4wl + - - —|—’u,n<n)‘uc,
CEZ(I)

where p¢ 1s the multiplicity of (.
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Ezample 2.1 continued. We compute the Chow form of the variety I = (f1, f2),
using the matrices of multiplication by x; and z2, computed previously. Then

3 6 6

We check that it is a product of linear forms, whose coefficients yield the roots

G =(—32) and & = (3, g) The exponents yield the multiplicity of the roots

(here 2).

1 7\’ 1 5 \°
det(u0+u1M1+uzM2):<uo+ uy + uz> <u0—3u1—|— uz>.

From this Chow form, it is possible to deduce a rational representation of the
points of Z(I), as describe in the following algorithm. See [21, 1, 22, 12] for more
details.

Algorithm 2.8. UNIVARIATE RATIONAL REPRESENTATION.

INPUT: A multiple A(u) of the Chow form I C R.

1. Compute the square-free part d(u) of A(u).
2. Choose a generic t € K"™! and compute the first terms of

d(t +u) =do(ug) +ur di(ug) + -+ +updp(ug) +--- .

. . d dn

3. Compute the redundant rational representation {; = d(,l) gzgg, e at ((Zg)),
do(uo) = 0.

4. Factor do(ug), keep the good prime factors and output the corresponding

simplified rational univariate representations of the roots Z(I).

This result describes the coordinates of the roots of the polynomial system f; =
0,...,fs = 0, as the image by an explicit rational map of some of the roots of
do(up). Since we start with a multiple of A(u), in order to have exactly the roots we
can remove the redundant factor of dy, by substituting the rational representation
back into the equations fi,..., fu.

This completes our description of the quotient algebra 2 = K|[x]|/I, and
shows how knowing its multiplicative structure yields a representation of the roots
of I. We are now going to consider how to compute effectively the multiplication
structure of 2. For this purpose, we will consider normal form methods, which given
a polynomial p € K[x], compute a canonical element for its class in 2 = K[x]/I
(or modulo I).

3. Border Basis Method

Grobner basis computation yields, by reduction, the normal form of any element
modulo I. As shown in the introduction, however by computing a Grébner basis
on a perturbed system, we obtain a completely different representation of . In
this section, we are going to detail an alternative approach, known as the border
basis method, or generalized normal form method [15, 18, 25, 24, 19, 11, 10], and
adapted to symbolic-numeric computation.
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FEzample 3.1. Consider the system

f :=x%+x§—x1—|—x2—2, fa :=x%—x§+2x2—3.

The computation of a Grobner basis for the degree-lexicographic ordering yields

2$22—$1—$2+1, 2$12—$1+3$2—5.

The leading monomials are z%, 22 and the corresponding monomial basis of 2 is

{1, 21, 2,21 x2}. Consider now a small perturbation:

fl, f2 + 10_7 xr1To.

We obtain
21722 = +z1 + 22 — 1+ 0.0000001 z122,
212 = -2 4+ 1 — 22+ 2,
z1x2 = 10000000.9999999999999950000000000000125 x>

—5000000.2500000124999993749999687500015625000781250 1
—5000000.7500000374999931249999062500171875002343750 x2
+5000000.2500000624999993749998437500015625003906250.

The leading monomials are now 1 z2, 2, 23 and the corresponding basis of 2 is
B = {1,z1, 72,23}
Notice however that {1, x1, z2, 122} is still a basis of 2 and that we have

the following equivalences in 2A:

22 = —0.00000005 2125 + 521 — 329+ 3,

x5 = +0.00000005 z122 4 5 &1 + 5 T2 — 5,
= 0.49999999 z1z2 — 0.74999998 z1 + 1.75000003 x5 + 0.74999994,
123 = 0.49999999 175 — 0.25000004 1 — 0.74999991 5 + 1.25000004.

]
%)
8
=i
I

In this representation, we observe that the perturbation on the latter rewrit-
ing rules is of the same order as on the input coefficients. We also notice that this
set of linear relations between the monomials on the border of B and B yields
directly the matrices of multiplication by z1, z2 in 2, since we are able to compute
the product of any element of the basis B = {1, z1, x2, 2122} by z1 or zs.

The key observations, that we deduce from this example, are the following:

e If we are in a geometrically stable situation, a basis of the quotient algebra
by a polynomial system will remain a basis for a small perturbation of this
system.

o To compute the structure of A, we only have to know to which combination
of the basis monomials, the monomials on the border are equivalent to.

We are going to detail now, how these remarks can be turned into an algo-
rithm. For more details on the method that we describe, see [15, 17, 25, 18, 19].
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3.1. Border Monomials

The support supp(p) of a polynomial p € K[x] is the set of monomials appearing
with non-zero coefficients in p. Given a set S of elements of K[x], we denote by
(S) the K-vector space spanned by the elements of S. We denote the set of all
the monomials in the variables x = (z1,...,2,) by M. The usual degree of a
monomial m € M will be denoted by |m]|.

A set of monomials B is said to be connected to 1 if and only if, for every
monomial m in B, there exists a finite sequence of variables (x;;);ep, such that
1€ B, oy pa;; € B, VI' € [1,1] and ILjc;1 jy 25, = m. A set of monomials B is
said to be stable by division if m = m/m’ in B implies that m’ and m'' are in B.
Notice that if B is stable by division, it is connected to 1.

For any subset S of R, we denote by St the set ST =SUz; SU---Uzx, S,
0S = ST\S. If S is a set of monomials, S with be called the set of border
monomials of S.

In the following example, with two variables, B is the set of monomials un-
der the staircase. It is stable by division. The set 0B is formed by the dotted
monomials.

In order to compute the structure of the quotient algebra 2A, we have

e to compute a (monomial) basis B of %,
e and for each border monomial m in 9B, to compute the linear combination
of monomials in B equal to it modulo the ideal I.

From this construction, we deduce directly the tables of multiplication by the
variables and thus the roots, as described in Sect. 2.

3.2. Reduction

Suppose that we have a monomial set B containing 1, which might be a basis
of 2, and for each monomial m € 9B we have computed b,, € (B) such that
Pm =m —by € I. Let F = (pm)op- F is called a rewriting family for B, if it has
the following property: Vf, f' € F,

e f has exactly one monomial that we denoted by v(f) (also called the leading

monomial of f) in OB,

e supp(f) C BT, supp(f —(f)) C B,

o if y(f) = ~(f') then f = f".
For B = {1, z,y, xy}, the set of polynomials F = {22 —1,y> —x1, 2%y — 21, y°xr —y}
is a reducing family of degree 3.
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This notion of rewriting family can be refined by the degree, as described
in [19].

Once we have a rewriting family, we have a way to project any monomial onto
(B) modulo the ideal I. For this purpose, we introduce the notion of B-index: let
Bl = (...(BT)...)" be the application of i times the operator * on B. Since
B contains 1, for any monomial m € M, there exists k such that m € B, We
say that a monomial m is of B-index k if m € B¥l — B*=1 and we denote it by
dp(m). By convention, Bl is B, which is the set of monomials of B-index 0. We
denote by BI<kl = BIOIy. ..U BF~1, We represent here the monomials of B-index
1 (the points), those of B-index 2 (first polygon) and 3 (dashed polygon):

(1l = AB can be rewritten in

<k]>

Using the polynomials in F', any monomial in B
(B). By induction, we prove that any monomial B*] can be rewritten in (B!
modulo the ideal generated by F. Thus iterating this reduction, any polynomial
of K[x] can be projected modulo (F) onto (B). For details and algorithms, see
[15, 19]. Here also, we can refine this reduction, with respect to the degree or any
graduation.

Let us denote by Rp such a linear projection from K[x] to (B), deduced
from the rewriting family F for a set B connected to 1. By definition, we have the
following properties:

VYm € B, Rp(m) = m,

VYm € OB, Rp(m) =m — ppm,
where p,, € F is the unique member of F', which monomial € 9B is m. More
generally, for p € (BT), we have

RF(p) =p—- Z Am P
me€supp (p)NOB

where A, is the coefficient of m in p.
This allows us to define the following operator:

M;:(B) — (B)
b — RF (xlb)
It has the following properties: Vm € B,

e if x;m € B, then M;(m) = x;m,
e otherwise m’ := x;m € OB is a border monomial, so that M;(m) = x;m —
pmi me
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3.3. Normal Form Criterion

A question, which at this point is not solved, is how to check that B is really a
basis of 2. In other words, how can we check

e that K[x] = (B) @ (F), or equivalently
e that Ry is a normal form, modulo the ideal (F'), or equivalently
e that the reduction by the rewriting family F' is unique.

Let us illustrate the situation on a bivariate example:

In this picture, the isolated monomial can, a priori, be reduced in many differ-
ent ways to a linear combination of elements in B. Each path down from this
monomial to a monomial of B yields a distinct way to reduce it. In such a path,
a horizontal step corresponds to the multiplication by z; and a vertical step to
the multiplication by 2. In order to ensure that the reduction is unique, we thus
have to check that the multiplication by z; first, then the reduction Rp, then the
multiplication by x5 and again the reduction by Rp yield the same result than
when we exchange the role of x; and z5. In other words, we have to check that

M10M2=M20M1

on B. It turns out that such commutation condition is sufficient to guaranty that
we have a normal form, assuming that the basis B is connected to 1:

Theorem 3.2 ([15]). Let B C M connected to 1. Let Rp : BY — B be a projection
from B to B, with kernel F and let I = (F) be the ideal generated by F. Let
M;,:B — B
b — Rp (xlb)

Then, the two properties are equivalent:

1. For all1<1i,j <n, M;o M, =M, oM,

2. Kx] =(B)&I.
If this holds, the reduction induced by Rp is a normal form modulo I onto (B).

Effectively, it means that we have to check the commutation only for the

monomials on the border of B, as it is discussed below and illustrated in this
figure:
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To simplify the presentation, let us assume now that B is stable by division. Let
m € B and consider two variables x;, x;, with ¢ # j.
o If m' := z;x; m € B, then since B is stable by division, x; m,z; m € B and
we have M; o M;(m) = x; x; m = M; o M;(m).
o If z;m € B but x; m ¢ B, we have

Mz(m) = T;m,
Mj(m) = zjm — ¢(x;m),
Mjo Mi(m) = x; M — Pz, m,
MioMj(m) = lej(m) + Z Awpwv
w€edB
so that M; o M;(m) = M; o M;(m) implies that
w€edB

o If ma; ¢ Band mz; ¢ B, then

Mj OMI(’I’TL) = IleMl(m) - Z Aj,wpwv
wedB

MioMj(m) = lej(m) - Z )\jvaw,
w€edB

and M; o M;(m) = M; o M;(m) implies that

LjPx;m — LiPr;m = Z (Njw = Aiyw) - (3)
weOB

The relations (2) and (3) are syzygies between the polynomials of F. They are

called next-door and across-the-street relations in [10]. They are special forms of

the C-polynomials (also called commutation polynomials in [19]) that we define

as follows: For any polynomials f;, fo € F', let the C-polynomial relative to - be
_ lem(y(f1),7(f2)) . lem(y(f1),7(f2))

CUnf) ="y )

Theorem 3.2 is equivalent to the following proposition:
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Proposition 3.3 ([19]). Assume that B is connected to 1 and that F is a rewriting
family on B. If for all f, f' € F such that C(f, ') € BT, we have

C(f, f') e (F),
then B is a basis of A = K[x]/(F).

This property generalizes the well-known property of the S-polynomials in
the computation of Groébner bases [4].

3.4. Syzygies and Commutation Relations

We are going to analyze more precisely the relations between the polynomials
F = (f.)weon- These relations or syzygies form a module that we denote by

Sys(F) = {_ hwew € KIX]??; Y hup, = 0},

where (e, )wcop is the canonical basis of K[x]aB .

We denote by = the module of K[x]?F generated by the relations (2) and (3).
Lemma 3.4. Ym € M, V0 € 0B,
meg = Z mgye, modulo =,
wedB
with dg(my,) = |my| + 1.
Proof. By definition, we have 6 € 8B, so that d5(0) = 1. If g(m6) = |m|+1, the
property is true. Otherwise, dg(m6) < |m|+ 1, which implies that there exists an

ip € [1,...,n] such that m = x;, m’ with x;,0 € dB. Using the relations (2), we
have

A — A
meg =m xe9g =m (emiog + E Aw€uw)s

wedB
with |m/| < |m|. By iterating this reduction (which will eventually stop), we prove
that modulo the relations (2), we have mes = > ypMues With dp(m,) =
|| + 1. O

Lemma 3.5. Vm,m' € M, V6,0' € OB such that md = m'0’, 0 £ 0" and §p(m ) =
Im|+1=k, dg(m'€) =|m/| + 1=k, we have

meg —m'eg =me; —m'ep + E he e, modulo =,

with 65(hy po) < k and |lem(6, )| < |lem(6, 0)].

Proof. Let v = lem(6,0')/0, v = lem(0,60')/0'. As 0 £ 6, |v] # 0 or |V/| # 0. If
lv| = 0, then |v/| > 0 and § = v'#’ so that og(m'0") < |m/| — || + 1, which is a
contradiction. Similarly, we cannot have |v'| = 0.
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This implies that there exists an ig # i1 such that z;, di~vides 6 (and m’)
and such that z;, divides #' (and m = z;, t). Let us consider § € B such that
x;,0 = x;,0. Using the relations (3), we have

Ti €9 = Tipeg + E Aw €w-
w€edB

Therefore, we deduce that modulo the relations (3),

meg —m'eg = me; —m'ep + E Aot e,

w

with m = x4, t, dp(te,) < |t|+1 < |m|+1 and tz;,0 = m/¢, so that [lem(d, )| <
[lem(0, 6")]|. O

This yields the following, conjectured in [10]:

Theorem 3.6. Assume that B is stable by division and that we have a rewriting
family F = (pu)wecon, satisfying the conditions of Theorem 3.2. Then Syz(F') is
generated by the relations (2) and (3).

Proof. Let 0 = > puew € Syz(F'). Applying Lemma 3.4, by reduction modulo
=, we may assume that 0 (p,w) = |pu| + 1. Let us consider the maximum of such
B-indices.

As > pwpo = 0, there exist § # ¢ € OB and monomials m € supp(ps),
m’ € supp(pg/) such that mé = m’€@. By Lemma 3.5, we can replace this pair
(meg,m' egr) by a new pair where either the degree of lem(6, 8) or the B-index of
m6 (resp. m' @) is smaller.

Since we cannot iterate infinitely these reductions steps, we deduce that o is
in the module generated by the relations (2) and (3). O

4. Algorithm and Software

This analysis leads to the following scheme of algorithm, for computing a normal
form, modulo the ideal generated by the polynomials F' = (fy,..., fs).

Since we want to use rewriting rules on monomials, at some point of our
computation, we will need to choose a specific monomial in a given polynomial.
For that purpose, we introduce a choice function v : K[x] — M satisfying the
following properties:

* 7(p) € supp(p),
e if m € supp(p), m # v(p) then v(p) does not divide m,
e and A(y(p)) = max{A(m), m € supp(p)},
where A is a “degree” or a graduation of K[x].
This choice function has some similarity with the leading term function in
Grobner basis constructions, but offers much more freedom. For instance, on can
use the Macaulay choice function v, such that for all p € K[x], v(p) = =7*---
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& satisfies degy(v(p)) = max{degy(m);m € supp(p)} = d, and Jip such that
a;, = max{deg, (m),m € supp(p) and degy(m) =d;i=1,...,n}.

Or one can take, among the monomials of largest degree, the one with the
coeflicients of largest modulus, if we are working over R or C.

Algorithm 4.1. COMPUTE THE GENERALIZED NORMAL FORM.

INPUT: fi,...,fs € K[x] such that I = (f1,..., fs) defines a complex variety of
dimension 0.
e Initialize P with the polynomials of F' of minimal degree k¥ and B with the
set of monomials outside v(P).
e Repeat
1. Compute P the set of polynomials of P* and of C-polynomials of P,
which are in BY.
2. Apply linear transformation of the coefficient matrix of P’ in order to
rewrite monomials of B in terms of the monomials in B.
3. Update B,
— either by removing the monomial multiples of y(p), for p € (P) N
(B), N
— or by adding the monomials of B, not in v(P).
4. Update P by inserting the new polynomials obtained from step 2, with
one monomial in B and the other in B.
until 9B = y(P).
OUTPUT: The rewriting family P on the basis B of 2 = K[x]/I.

The algorithm described here has been implemented by P. Trébuchet [25] in the
library SYNAPS 2 (see solve(L, Newmac<C>())). It corresponds to about 50 000
lines of C++-code.

The main part is the computation of the linear algebra part, which consists in
computing a triangular form of the coefficient matrix of the polynomials P. As this
coefficient matrix may be sparse, it uses sparse LU decomposition algorithm, which
avoid to produce too dense rows when performing column pivoting operations on
the matrix. More precisely, the sparse matrix data structure MatrSps<double,
sparse: :rep2d<double> > based on the container sparse::rep2d<T> provides
the vector space operations and the matrix-vector multiplication, for sparse ma-
trices. The container type sparse: :rep2d<> corresponds to the NCFORMAT type
of SUPERLU |[7], so that no copy of objects is needed to call the external routines.
The LU decomposition routines of SUPERLU have been ported in C++ to be able
to use generic coefficients.

Once this triangular form is obtained, intersecting (P) and (B) consists just
in extracting the rows of the matrix corresponding to polynomials with supports
in (B).

?http://www-sop.inria.fr/galaad/software/synaps/
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The numerical approximation of the roots are obtained by eigenvalues com-
putation, using the library Lapack (the routine dgegv) and the strategy described
in [5].

Several experiments have been performed to analyse the behavior of the meth-
ods, depending on the choice functions such as the choice function associated to
the Degree Reverse Lexicographical order, or to the degree lexicographical order,
a choice function that returns randomly any of the monomials of maximum degree
of the polynomial given as its input, the Macaulay’s choice function, the choice
function over the rational that minimize the memory needed in the reduction loop,
.... We also experiment with different types of coefficients such as rational num-
bers, or extended floating point numbers, to analyze the size and the precision of
the computation. See [19] or [20], for detailed results.

It turns out that in many situations, the Macaulay choice function produces
representation of the quotient algebra 2{, which is more compact than the others,
faster to compute and which requires less accuracy. This is not always the case, and
understanding how to compute the optimal representation of 2 from a numerical
and algebraic point of view is still an open and challenging problem.

5. Open Problems

This new approach for constructing border bases is a generalisation of Grobner
basis computation. Not tied to a monomial order, it provides more freedom to per-
form polynomial reductions. In linear algebra, matrix triangulation with column
pivoting is much better, from a numerical point of view, than triangulation without
column pivoting. Similarly in this new approach, we can choose pivots according
to numerical criteria. However, many open problems remain to be solved:

e What is the optimal strategy to obtain a compact description of the quotient
algebra, when dealing with exact coefficients?

e When we are computing with approximate coefficients, which reduction strat-
egy should we adopt to obtain a minimal numerical error on the description
of this quotient algebra?

e How to determine tuned thresholds in zero-tests, when performing the nu-
merical matrix reductions?

e How can we estimate the condition number of the approximation of the quo-
tient algebra?

e Can we connect this condition number with the error on the solutions?

e Is there a Newton-like way to improve efficiently the level of approximation
of the quotient algebra?

As we said, the interaction between symbolic and numeric computations is a fas-
cinating area, where many important problems are waiting for solutions.
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Proposal for the Algorithmic Use of the

BKK-Number in the Algebraic Reduction
of a 0-dimensional Polynomial System

Hans J. Stetter

Abstract. For a regular 0-dimensional system P of polynomials with numer-
ical coefficients, its BKK-number m equals the number of its zeros, counting
multiplicities. In this paper, I analyze how the knowledge of m may be used for
the computation of a Grébner basis or more generally a border basis of P. It
is also shown how numerical stability may be preserved in such an approach,
and how near-singular systems are recognized and handled. There remain a
number of open questions which should stimulate further research.

1. Introduction

When I prepared my invited lecture for SNC 2005, I had no intention of pub-
lishing it. Therefore, for the second part of my talk, I chose to put forward some
preliminary ideas which I felt were worth being investigated further. After the pre-
sentation of the lecture in Xi’an, I was urged by a number of colleagues to publish
its content, which — with a good deal of hesitation — I finally agreed to do. A
later more thorough consideration of such a publication convinced me that there
should actually be two separate papers: one should contain the first part of my talk
which explained facts about the mathematical feasibility of extending significant
parts of polynomial algebra into the realm of approximate data and approximate
computation. The other one should put down the ideas in the second part of my
talk in a more elaborate and formal fashion, as a stimulus for further research.
This is that second paper.

It contains my ideas about a novel algorithmic approach to the numerical
computation of a standard representation of the ideal or of the quotient ring resp.
of a regular 0-dimensional system of polynomials with numerical coefficients. Here
“regular” is used in analogy with its usage in Numerical Linear Algebra: no tiny
change of coefficients can change the dimension of the quotient ring; cf. [11, Sect. 8].
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The approach is based on the fact that the ezact number of zeros of such a system
(counting multiplicities) or — equivalently — the ezxact vector dimension of the
quotient ring can be determined a priori by a symbolic algorithm with only the
supports of the individual polynomials as input. I have wondered for many years
why, by my observation, nobody in the large GB community has attempted to
simplify the GB computation for regular 0-dimensional systems P by using its
BKK-number as a helpful input, particularly after BKK computation has become
a standard tool in the late 1990s; cf. e.g. [16, 10].

In the following, I present the steps of an algorithm which — in a good number
of cases — computes the elements of a border basis of the ideal generated by P or,
equivalently, the set of multiplication matrices of the associated quotient ring, both
w.r.t. a particular normal set or monomial basis. The algorithm uses no term order;
therefore it requires various choices and decisions which may determine its success;
I have only been able to indicate potentially successful strategies. Besides these
choices, the complete computation of the final result (border basis, multiplication
matrices) consists only of substitutions and of the solution of blocks of linear vector
equations. In particular, no reductions to zero are needed, which is an important
feature for the numerical computation.

I have no proof that the algorithm will always succeed, even for the most
clever choices in the preparatory part. This paper is rather an invitation to refine
its ideas into a true algorithm, if only for some particular subclasses of regular
0-dimensional systems, or to establish that it must fail almost always. In any case,
a good deal of insight should result from these investigations (which I am too old
to tackle).

The paper begins with a summary of facts about border bases and multipli-
cation matrices; it also introduces my terminology and notation. In Sect. 3, we
show how the syzygies of a border basis, or the consistency conditions for the as-
sociated multiplication matrices, may be reduced to a minimal set which should
— together with the system P — specify the basis uniquely. All this refers to a
particular normal set whose number of elements must equal the BKK-number of
P; its selection is discussed in Sect. 4. Then the constituent steps of the proposed
algorithm are introduced and discussed in Sect. 5. In the following Sect. 6, the po-
tential appearance of ill-conditioning is considered and algorithmic remedies are
explained. Sect. 7 then deals with the possibility that the specified regular system
P is actually very close to singularity: one type of singularity (BKK deficiency)
may be dealt with algorithmically, and the other type (positive dimension) can
only be diagnosed. The following Sect. 8 discusses various details of a potential
implementation and points out potential sources of failure. Some conclusions com-
plete the paper.

It should be mentioned that many parts of the material in this paper are also
contained somewhere in my book on “Numerical Polynomial Algebra” [14]; but
this paper presents them in a self-contained and systematic fashion which should
help in bringing them to the attention of the community. I am also aware that some
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ideas in this paper are related to ideas in the more recent GB-algorithms of J.-
C. Faugere (cf., e.g. [3]) and to ideas in papers by B. Mourrain and P. Trébuchet
(cf., e.g., [11, 12]); but since their approaches and their notational framework
differ from mine considerably, I have not pointed this out in detail. A more refined
development of the algorithm proposed in this paper is contained in a forthcoming
paper [7] of A. Kehrein and M. Kreuzer. Also I wish to thank SIAM Publ. for
granting the permission to use figures which are adaptations of figures in [14].

2. Border Bases and Multiplication Tables

We denote by IP* the set (ideal) of all polynomials in s variables with coefficients
in C. Monomials in P* are denoted by z* := %' .. .z% k e INJ. A set NV of
monomials in IP® is closed if z* € N implies z* € N for all divisors z#" of z*.
In IP?, we consider a 0-dimensional polynomial ideal T with m zeros (counting
multiplicities), with its quotient ring R[Z] := IP® /T of vector space dimension m.
A closed m-element monomial set N is a feasible normal set for R if it is a basis
of R as a vector space.

A regular polynomial system P C IP°) with s equations, generates a 0-
dimensional ideal whose quotient ring dimension m equals the BKK-number of
P. Note that the BKK-number of P depends only on the supports of the s poly-
nomials in P, and that it may be computed via the mixed volume of the Newton
polytope of P; cf., e.g., [15, 10].

Definition 2.1. For a closed monomial set N' C IP?, the set of all monomials which
are not in N but satisfy ¥ = 2,27 for some 27 € A" and some z,,0 = 1(1)s, is
the border set B[N of N, with elements z*», v = 1(1)N := | B[N]].

It is well-known that the multiplicative structure of R is specified, w.r.t. the
fixed basis A, by the multiplication matrices A, € C™*™, o = 1(1)s, which
represent the residue classes mod Z of the elements in B[] in terms of the basis
N, with the elements z7+ of N arranged into a vector b in some arbitrary but
fized order:

zob = A;bmodZ, o=1(1)s. (1)

While many of the rows in the A, are simply unit rows because they refer to
a normal set element “inside” N with the z,-shifted monomial also in A, there
must exist a particular nontrivial row a{y in A, for each element 27+ of A with
an z,-neighbor z* in BIN]: z* = z,a2/» = of b . If an element z* in B[N/]
is an z,-neighbor of a normal set monomial for several distinct o, then the same
row a{y will occur in all of the respective matrices A,.

Obviously, the collection of these nontrivial rows specifies the multiplicative
structure of R[Z] and thus also the structure of Z:

Definition 2.2. The set of the N := |B[N]| polynomials
bb,(z) == 2" —al b, v=1(1)N, (2)
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is a border basis B[Z] of 7 ; more specifically, it is the N-border basis Bz of T .
Ct. also [6, 8].

Except for s = 1, the number N of border basis elements bb, is > s, often
N > s. Thus Bprz] would be overdetermined if its elements bb, were considered
as independent. Basz) can define a nontrivial ideal with m zeros only if the bb,

satisfy the system of syzygies which arises in the following way:

In the border set B[N, two monomials z*», 2*

one of the following two relations:

v are neighbors if they satisfy

. ’
(i) For some o, zkv = z, 2k

/ 3

(i) For some o, 0/, x, 2% = z, 2k . )

For the coefficients of the border basis elements bb,, bb, associated with
neighboring border monomials, this implies (cf. (1), (2), (3)) in case

(i) 0 =  bb, —x5bb, + (aF L= a{y z,)b = (al = a{y As;)b € T;
(ii) 0 = z,bb, — x,bb, + (al Ty — a{y z,)b = (al LA, — a{y Ay )b € T.

(4)
Note that a” b € T implies a = 0. Therefore we have

Theorem 2.1. For a specified feasible normal set N, the row vectors a{y e v=

1(1)N whose components are the coefficients of the border basis By of the 0-
dimensional polynomial ideal T (cf. (2)) and the elements of the nontrivial rows
of the multiplication matrices A, w.r.t. N of the quotient ring R[Z] (cf. (1)) must
satisfy, for neighboring border set monomials (cf. (3)):

in case (i) ap , = aj Aor;

(5)

in case (ii) al A, = al A, .

Theorem 2.1 gives necessary relations for the border basis polynomials of 7
as well as for the multiplication matrices A, of R[Z]. For the latter, commutativity
is known to be a necessary and sufficient condition, cf. [11]. But a closer analysis
shows (cf. [14], Thm. 8.11) that the relations (5) are identical with the relations
arising from the commutativity conditions A, A, = A, A, for all pairs (o, 0”’)

when these are spelt out in terms of the rows a .

Corollary 2.2. The conditions (5) of Theorem 2.1 are necessary and sufficient.

Ezample 2.1. In IP?, we consider a 0-dimensional ideal with m = 6 zeros and
assume that the 6-point normal set N shown in Fig. 1 is feasible. (The figure
depicts a set of monomials 27+ in IP® by the set of its exponents Ju in IN3; this
is a commonly used visualization tool.) The associated border set B[N] is also
indicated; each of its monomials is a “positive neighbor” of a monomial in . The
total number N of border monomials turns out to be 9. The edges in the figure
connect border monomials which are neighbors in the sense defined above. There
are N = 14 pairs of neighbors, four of which are of type (i) while the others are of

type (ii).
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As an example of a relation (4) of type (i), we consider the neighboring
monomials z(®11) = zo25 and (11D = z12025: they require the validity of

(a(TLLl) - a%,1,1) z1)b e T. (6)

To use this relation computationally, we must replace those monomials ¥ of z;b
which are in B[N] by al'b. When we now assume that — within an algorithm for
the computation of the a{y — the row vector aal’l) has already been found, then
the above relation constitutes a linear vector equation for the remaining unknown

vectors a{ .

FIGURE 1

)L,

On the other hand, when we consider the type (ii) neighbors z(111) = 21 zo25

and z(192) = x17% which require the validity of
T T
(a(1,02)%2 —ap 1y %3) b€ I,

and assume the row vector a(Tl 1,1) to be known, then we will obtain a linear vector

T

(1,0,2) 18 known, too.

equation only if a

3. Minimal Syzygy Bases

It is our goal to use the syzygy relations (4) for the computation of the nontrivial
rows of the multiplication matrices for a specified feasible normal set, in the fashion
indicated in Example 2.1. If we wanted to do this for an ideal generated by poly-
nomials with integer or simple rational coefficients and in rational arithmetic, we
might be willing to put up with the overdetermination which prevails in the com-
plete system (4). For the numerical treatment of (4) which we have in mind, such
an overdetermination is fatal: since the use of floating-point arithmetic excludes
algorithmic decisions based on a strict equality of complex numbers, the interde-
pendence of the relations (4) may remain undetected and lead to an inconsistent
system.

At first, we consider the number of syzygy relations which should be oper-
ative in a minimal set. To determine N nontrivial vectors a{y we should have NV
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independent vector equations. s of those will be furnished by the polynomial sys-
tem which defines the ideal at hand. Thus, NV — s further independent equations
should be necessary and sufficient to determine the a{y uniquely. The following
concept yields an overview of the complete set of relations (4):

Definition 3.1. For a specified normal set N, the border web BW,s is the set of
all pairs of monomials in B[N] which are neighbors in the sense of (3). In the
visualization of monomials by their exponents, the border web BWj, is the set
of all edges connecting the exponents of neighboring pairs. In this representation,
BW)yy is a graph in s-space.

This concept of a border web permits us to use graph theoretic considerations
for the reduction of the system (4) to a subset of N — s independent relations. At
first, we realize that the graph BWjs contains closed loops. But a relation (4)
represented by an edge “closing a loop” holds if the relations for the remaining
edges of the loop hold; cf. [14, Propositions 8.14 and 8.15].

By a well-known theorem of graph theory , the “breaking of all loops” in a
connected graph with N nodes results in a graph with exactly N —1 edges. While
this has brought us closer to our goal, we still have to get rid of s — 1 further
relations or edges resp.

We note that our restriction to syzygies arising from neighboring border
monomials is not compulsory. Like with Grobner bases, syzygies between border
basis polynomials whose leading terms are relatively prime are satisfied automati-
cally; cf. [2]. In our visualization, relatively prime border monomials become nodes
in the border web which lie in disjoint subspaces (e.g. (199 and (%:0:3)). There-
fore we are permitted to augment our border web graph by “virtual” edges between
such nodes.

The introduction of these further edges makes it possible to delete some
further “real” edges of BW s which close a loop with a virtual edge. Altogether, s—
1 real edges may be deleted because s —1 virtual edges may be introduced without
creating loops between virtual edges; cf. [14, Proposition 8.14 (b)]. This reduces the
total number of remaining edges and thus of operative equations (4) to the desired
N —s. Such a minimal border web will be denoted by BW »r. Naturally, throughout
the deletion process, we must take care that the graph remains connected and that
each one of the final support leading monomials of the autoreduced system retains
some real edge(s) issuing from it.

Ezample 3.1. We continue with the situation of Example 2.1; cf. the visualized
border web of Fig. 1. When we consider the node (2,0, 0) as the root of a tree, it
becomes obvious that the 3 edges in the 2, 3-plane close loops. After their deletion,
we may still delete the two upward edges issuing form (1, 1, 0) and the edge between
(1,1,1) and (1,0,2). This leaves N — 1 = 8 edges.

Now we introduce the two virtual edges from (2,0, 0) to (0,2, 0) and (0,0, 3)
resp. which are obviously in the disjoint subspaces 1-axis, 2-axis, 3-axis; cf. Fig. 2.
This enables us to delete the real edges ending in (0,2,0) and (0,0,3) without
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disconnecting these nodes from the graph. Thus, we have arrived at N —s = 6
conditions (4) which, together with the 3 generating polynomials of Z, should
suffice to specify the complete border basis.

The minimal border web BWj, is not at all uniquely determined. E.g., we
could have retained the type (i) edges [(1,1,0),(1,1,1)] and [(0, 1,1), (0,1,2)] and
deleted the type (ii) edges [(2,0,1), (1,1,1)] and [(1,0, 2), (0, 1, 2)] instead.

Actually, in the algorithmic computation of a border basis, the minimal bor-
der web is not selected a priori but formed recursively during the computation;
cf. Sects. 5 and 8.

4. Selection of a Tentative Normal Set

As explained in the Introduction, we assume that we know the number m of
zeros (counting multiplicities) of the 0-dimensional ideal Z defined by the regular
polynomial system P = {p,, v = 1(1)s}. This number is also the expected vector
space dimension of the quotient ring R[Z] and hence the number of elements in a
monomial basis A of R. Remember that the number m computed from the mixed
volume of the Newton polytope of P (cf. e.g. [4]) depends only on the supports
of the polynomials p,, and not on their specified coefficients. Thus, a closed set
N with the correct number m of monomials and a structure compatible with the
supports of the p,, may still not be feasible for the actual coefficients of P. This can
only be discovered during the border basis computation; the appropriate measures
will be discussed in later sections.

As a first step towards the selection of a normal set for R we attempt to
simplify the system P by autoreduction:

In Grobner basis computation, autoreduction is controlled by term order: we
check whether the leading monomial of some p, divides terms in another polyno-
mial p,.. If yes, we eliminate these terms, in the sequence of term order, by the
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subtraction of suitable multiples of p,. The possibly new leading monomial of
the reduced p,» may now divide terms in another polynomial etc. Clearly, this
simplification procedure does not change the ideal Z[P]. It must stop because
term orders can only decrease in this well-known procedure.

Border bases do not refer to a term order but to a normal set N, with
a partial ordering given a-posteriori by the “distance” to N cf. [14, Definition
8.3]. But autoreduction must take place before the specification of the normal set.
Therefore, we proceed as follows:

We consider the monomial sets S, of the supports of the p, and their internal
borders consisting of those monomials in the S, with no multiples in S,,. For each
Py, we select a monomial in the internal border of its support S, as support-
leading monomial which we use like the (term order)-leading monomial above.
In the absence of term order, we must avoid eliminations in a p,, which would
introduce new border terms into .S,/; this requires the simultaneous elimination
in sets of polynomials where the support-leading terms of each polynomial also
occur in the other polynomials. This is easily achieved by the solution of a linear
system for the support-leading terms. Naturally, each elimination in a p, redefines
S, and may require the selection of a new support-leading monomial which —
possibly — permits further elimination. Because the supports can only shrink,
the procedure must come to a stop. However, depending on the choice of the
support-leading monomials, the results may differ considerably; cf. Example 4.1
below. The support sets of the final autoreduced system, without the respective
support-leading monomials, will be denoted by S, .

Now we are ready to select a normal set A/ of proper magnitude m. For
this purpose we take the union of the s truncated final support sets S,. Then we
complement this union into a closed convex monomial set, i.e. a set which contains
all divisors of one of its elements. If the resulting set has exactly m elements, it is
a (tentative) normal set for R[Z].

Otherwise, we have to adjoin further monomials such that the set remains
convex and that no multiples of the final support-leading monomials are appended.
For an arbitrary choice of support-leading monomials, it may not be possible to
reach a set of m elements. But we know that m member normal sets for R[Z] must
exist, with one monomial of each autoreduced support not in N; therefore it must
be possible to reach such a normal set, perhaps with some additional sophistication
in the approach.

Ezample 4.1. To avoid confusing complications, we take a very simple situation:
s = 2, and dense polynomials p;, po with degrees 2 and 3 resp.; this makes m = 6.
A less trivial situation will appear in Sect. 7; cf. Example 7.2 and Fig. 5 (i).

(i) At first, we follow the Grébner basis pattern. Use of the term order tdeg|x,
x1] makes 23 and 3 the leading monomials in p;, pe resp. With suitable mul-
tiples of p;, we may eliminate the x3, 2122 and x3 terms in ps; the leading
monomial of the reduced ps is 33, and the union of the truncated supports is
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{1, 21, w2, 2%, 2179, 23} (cf. Fig. 3); it has exactly 6 elements. This normal
set also arises in the course of a Grobner basis algorithm; but its a priori
knowledge cuts the basis computation short; cf. Example 5.1 (i).

(i) Without a term order, we may choose the monomials 3 and x$ as support-
leading monomials of py, ps resp.; note that the internal border of the two
supports consists of the monomials of degree 2 and 3 resp. The reduction
proceeds as before; but now the support-leading monomial of p; remains un-
changed throughout; the union {1, z1, m2, %, 179, 325} of the final trun-
cated supports has m = 6 elements and is a nice normal set for a border basis
of our {p1, p2}; cf. Example 5.1 (ii).

(iii) Another normal set arises when we take x1 x5 as the support-leading monomial
of p1, which we are free to do. Now we can eliminate the 123 and z3x5 terms
in py and choose either x3 or 23 as support leading monomial in the reduced
pa. For the former choice, we obtain {1, x1, z2, *3, 3, 3} as normal set for
a border basis. It looks a little strange but functions alright as we shall see
in Example 5.1 (iii).

J2 . N
O  support-leading monomial

o] further border monomial

i) —— used in computation
— not used in computation
)
A%
ir J2 i
[ L
L L] L]
. J g1
(i) (i)
FIGURE 3

5. Algorithmic Determination of Border Bases

We assume that we have selected a tentative normal set A/, with its border web
BW)y, for a specified 0-dimensional polynomial system P C IP®. Now we want to
compute the coefficients of the associated border basis By = {bb,, v = 1(1)n} for
the ideal generated by P.
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By the selection procedure of Sect. 4, s of the bb, are specified by the polyno-
mials of the autoreduced system P (we keep the notation p,, for these polynomials):
the support-leading monomials z of these p, are in the border set B[N]. Thus it
is natural to start the computation with syzygy relations (4) along edges of BW,,
issuing from these monomials =%, v = 1(1)s.

Assume at first that there is an edge of type (i) issuing from a particular
one of these support-leading % in the o’ —direction and that the ¢’-shifted trun-
cated support set z,S, of p, = bb, = zt — ae b remains completely within
N U{z", v =1(1)s}. (This is most likely to happen for a p, of lowest degree.)
Then, after the substitution of the occurring A aeT Zob is a polynomial in N

and must equal the polynomial aj, ,b for 2% = z 2% ; cf. (4 )() Thus, the border
basis polynomial bby , is obtalned directly as bbg , := xho — ae z4,b. Obviously,
as a first step in our computatlon we should attempt to utilize all possibilities of

this kind.

After this initial phase, which may not be present at all, we must utilize the
relations (4) along the other edges issuing from the %, v = 1(1)s. Each edge to
a type (i) neighbor (cf. (3)) will generate a linear vector equation. If some pair of
support-leading monomials is connected by a type (ii) edge, the associated relation
(4)(ii) also leads to a linear vector equation. Generally, these equations will involve
further vectors a{y associated with border monomials z* introduced by the shifts
of the z,, . Hopefully, there will be as many vector equations as unknown vectors.
Note that edges issuing from border web nodes whose vectors have been found in

the initial phase may be employed in the same fashion.

After more vectors a{ have been found from this block of linear vector

equations, the procedure may be further continued. But in choosing further edges
we must watch that the emerging web of used edges becomes a minimal border
web. This requests mainly that we do not use edges which close a loop; otherwise,
we would introduce an equation which is dependent on equations which have been
used already. With floating-point computation, this may not be realized and spoil
the computation.

Hopefully, we may thus recursively generate blocks of linear vector equations,
with as many equations as unknown vectors each, until all N — s unknown vectors

Ty have been determined. In principle, this should always be possible, at least for
a cleverly chosen normal set \:

From the theory of Grobner bases [2] we know that, for a regular 0-dimen-
sional system P, the Grobner basis w.r.t. any term order may be computed by
a finite number of rational operations. It is clear that this holds also for the
border basis associated with the normal set of a Grébner basis. For a fixed system
P, the change from the border basis polynomials for one normal set to those for
another one also requires the solution of linear systems only; cf. [14, Sect. 8.1.1].
Therefore, the coefficients of any border basis for a regular 0-dimensional system
P are rational functions of the coefficients of P. This raises some hope that border
bases may generally be computed along the lines indicated, possibly with a more
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refined strategy. Note that — like in the F5 algorithm of [3] — no reductions to zero
will ever arise in our algorithm. These have been exposed as the main obstacles
for a stable floating-point implementation of GB-algorithms; cf. [9].

Before we turn to the discussion of numerical difficulties which may arise

even when we have recursive blocks of the correct number of linear equations, we
continue our simple-minded example of Sect. 4 to explain the described algorithmic
procedure in more detail. For a less trivial example, we refer to Example 7.2 and
Fig. 5 (i).

Ezample 5.1. The original polynomials p;, p» are dense in 2 variables, of degrees
2 and 3 resp., and m = 6; cf. Example 4.1.

(i)

With the term order tdeg[zs, x1]. we have obtained the normal set and border
web of Fig. 3 (i), with 23 and z?z2 as final support-leading border monomials
with specified coefficient vectors, and the further 3 border monomials z;x2,
x3ws, and x] whose associated coefficient vectors have to be determined.
For a clear notation, we set b := (1,21, 29, 2%, 7172, 23)7; then, with al :=
(Olk,l, AL 2, Ak,3,

Otk 4y Ok 5y Ok 65 ) a{ b denotes the polynomial oy 1 +ovg,2 1+ k3 To+ g 4 x%
+Qp 5 T1T2 + Qg6 x‘i’

In the initial phase of the algorithm, we see that the x-shift of the truncated
support set S; generates only normal set monomials and the border monomial
x2w5 whose coefficient vector aal) is known from the autoreduced p-. Hence,

the substitution of ag 1) into ag;) 2) z1b yields a(Tl 2) explicitly:

aly2y = (0, (0,2),1, 0, (0,2),2: X(0,2),3) ¥(0,2),4) + X(0,2),5 &(,1) -

For the simultaneous computation of a@ 1 and aa 0)> We may use the type (i)

relation from an x;-shift of 2?25 together with the type (ii) relation between
x123 and 2225, both of which introduce the vectors a@ ;) and aa o) linearly,
with known scalar coefficients:

321;3,1) = (0, 2,1),1, 0, @(2,1),25 Q(2,1),3, X(2,1),4) T(2,1),55 a@,1)+a(2,1),67 a(4,0)T7
(0, @(1,2),1,0, (1,2),2, C1,2),3, Q(1,2),4) + C(1,2),5 a@,l) + a1,2)6 a(4,0)T =
(0, 0, Q(2,1),15 0, a(gyl)yg,o) + a(gyl),3a%‘2) + a(gyl)Aa@‘l) + a(gyl),t—,aa‘?)
Jr(36(2,1),6a(3,1)T~
Thus, the complete computation of the Grébuer basis for tdeg[zs, x1] consists
of substitutions and the solution of a 2 x 2 linear system with the matrix
( 1 THD)6 ) It is hard to believe that the GB could be computed
Q(2,1),6 —(1,2),6
otherwise with fewer operations. (The reduced border web underlying this
computation is shown in Fig. 3 (i). The case when the matrix is (near-)
singular will be treated in the next section.)
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(ii) With the rectangular normal set of Fig. 3 (ii), we have 3 type (i) edges and
one type (ii) edge; thus, it is possible to use only type (i) relations for the com-
putation of the 3 unknown vectors a(TLQ), aaz) and aal). The computation
is very similar to the one for the preceeding normal set:

Again, the x-shift of the truncated support of p; introduces only normal set
monomials and z$ with its known vector aao) into the expression for a(T1,2)'

A simultaneous z1-shift of x122 and z2-shift of 3 yields the two linear vector

equations for a{22) and aal). The manipulations are slightly simpler than in
the previous case. The associated reduced border web (cf. Fig. 3 (ii)) remains
connected by the virtual edge from z2 to z3.

(iii) With the unusual normal set of Fig. 3 (iii), the initial phase of the algorithm is
empty. With simultaneous x1- and xs-shifts of the support-leading monomial

T1T2, we obtain the system of linear equations for aal) and a(T1,2)' Then we

may use the type (ii) relation for 2122 and z3 together with the z;-shift of

225 to obtain the two vector equations for aa 0) and a@ 1 The lonely node

x$ is connected to the web by the virtual edge from x{ to z3; cf. Fig. 3 (iii).

6. Ill-Conditioned Situations

As explained in the Introduction, we assume throughout that the coefficients in
the regular 0-dimensional polynomial system P = {p,, v = 1(1)s} are of limited
accuracy and that the computation of a border basis for Z[P] proceeds in floating-
point arithmetic. Therefore, we must take special care to avoid ill-conditioned
situations where small perturbations may be amplified excessively.

At first, the specified system P itself may be ill-conditioned, i.e. it may specify
the ideal Z[P] very poorly, with a high sensitivity to tiny changes in P. In a linear
system, this happens when the (linear) polynomials are nearly linearly dependent
or — equivalently — the system is close to singularity. The corresponding situation
with polynomial systems will be discussed in the next section.

Now assume that P, with m joint zeros, is mot an ill-conditioned system
so that well-conditioned representations of R[Z[P]] must exist. Yet there may be
closed convex sets of m monomials which represent R in an extremely sensitive
fashion and thus are ill-suited as a basis for R. How this may happen is easily
seen:

For a specified normal set N and normal set vector b(z), we have (cf. (2))
bb, = z* —af b(z) € I[P], v=1(1)N,
which implies, for each v,

Z/]jy = agl, b(zu) y M= 1(1)m7 (7)

where the z, are the m zeros of P. The extension to multiple zeros is straight-
forward but quite technical; we refer the reader to [14, Sect. 8.5]. By (7), the
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coefficient vectors a{y can only be well-defined if the matrix

b(z) := b(rl) b(Tm) c cmxm (8)

is well-conditioned. Clearly, the condition of b(z) depends strongly on the relation
between the zero set {z,, p = 1(1)m} and the chosen normal set N; it may differ
considerably for different m-element normal sets.

Since the zeros z,, are unknown at the time of the computation of the a{y, we
cannot form b(z) explicitly. But we must take an ill-conditioning which appears
in the computation of some aj, as indication of an ill-conditioned b(z) and hence
of an ill-suited normal set N.

An ill-conditioning can already appear during the autoreduction phase through
the choice of the support-leading monomials which strongly determine the nor-
mal sets which are admissible; cf. Sect. 4. Due to the dominant role which they
play in the subsequent computation of the remaining a{y, the coefficient of the
final support-leading monomial 2% of each autoreduced polynomial p,,, v = 1(1)s,
must not be very small relative to the coefficients in that p,,.

If one or several of these coefficients should be tiny, we should change the
(possibly recursive) selection of the support-leading monomials. Often it will be
discernible which choice has introduced the ill-conditioning. In any case, the num-
ber of possible selections is generally quite limited.

Ezample 6.1. Assume the situation of Examples 4.1/5.1. We now specify the highest
order terms of p; and ps:

pi(z1,20) = = 7527+ 212120 + 25+ ...,
pa(z1,20) = 23 — 3atars +41lxm0 +2.625 +.. . ;

we aim for the final support-leading monomials of version (ii) of these examples
which lead to the normal set of Fig. 3 (ii). However, reduction of ps by p; as in
Example 4.1 (ii) leads to a ps with the 3rd order terms —.02 23 —1.206 z3x5 , where
the coefficient of the proposed support-leading monomial z3 is quite small. Here,
the relief is straightforward: for the same final ps, we use z2x2 as support-leading
monomial which leads to the normal set of Fig. 3 (i).

During the computation proper, ill-conditioning may appear in the numerical
solution of the blocks of linear equations for groups of a{y; cf. Example 5.1. This
means that the relations (4) entering into that linear system are near-dependent.
If they have arisen from edges of a minimal border web, this indicates that the
selected normal set A/ furnishes an ill-conditioned basis of the quotient ring R[Z[P]]
and that we should switch to another normal set. Naturally, we want to preserve as
much as possible of the previous computation in that switch. This may generally
be achieved in the following way:
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We append one of the current border monomials to the normal set in exchange
for one of the current normal set monomials. As candidates for this “degradation”
we consider, at first, those border monomials which have figured in a relation (4) of
the ill-conditioned block of equations. But the switch requires that the inclusion
of that border monomial does not violate the closedness of N; this means that
it must not be a multiple of another border element. Usually, this decreases the
number of candidates considerably; in some cases, the candidate set must even be
extended to border monomials involved in an earlier step of the algorithm.

Similarly, the normal set monomial to be “upgraded to border” must not
possess a multiple in the new normal set N’. Of course, the switch may also
generate further new border elements whose coefficient vectors, in the new basis
N, have to be computed. But before we proceed to do this, we must rewrite the
previously computed coefficient vectors into the new basis N’, with normal set
vector b’.

Instead of an explanation of this rewriting procedure in general terms, we
explain it in the context of our previous simple example. This will make it clear
how to proceed in more realistic cases.

Ezample 6.2. Take the situation of Example 4.1/5.1 version (i) and consider the
second step which yields the 2 equations for the coefficient vectors of z3zs and
x1. Assume that this 2 x 2 system is ill-conditioned, i.e. that a1 )6 ~ 0‘?2,1),6'
A scrutiny of the normal set of Fig. 3 (i) shows that only one of the 3 natural
candidates 7172, T3z and z$rs is not a multiple of another border monomial,
viz. x3x5. Also, the only normal set element without a multiple in the new normal
set N is 3 which therefore becomes a border element. N is now the normal set
of Fig. 3 (ii) with the normal set vector b’ = (1, z1, 2, 2%, 2172, ¥?22)T which
differs from b = (1, x1, 22, 2%, 122, 3)7 only in the last (6th) component.

Therefore we introduce the truncated vector b := (1, 21, T2, 22, 2129, 0)T
and write the polynomials a]Tb as aj’ b+ ajeri. Thus, all we need is a repre-

sentation of the new border monomial 3 in terms of b and the new normal set
monomial x3xs. It is obtained by the inversion of
xf:f:g = aal)b = a,(112’1)b+a(2’1)’6l‘§)
1 N
: 3 T 2
into x) = s [—ap b +aizs].
Thus the original representation of the border element x123

xlxg = aa’2)6+a(1’2)’6x§ becomes
1 ~ «a
2 _ T T (1,2),6 o ) T ./
T1Ty = (a(1’2)7 a(2’1)’6 a(2’1))b + a(2’1)’6 T1T2 = (a(1’2)) b’.

Of course, in a more realistic situation, further adaptations of the normal set
may be necessary to reach a well-conditioned basis for R[Z[P]] which must exist
if P is well-conditioned. Also, if no ill-conditioned blocks arise during a border
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basis computation, we may conclude that the computed border basis By is a
well-conditioned basis for Z[P].

7. Near-Singular Situations

A polynomial system with as many polynomials as variables is called singular if it
- either has (only isolated) but fewer zeros than its BKK-number m indicates,
- or it possesses a zero manifold.

This agrees with the usage for linear systems where the BKK-number is
always 1; there it is also obvious that both cases are only the two sides of the same
coin (singular matrix). With exact polynomials, either situation can only arise for
very special precise values of the coefficients. Numerically, like in numerical linear
algebra, one will generally meet only near-singular systems which are very close
to an exact singular system.

Treated as exact systems, such near-singular systems are extremely ill-condi-
tioned. The rapid movements of some of the m disjoint zeros during an assumed
transition into an exactly singular system have been analyzed in [14, Sects. 9.4
and 9.5]. With empirical systems whose coefficients have a limited accuracy, it is
generally more meaningful to assume that a very-nearly-singular systems stands
for a nearby strictly singular one. With this taken into account, the ill-conditioning
disappears and an algorithmic treatment becomes feasible. This is in analogy with
the situation for dense clusters and multiple zeros: if a dense cluster of m zeros is
treated as an m-fold zero of a nearby system, the determination of this zero and
of its structure becomes well-conditioned, cf. [5] and [14, Sect. 9.3].

Let us first consider the case of fewer than m zeros where some zeros have
“diverged” to infinity, as was already remarked by D. Bernstein [1]. Here, for any
m~element normal set, the attempt to compute a border basis must meet with a
singular, inconsistent block of linear vector equations. If this fact is computation-
ally well established, we may assume that we have a BKK-deficient system and
treat it as such:

We consider a particular m-element normal set and the associated singular
block which has arisen; we assume at first that its numerical rank deficiency is
1. Then there exists one linear combination of the linear vector equations which
annihilates the terms with the unknown vectors and thus furnishes a linear relation
between the monomials of N'. We select an element 27+ of N' whose upgrading into
border is feasible and detach it from N to generate an (m — 1)-member normal
set N/; then we obtain the coefficient vector (a’)?; of z9» w.r.t. N’ by solving the
linear relation in A for z7+. Previously specified or computed coefficient vectors
of border elements w.r.t. A are converted by the substitution of (a’ )3; b’ for zix
in their normal forms.

The computation may then be continued and — hopefully — completed,
resulting in a border basis By w.r.t. N’, whose (m — 1) x (m — 1) multiplication
matrices furnish the m — 1 zeros of a strictly BKK-deficient system P’ very close
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to our specified system P. These zeros will generally be excellent approximations
of the m — 1 exact zeros of P with moderate modulus while the remaining exact
zero lies extremely far from the origin and may therefore be considered as diverged
to oo for practical purposes; cf. [14, Sect. 9.5].

A higher BKK-deficiency will become apparent either through a higher rank
deficiency of some singular block or through a sequence of rank deficiencies 1 as
above.

As previously, we explain details of the algorithmic procedure by demonstra-
tion with a simple example:

Ezxample 7.1. Again we take s = 2 and polynomials of degrees 2 and 3 resp., but
here we have to specify the coefficients: P = {p1, p2}, with

p1(x1,22) = 10056?—15561562—76x§+25x1—15x2+1,
pa(r1,20) 1= 230y — 951125 — 222 + 1100 — .52+ 42 —5xo + 3.

The BKK-number of P is 6. The following computations have been performed
with Maple 9.5, with Digits:=10.

We autoreduce ps and choose N as in Example 4.1 (ii); then we proceed
as in Example 5.1 (ii). But in the joint computation of aal) and aaz) we meet
a numerically singular matrix, with a determinant of O(1071%). The attempt to
overcome the extreme ill-conditioning by a switch of monomials between N and
BJ|N] as described in Sect. 6 brings no relief; the singularity perseveres. Thus we
(correctly) assume that P is BKK-deficient, with deficiency 1.

The only detachable monomial of A is x?z, for which we obtain a repre-
sentation w.r.t N7 := N\ {22z} from the linear relation between the right-hand
sides of the singular system. Thus, instead of determining the vectors aal) and

aaz), the singular 2-block has determined the one vector (a’ ){2’1) only. It remains

to substitute (a’ ){2’1) b’ into the representation of the other N”’-border monomials.
This completes the task.

The 5 zeros computed from the eigenvectors of the associated multiplica-
tion matrices are very good approximations of the exact zeros of the autoreduced
system P. With the use of high accuracy, the missing 6th zero of this very-near-
singular system is discovered at approx. (1.1-10%%, 1.1-10%) which may be regarded
as 0o.

Let us now consider the case where an apparently regular system, with BKK-
number m, possesses a zero manifold of dimension d > 0 while systems arbitrarily
close to it have only the m isolated zeros (counting multiplicities). The analysis of
what happens when the coefficients of such a system move from regular to singular
values is very interesting (cf. [14, Sect. 9.4]); but we will not discuss it here. In the
context of this paper, we want to understand how this type of singularity manifests
itself in the computation of a border basis so that we may recognize a very-near
singular system of this kind. In applications, such systems which are extremely
ill-conditioned should be identified with a nearby strictly singular system. Often,
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the fact that a situation admits a manifold of solutions may be the most important
result of the analysis of the model.

For a positive-dimensional polynomial system P, the associated quotient ring
has vector dimension infinity so that a monomial basis must have infinitely many
elements. In our visualization of normal sets by the exponents of the monomials,
it means that these exponents most cover a complete subspace of dimension d.
Fig. 4 shows a typical normal set for a 1-dimensional system with 2 variables; the
4 monomials above the infinite sequences reveal the existence of 4 isolated zeros
besides the manifold.

| jz
O leading monomial (GB)

@ further border monomial

o “niche” monomial of N

« infinite sequence monomial

FIGURE 4

The Grobner basis for this normal set consists of 3 polynomials, with lead-
ing monomials x3, 2173, v31o; the absence of a leading monomial on the z-axis
indicates the 1-dimensionality. Multiplication matrices for this basis formed in the
usual manner would have infinitely many rows and columns; but it can be shown
that a finite rectangular section of the matrices contains the complete information
about the zeros; cf. [14, Chapter 11]. It is not yet clear how border bases could be
defined in a meaningful way in this situation; cf. conclusions in [6].

In such a system, we should hit upon a block of linear vector equations which
is singular but consistent. This means that the coefficient vectors a{y of one of the
border monomials z*» figuring in that block may be moved into the normal set
without simultaneous conversion of a normal set monomial into a border monomial.
For a 0-dimensional system, there cannot exist more than m normal set monomials;
hence the system must actually be positive-dimensional!

With the availability of further elements in the normal set, it should now
be possible to extend N further and further in a coordinate direction. Very soon,
this computation will become recursive and need not be continued. The coefficient
vectors for other remaining border monomials should be computable in the normal
fashion. A complete analysis of this situation is still in the future. We will again
restrict ourselves to the discussion of an example.

Ezample 7.2. We consider the system
2
p1(x1, T2, T3) = ]+ 1Ty — T1X3 — T1 — T2 + T3,
L 2
p2(x1, T2, T3) = T1Xz + CT; — Taly — T1 — CTo + T3,

. 2 .
p3(T1, 2, T3) = T1T3 + oy — L5 — T1 — T2+ T3
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support-leading monomial
regular border monomial

new border monomial

border monomial moved into A
e original N
— used in computation

— not used in computation

FIGURE 5

the parameter ¢ remains indeterminate at first. We select the support-leading
monomials according to the tdeg(xs, z2,21) order as z1z3, z2x3, 3 resp. With
m =38, we obtain the (apparent) normal set N := {1, x1, x2, 3, T3, 122, T3, T3},
with a border set of 12 monomials. The complete border web has 21 edges, only
12 — 3 = 9 of which should figure in a minimal web; cf. Fig. 5 (i). Until now, there
is now immediate sign of the singularity.

Starting with the support-leading nodes, we obtain the following 4 by 4-
block for aal’o), a(T1,2,0)7 aao’l), a(TLLl) from the type (ii) relation (4) for the edge
(23, z123) and the type (i) relations along the edges [z123, 23x3], [z123, T12273]
and [Toxs3, x12023] :

2 ¢ 1 1 a;é,l,o)
-1 0 1 0 ag}’g’o) b

1 -1 0 1 ah04)
1 ¢ 0 1 ah )

1

2 2 20 1l-¢c 0 1 2

-1 =110 o0 0 1 3

-1 ¢ 10 0 c¢-1 0 1

-1 -1 10 1—-¢ 0 0 e

Lo

?

It is easily seen that both sides of the equation are annihilated by pre-multiplication
with (=1, 1, 0, 1), for any value of the parameter c; therefore, we actually have a
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1-dimensional singular system. (In this simple example, it is also not difficult to
see that there are two lines of zeros: z1 = x3, o = 0 and z; = 1 — x3, x5 = 1 for

all values of ¢, with special situations for ¢ =0 and ¢ = 1.)

Of the border monomials in the above equation, only z3z5 and xiz3 are

eligible for transfer into the normal set. We choose z?z2 and can now determine
the coefficient vectors a(T1,2,0)7 a@,o,l) and a(TLLl) uniquely (except for ¢ = 1) in
terms of the enlarged normal set. Also, we have two new border monomials: 2?23

and x2woz3. It turns out that ag 1,1) can only be computed if the potential border

monomial x5z, is also included into the normal set, cf. Fig. 5 (ii). Thus, the
situation becomes recursive and will continue to infinity.

Note that a border basis for the same system, with generically perturbed
coefficients, can readily be computed for the normal set chosen above; cf. Fig. 5 (i).

Numerically, the very-near-singular case will be more important. It is now
clear that it may be recognized by a block which is a tiny perturbation of a singular
consistent set of vector equations. An exact solution would be extremely sensitive
and therefore ill-determined in this case; actually, except in the case of confluence,
some of the exact isolated zeros of a very-near-singular system of this kind may
approach any point on the singular manifold in the transition to strict singularity
(cf. [14, Sect. 4])! Therefore, the determination of that manifold is generally far
more relevant than the computation of “exact” zeros.

8. Implementation

It is a main purpose of this publication to stimulate attempts towards an imple-
mentation of the algorithmic procedure described in the previous sections. This
will permit large-scale experimentation on non-trivial problems which, in turn, will
lead to a preliminary assessment of the potential efficiency of our approach and of
its numerical stability.

An implementation will have to proceed in two stages:

In the first stage, exact data and exact (rational) computation will be as-
sumed and used. Thus, the emphasis will lie on the automatization of the deci-
sions which have to be made to determine the algorithmic flow; numerical stabil-
ity will not be a topic in this stage. In the second stage, floating-point data and
floating-point computation will be assumed so that the numerical condition of the
individual steps has to be checked; this will introduce further restrictions on the
choices and also potential changes in the algorithmic flow.

It is the overall strategic goal of the organizational phase of our algorithm
to generate a normal set whose border web permits the recursive selection of sets
of syzygies which lead to blocks of linear vector equations for as many coefficient
vectors a]T as there are equations, until the representations of all border monomials

have been found. From Sect. 2, we remember that linear equations are generated
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- either by type (i) edges [z7*, z7v¢], with a] known',

} s Eptes, o kutes k 0 T T
or by type (ii) edges [zFrTeo1 gFuteas] xhu € N with Ukpten, and O,teo,
known.

Thus, our computation can only get started, if there are type (i) edges issuing
from the support-leading nodes and/or type (ii) edges connecting two support-
leading nodes. Also, the overall occurrence of many type (i) edges in the web should
help in the continuation of the computation. It will require some ingenuity to build
a strategy for an optimal satisfaction of these requirements into the initial phase of
the algorithm which chooses the support-leading monomials for the autoreduction,
and then selects an m-element closed normal set consistent with the supports and
the final support-leading monomials.

Besides, it is an open question whether there do exist normal sets for arbitrary
regular polynomial systems which support the computation of the complete border
basis by our approach; efforts towards an implementation may help to answer that
question. Since we know from GB theory that there exist normal sets with border
bases whose coefficients are rational functions of the data, a positive answer does
not, appear impossible.

Naturally, the unfamiliar choices which have to be made stem from the fact
that we work without a term order. Actually, this is one of the major attractions of
our approach, particularly when numerical stability is also an issue. As remarked
in Sect. 4, when we choose the support-leading monomials as leading monomials
w.r.t. a term order, we will generally obtain the reduced GB for that term order
as the “corner subset” of the border basis, perhaps after enforced changes in the
initial normal set. With this restricted set of normal sets, an answer to the ques-
tion whether our approach will always succeed, or for which classes of systems,
would be of particular interest. In Example 7.2, we have employed the term order
tdeg(xs, 2, x1); our algorithm has worked in the singular as well as in the regular
case (with perturbed coefficients) and generated the GB.

While the selection of syzygies for the beginning of the computation is de-
termined by the support-leading monomials with their specified normal forms, the
further continuation of the computation is not always clear. Probably, for an algo-
rithm, one should simply form all linear syzygies whose edges do not close loops,
and then look for blocks with as many equations as unknown vectors. If there is
no such block, the algorithm cannot be continued. In this case, a feasible exchange
between a normal set and a border monomial may often open the deadlock so
that a full restart with a different normal set is not necessary. How to check that
algorithmically, with a meaningful strategy, is not clear.

In the second stage of the design of an implementation of our approach, an
algorithm which complies with all the considerations so far must now be adapted
to the use of floating-point arithmetic. To my knowledge, none of the presently
available GB-packages can handle that situation (or only with a ridiculous digit

1Here, es is the o-th unit vector.
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swell, when floating-point data are converted to rational data and exact computa-
tion is then employed). But models of real-life situations have floating-point data,
with a limited accuracy, in almost all cases!

Now, the considerations in Sects. 6 and 7 must also be implemented. As
usual, the threshold for what is called ill-conditioned is arbitrary to some extent:
with a 10 digit computation, e.g., relative condition numbers should supposedly
not exceed 10° or so. If a computation shows signs of numerical instability, the
floating-point accuracy should be raised with care (the algorithm must provide
for that). When the results do not agree for higher accuracies, the system itself
probably defines its ideal in such an ill-conditioned fashion that a determination
is not meaningful.

The algorithmic checking of the relative sizes of data must begin with the
selection of the support-leading terms; their coefficients must not be much smaller
in modulus than those of the remaining terms. If there is only one highest de-
gree term with a very small coefficient, one must attempt to get rid of it during
autoreduction; if this is not possible the specified system itself is ill-conditioned.

During the further computation, the condition of the linear equation blocks
must be checked, and the exchange mechanism of Sect. 6 must be used if a condition
number is too high relative to the floating-point accuracy. Now there is generally a
very small set of candidates for both parts in the exchange; if there is still a choice,
the generation of fewer or more computable edges may be used as a criterion.

This holds also for the cases where the ill-conditioning is not due to an ill-
chosen normal set but to a near-singularity in the specified system. Now, the
ill-conditioning will not disappear with an exchange, or the situation does not
permit an exchange. One should then proceed as discussed in Sect. 7.

Once more it is an open question whether there may exist situations where
the stabilized algorithm runs into a dead end while the instable computation would
have succeeded. Note also that the exchange mechanism in Sect. 6 generally pro-
ceeds just like the “extension” mechanism which had been proposed by myself
many years ago (cf. [13]); but now we are not violating the term order as with the
“extended GB” approach because there is no term order which restricts us. This
shows once more that numerical stability in the computation of an ideal basis can
only be realized without a pre-specified term order.

9. Conclusions

I have tried to show how the use of the BKK-number opens the way for a new
algorithmic approach to the numerical computation of a border basis for a regular
polynomial system. This approach employs no term order and no reductions to
zero. The first feature permits more flexibility in the representation of the quotient
ring while the second feature permits a stable implementation in floating-point
arithmetic. Both features should make the approach attractive.
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It should be interesting to compare this approach with the one of [12] and to
analyze the similarities and differences. In the approach of [12], one begins with a
tentative normal set which is generally too large and has to be successively reduced
during the computation of normal forms for border elements.

No serious implementation of my approach exists so far; it is hoped that this
publication may lead to implementations in the near future. Only then, the poten-
tial of the approach may seriously be assessed. In particular, it should then become
clear whether the approach can be made to work for arbitrary regular systems or
only for certain subclasses of such systems and how its efficiency compares with
other recent approaches.

In any case, on the way to an implementation new insights about border
bases should come to light, with potential applications in other parts of numerical
polynomial algebra.
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Evaluation of Jacobian Matrices for Newton’s
Method with Deflation to Approximate Isolated
Singular Solutions of Polynomial Systems

Anton Leykin, Jan Verschelde and Ailing Zhao

Abstract. For isolated singular solutions of polynomial systems, we can re-
store the quadratic convergence of Newton’s method by deflation. The number
of deflation stages is bounded by the multiplicity of the root. A preliminary
implementation performs well in case only a few deflation stages are needed,
but suffers from expression swell as the number of deflation stages grows. In
this paper we describe how a directed acyclic graph of derivative operators
guides an efficient evaluation of the Jacobian matrices produced by our defla-
tion algorithm. We illustrate how the symbolic-numeric deflation algorithm
can be used within PHCmaple interfacing Maple with PHCpack.

Mathematics Subject Classification (2000). Primary 65H10; Secondary 14Q99,
68W30.

Keywords. Deflation, evaluation, isolated singular solution, Jacobian matrix,
Newton’s method, numerical homotopy algorithm, polynomial system, recon-
ditioning, symbolic-numeric computation.

1. Introduction

Newton’s method slows down when approaching a singular root and convergence
may even be lost if the working precision is not high enough. Moreover, using
multiprecision arithmetic makes sense only if the input data is sufficiently precise.
To restore the quadratic convergence of Newton’s method, T. Ojika, S. Watanabe,
and T. Mitsui ([11], see also [10]) developed a numerical deflation algorithm. A
symbolic algorithm to restore the quadratic convergence of Newton’s method was
developed by Lecerf [6].

This material is based upon work supported by the National Science Foundation under Grant
No. 0134611 and Grant No. 0410036.
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We studied the methods proposed in [11] and [10] and — for the sake of
numerical stability — implemented and experimented with two modifications to
their deflation algorithm:

1. Instead of replacing equations of the original system by conditions from
derivatives of the system, we propose to add equations, introducing random
constants for uniform treatment.

2. Instead of using Gaussian Elimination, we propose to apply Singular Value
Decomposition (SVD) to determine the numerical rank! of the Jacobian ma-
trix. The threshold on the numerical rank is our only critical numerical pa-
rameter to decide whether to deflate or not to deflate.

In particular, if the numerical rank of the Jacobian matrix at the current approxi-
mation equals R, we introduce R+ 1 additional variables which serve as multipliers
to selections of random combinations of columns of the Jacobian matrix (first pre-
sented in [18]). In [8] we showed that no more than m — 1 successive deflations are
needed to restore the quadratic convergence of Newton’s method converging to an
isolated root of multiplicity m. Once the precise location of the isolated singularity
is known, numerical techniques allow the calculation of the multiplicity structure,
using the methods in [1], [2], or [12] (see also [13, 16]).

The paper [2] analyzes our deflation algorithm from a different perspective,
showing that our algorithm produces differentials in the dual space as a by-product.
For the important special case when the Jacobian matrix has corank one, a modi-
fication of the deflation algorithm is presented in [2], which mitigates the expential
growth of the size of the matrices.

Our modifications to the methods of [11] and [10] were first [18] developed
in Maple, exploiting its facilities for polynomial manipulations and convenient
multi-precision arithmetic, and then implemented in PHCpack [17]. While the
performance of the method is promising on selected applications (such as the
fourfold isolated roots of the cyclic 9-roots problem, see [8]), the method suffers
from expression swell after a couple of deflations. In this paper, we describe a way
to “unfold” the extra multiplier variables, exploiting the special structure of the
matrices which arise in the deflation process. In the unfolding process, we naturally
arrive at trees (or more precisely, directed acyclic graphs), also employed in [4, 5].

Our Jacobian matrices have a particular sparse block structure which should
be also be exploited when computing the numerical rank and solving the linear
system. For this, we recommend the recent rank-revealing algorithms in [9].

Our algorithm is a symbolic-numeric algorithm; perhaps, the term “numeric-
symbolic” is more appropriate, as we produce by numerical means new equations
which regularize or recondition the problem. In particular, our algorithm gives —
in addition to more accurate values for the coordinates of the solution — a new
system of polynomial equations for which the isolated singular solution is a regular
root. Like [14], this paper documents the recent improvements to PHCpack [17].

1The determination of the numerical rank is a well studied problem in numerical linear algebra,
for recent progress we refer to [3] and [9].
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We encounter singular solutions when we solve polynomial systems using
homotopy continuation methods, see e.g. [15]. This encounter can only happen —
with probability one — at the end of the solution paths defined by the homotopy. So
homotopy continuation methods deliver approximate solutions to the singularities
which are then reconditioned by the deflation algorithm. One future project is the
use of deflation to decide locally whether a solution at the end of a path is isolated
or lies on a positive dimensional solution set. For this problem, deflation is needed
because the solution set might be multiple.

2. Problem Statement

In this section we fix the notation. Consider f(x) = 0, a system of N polynomial
equations in n unknowns, with isolated multiple root x*. As we restrict ourselves
to isolated roots, we have N > n. At x = x*, the Jacobian matrix A(x) of f has
rank R < n. At stage k in the deflation, we have the system

fkfl(xv >\17---»>\k71) = 0
fk(x7 >\17"'»>\k717>\k) - Akfl(x, Al?"'»Akfl)BkAk = 0 (1)
hyA, = 1

with fo = f, Ap = A, and where Ay is a vector of Ry + 1 multiplier variables,
Ry, = rank(Ay_1(x*)), scaled using a random vector hy, € CR++1, The matrix B
is a random matrix with as many rows as the number of variables in the system
frk—1 and with Ry + 1 columns. The Jacobian matrix of fi is Ax. We have the
following relations

#rowsin Ay : Ny = 2Np_1+1, Ng=N, (2)
#columnsin Ag : ny = ng_1+ R +1, ng=n. (3)

The second line in (1) requires the multiplication of Nj_1-by-ni_1 polynomial
matrix Ai_, with the random njg_1-by-R; + 1 matrix By, with the vector of
Ry + 1 multiplier variables Ag.

If the evaluation of Ag_1BrpAgx is done symbolically, i.e.: if we first com-
pute the polynomial matrix Ag_1(x, A1,...,Ag—1)Br before we give values to
(%X, A1,...,Ax—1), the expression swell will cause the evaluation to be very ex-
pensive. In this paper we describe how to first evaluate the Jacobian matrices
before the matrix multiplications are done. As this technical description forms a
blueprint for an efficient implementation, it also sheds light on the complexity of
the deflation.

3. Unwinding the Multipliers

We observe in (1) that the multiplier variables in A1, Ag, . .., A all occur linearly.
The Jacobian matrix of fj in (1) has a nice block structure which already separates
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the linearly occurring Ay from the other variables:

Ax_1 0
OAx_1 DA)_ Ak
A6 AN M) = | [P T By B | ()
0 hy
where the partial derivatives of an N-by-n matrix A with respect to a vector of
variables x = (x1, xa, ..., x,) give rise to a vector of matrices:
0A 0A 0A 0A 0A Oaij =12, N»
- - for A = [ai], - w5
Bx [89:1 81‘2 895”] ’ al‘k [axk] or [CL J] ;ii’z’m’ ( )

The definition of gﬁ naturally satisfies the relation gx (Ax) = A.
Notice that in (4) the evaluation of

0Ak_1 0Ar_1 0AL_1
Bi )\
[ ox 8>\1 8>\k1] Rk (6)
yields the matrix
0AL_1 0AL_1 0AL_1
B B, - B\
|: Bx Rk 8)\1 Rk 8)\;6,1 k k:| (7)

which has the same number of columns as A;_;.

As we started this section observing the separation of Ay in the block struc-
ture of Ak, we can carry this further through to all multiplier variables. By “un-
winding” the multipliers, we mean the removal of the 9. _type derivatives. In the
end, we will only be left with derivatives of the variables x which are the only
variables which may occur nonlinearly in the given system f.

In the k-th deflation stage, we will then need gﬁ, gi‘;‘, ey gi‘,?. If we exe-
cute (5) blindly, with disregard of the symmetry, we end up with n* matrices,
e.g.: for n = 3 and k = 10, we compute 59,049 3-by-3 polynomial matrices, which
is quite discouraging. However, as 83125; , = af:g‘ml, we enumerate all different
monomials in n variables of degree k which is considerably less than n*, e.g.: for
n = 3 and k = 10 again, we now only have 66 distinct polynomial matrices to
compute. To store gﬁ, a tree with n children (some branches may be empty) is a

natural data structure, see [4, 5].

4. A Directed Acyclic Graph of Jacobian Matrices

In this section, we explain by means of examples, how we build our data structures.
For example, consider k = 2:

Ay 0
Az(x, A1, A2) = [aail g’;\ﬂ ByXy A1By | . (8)

0 hy
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The evaluation of Ay requires
A 0
A1 (X, )\1) = [gﬁ] Bl>\1 ABl (9)
0 h;
and the derivatives
0A
0 0 0
0A x 0A
o fmalEa e | 00 o] s 0| o
ox 8)\1
0 0 0 0

ox 8902
hand, [gﬁ] * By uses the operator * which treats its second argument as a vector
of columns, i.e. if By = (b1, b, ..., by,) where b; (1 < i < m = Ry + 1) are the

columns, then
0A 0A, 0A 0A
[ax]*Bl [axbl 8xb2 “‘Bxbm]' (11)

One may evaluate [‘gﬁ] *B1 by computing the product [gﬁ] B followed by alter-
natingly permuting the columns of the result. By virtue of this operator *, we may

o ([0A 0A] DA
OA1 ([ax] Bl)“) - [ax]*axl (Bidu) = [ax]*Bl'

All matrices share the same typical structure: the critical information is in
the first two entries of the first column. To evaluate Ao, the matrices we need to

For 24 asin (5), the product [gﬁ] By is [gfl By 4B, --- gf Bl]. On the other

(12)

store are the Jacobian matrix A of the given system and its derivatives ‘gﬁ and
gi‘;‘. The role of the multipliers A; and A5 in the evaluation is strictly linear, they

occur only in matrix-vector products.
For k = 3, the evaluation of

partial derivatives

A 0
As(x A1, A0, Xs) = | [ 042 00 Byng By (13)
0 hs

requires the evaluation of As(x, A1, A2) — which we considered above — and its

0
[aaécl] By |, (14)
0

0

[8A1} B |,

o (15)

aa‘;‘f, gf\z, 234\2 respectively listed below:
1 2
0A,
04, 9%A a?;;
ox [WI axail}Bﬁ‘Q
0
81)4\1
OA1
04z - 9?A1 9’Ai| B oy
8)\1 3)\18x 3)\? 272

0

0
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and
0A 0 0
2 _ 0A, 0A
o = [axl a)\ﬂ*Bz 0. (16)
0 0
As the multipliers occur linearly, we have that ? ;\421 0. Observing 68;Af3l =
10X
aazan , we have two more matrices to compute:
XOA1
9%A
0% A, ; azf 0% A, q 0
o = [axg BiA, [axz} B | and g o) = [axz]*Bl ol. 7
0 0 0 0

Thus the evaluation of Asz(x, A1, A2, A3) requires [A gﬁ gx‘;‘ gx‘;‘] The partial

derivatives with respect to the multiplier variables in A1, A2, and A3 do not need
to be computed explicitly.

Just as a tree is a natural data structure to store the derivatives of A, a tree
is used to represent the deflation matrices. For memory efficiency, the same node
should only be stored once and a remember table is used in the recursive creation
of the tree, which is actually a directed acyclic graph, see Fig. 1.

As(x, A1, A2, Az)
A x A A 8A2 8A2 6A2
(%, A1, A2) A1 s
0A1 0A1 8%A, %A,
Al Ar) %y oA, ox oA
A(x) BA 8%A 8% A
ox ox2 ox3

FIGURE 1. Directed acyclic graph illustrating the dependency re-
lations in the evaluation of As.
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The graph in Fig. 1 has 14 nodes. If we perform the deflation three times
on a 10-by-10 system (10 equations in 10 variables), each time with the corank 1
(worst case scenario: maximal number of multipliers), then As would be a 87-by-80
matrix and the graph of evaluated matrices would occupy about 347Kb (8 bytes
for one complex number of two doubles). In case the rank would always be zero
(best case: only one multiplier in each case), then As would be a 87-by-13 matrix
and the graph of evaluated matrices would occupy about 257Kb.

TABLE 1. Growth of the number of distinct derivative operators,
as nodes in a directed acyclic graph, for increasing deflations k.
The case k = 3 is displayed in Fig. 1.

k 12 3 4 5 6 7 8 9 10
#nodes 3 7 14 26 46 79 133 221 364 596

The size of the graph grows modestly, see Table 1. For example, for k = 10,
we have 596 nodes. On the other hand, we must be careful to remove evaluated
matrices when no longer needed. For k£ = 10 on a 10-by-10 system we would need
at least 206Mb in the best case and 8Gb if the corank is always one.

We conclude this section with an anecdotal reference to actual timings, done
on a 2.4 Ghz linux workstation, with the system cyclic 9-roots, illustrating that
even for a modest number of deflations, it pays off to use a directed acyclic graph.
Only to show the benefits of an efficient evaluation, we deflate twice, assuming
the corank is one each time, and end up with a 39-by-36 Jacobian matrix. It
takes only 30 milliseconds to evaluate this matrix using the pre-calculated directed
acyclic graph, which takes less than a second to set up. Computing the symbolic
representation of this Jacobian matrix in a straightforward manner and evaluating
it takes 25 minutes and 40 seconds!

5. The Deflation Algorithm in P HCmaple

Our Maple package PHCmaple [7] provides a convenient interface to the func-
tions of PHCpack. The interface exploits the benefits of linking computer algebra
with numerical software. PHCmaple is a first step in a larger project aimed at
integration of a numerical solver in a computer algebra system.

Below we give an example of using the PHCmaple function deflationStep
to deflate the system of equations 0jikal (copied from [10] and member of our
benchmark collection in [8]):

224+y—-3 =0
{ z+0.125y2 - 15 = 0.

The system has two isolated solutions: (z,y) = (—3, —6) which is regular and
(z,y) = (1,2) which is multiple. The function deflationStep takes a system and
a list of solutions approximations as parameters, constructs the deflated systems

(18)
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for all multiple roots in the list, and returns the list of lists of solutions. The latter
are being grouped according to the rank of the Jacobian at the points, since for
the points with the same rank a common deflated system may be constructed.

> T := makeSystem([x,yl,[],[x"2+y-3, x+0.125%y"2-1.5]):

> sols := solve(T):

> printSolutions(T,sols);

(1) [x = 1.0000+.44913e-5%I, y = 2.0000-.89826e-5%I]
(2) [x = -3.0, y = -6.0]

(3) [x = 1.0000+.60400e-5%I, y = 2.0000-.12080e-4*I]
(4) [x = 1.0000-.38258e-5%I, y = 2.0000+.76515e-5%I]

To each group of points corresponds a table:

> 1 := map(i->table(i),deflationStep(sols,T)):
Solution (2) is simple (the rank of its Jacobian is full), the cluster of (1),(3),(4)
approximates a multiple solution (rank = 1 < 2)

> map(g->[rank=g["rank"] ,num_points=nops(g["points"])],1);

[[rank = 2, num points = 1], [rank = 1, num points = 3|]

The multipliers used in the deflation step are

> multipliers := 1[2] ["multipliers"];

multipliers := [A1, Aa]

The deflated system is linear in the multipliers (the matrix below is a part of (1)
for k=1)

> DT := 1[2] ["deflated system"]:

> eqns :=

> map (p—->p=0,DT:-polys[nops(T:-polys)+1..nops(DT:-polys)]):

> matrix (2,1, [A[0]*B[1] ,h[1]])=evalf[3] (linalg[genmatrix] (equs,

> multipliers, b));

Ao B —1.512x —1.311x 4 0.786 — 0.618 1 0911z + 1.78 I = — 0.0562 4 0.998
[ (;L b ] = 0.197y — 0.1541y — 0.755 — 0.656 1 —0.0140y + 0.2501y + 0.455+ 0.890 1
! —0.681+0.7321 —0.115—-0.9931

> DTmu := subsVariables
(DT, [seq(lambdalil=mu[i],i=1..1[2] ["rank"]+1)]):
> DTmu:-vars;

[l‘v Y, K1, ,u2]
> g := table(deflationStep(1[2] ["points"],DTmu) [1]):
> printSolutions(g["deflated system"],g["points"]);
(1) [x = 1.0-.87360e-15%I, y = 2.0+.18332e-14%*I,
mu[1] = -1.2402-.53612e-1*I, mu[2] = -.87951+.15347e-1%*I,
lambda[1] = -.85183-.21804*I, lambda[2] = -.91795+.57730%I,
lambda[3] = .64096-.77868*I, lambda[4] = -.21656-.75758%1]
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Get the multiplicity of the multiple solution:
> mult_solution := g["points"][1]: mult_solution:-mult;
3
Compare conditioning to that of the original approximation.
> mult_solution:-rco , sols[1]:-rco;
0.02542, 0.9301 10~ 1!

Above we have seen that the powerful symbolic-numeric capabilities of Maple
are useful for presenting the original and deflated systems in a compact, non-
expanded form. In the future we plan to represent the sequence of consecutive
deflations simply by the sequences of matrices and vectors Ay, By, hy. Combined
with the approach presented here, this would lead to a more efficient evaluation,
as well as provide a better control over the deflation process to the user.
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On Approximate Linearized Triangular
Decompositions

Marc Moreno Maza, Greg J. Reid, Robin Scott and Wenyuan Wu

Abstract. In this paper, we describe progress on the development of algo-
rithms for triangular decomposition of approximate systems.

We begin with the treatment of linear, homogeneous systems with posi-
tive-dimensional solution spaces, and approximate coefficients. We use the
Singular Value Decomposition to decompose such systems into a stable form,
and discuss condition numbers for approximate triangular decompositions.
Results from the linear case are used as the foundation of a discussion on the
fully nonlinear case. We introduce linearized triangular sets, and show that we
can obtain useful stability information about sets corresponding to different
variable orderings. Examples are provided, experiments are described, and
connections with the works of Sommese, Verschelde, and Wampler are made.
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Keywords. Symbolic-numeric computation, triangular decomposition, singular
value decomposition, linear system.

1. Introduction

Systems of polynomial equations frequently arise in applications, and it is often of
interest to determine their triangular forms. Such representations enable the ex-
pression of some of the variables as functions of the remaining (“free”) variables.
Already, methods exist which are designed to compute triangular sets for exact
systems whose varieties are of arbitrary dimension [43, 22, 28, 42]. However, for
real world problems, the systems under consideration frequently have approximate
coefficients that are inferred from experimental data. This means that the stability
of these triangular representations is a valid concern. To be more clear, we are not
merely concerned with the sensitivity of the triangular representation to pertur-
bations in the original data, but we also want the solution set to be stable under
small changes in values taken by the free variables.

This work is supported by NSERC, MITACS, and Maplesoft, Canada.
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In another paper, On Approximate Triangular Decompositions I: Dimension
Zero [29], we gave a detailed treatment of approximate triangular decomposition
for systems with finitely many roots (zero-dimensional systems). That work fol-
lows the equiprojectable decomposition presented in [9] and also makes use of
the interpolation formulas recently proposed by Dahan and Schost [12]. In this
second paper, we study the simplest class of positive dimensional systems: linear
homogeneous systems.

It is true that Gaussian elimination, with respect to a given variable ordering,
will transform any exact linear system provided as input into a triangular solved
form. Solutions are parameterized by free variables which are lower in the ordering
than the remaining variables. However, in the case of approximate systems, neither
replacement of floating point numbers with rational numbers nor use of Gaussian
elimination with full pivoting can be guaranteed to give orderings which are ideal
(see the standard text [21] for a discussion of these issues). Furthermore, such
methods may lead to approximate triangular representations which are practically
unstable, even in the case of exact systems.

The key idea for the portion of the current paper which deals with linear,
homogeneous systems, is to use stable methods from Numerical Linear Algebra.
Specifically we use the Singular Value Decomposition (SVD) to determine whether
a stable approximate triangular set exists for some variable ordering. We will show
that such a stable set and ordering always exists, but that a given ordering may
lead to an unstable representation. Furthermore, an interpretation of this set is
given in terms of an exact solution to some nearby (homogeneous) system.

From there we will further explore some local structure of nonlinear problems
with Linearized Approximate Triangular Decompositions. Applying results from
the treatment of linear problems to the linearization of nonlinear systems, vari-
able orderings for locally-stable approximate triangular sets can be determined.
To do this, we use the homotopy continuation methods of PHCpack [41] to gener-
ate generic points on each irreducible component of a given nonlinear polynomial
system [32, 34, 35, 33]. A collection of certain results on the decomposition of
non-linear systems is also provided here. For example, for n variables, the interpo-
lation methods of Sommese, Verschelde, and Wampler give approximate triangular
representations of the (n — 1)-dimensional components.

The above results, together with certain results using the equiprojectable
decomposition (presented in our related work [29]), form an accessible bridge to
the study of the fully non-linear case. This will be described in a forthcoming work.

2. Approximate Triangular Sets for Positive Dimensional Linear
Systems

In this section we discuss triangular representations for linear systems. The foun-
dation of our treatment is the Singular Value Decomposition, and techniques that
have now become standard in Numerical Linear Algebra [21, 39].
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2.1. The Singular Value Decomposition and Variable Orderings

Suppose we are given a system of m linear homogeneous equations in n variables,
and that the solution space of the system has some positive dimension d. We wish
to express the solution with n — d variables in terms of d free variables.

Indeed, for reasons which will become clear, we worry that Gaussian elimi-
nation might produce an unstable (triangular) representation of the solution set.
Instead of Gaussian elimination, our main tool will be the Singular Value Decom-
position (SVD) of Numerical Linear Algebra.

Given A € F™*" where F is R or C one can compute the SVD [21, 39]:

A=UxV!,

Here, ¥ is a diagonal matrix with the same dimensions as A, both U € F™*™ and
V € F**" are orthogonal matrices, and V! denotes the transpose of V if F = R
or the complex conjugate transpose if F = C. If the rank of A is r, then the last
n —r columns of V' form a basis for Null(4). The diagonal elements of ¥ are real,
and are called the singular values of A. Often, it is enough to take the number of
nonzero singular values as the numerical rank of A. For later purposes, it is useful
to mention that the singular values are the square roots of the eigenvalues of
matrices A’A and AA" (where the transpose is the Hermitian transpose if F = C).

Let P € F"*4 be a matrix whose columns form a basis for Null(4). In par-
ticular, we can let P be composed of the last n —r columns of V' from the SVD of
A and define d :=n — r. Then

X = ai1py +a2ps + ...+ aqpy
= Pa, (2.1)

with o € F¢. Furthermore, the matrix P is stable with respect to changes in the
(approximate) coefficients of A. Indeed, adjoining aq, ..., g as new indetermi-
nates we simply have the following:

Remark 2.1. Equation (2.1) is a (normalized) triangular set in any ordering rank-
ing the variables {x1,...,x,} greater than the variables {a1,...,aq}.

Definition 2.2. A triangular representation of the form

X = MXfree, (2.2)

non-free

where M is a matrix with entries in I, is practically stable if the condition number
of M is reasonable. Thus, small changes in the free variables of a practically stable
solution will not induce huge changes in the non-free variables.

Remark 2.3. The triangular set (2.1) is practically stable. We write
[[o]| LLedl

|
< |PIIPY
x| ]

(2.3)

to estimate the sensitivity of the solution x (the non-free variables) to small per-
turbations of a (the free variables), given the matrix P. Since P is not a square
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matrix, the usual inverse has been replaced with the pseudo-inverse P! (see Re-
mark 2.8 for more details), and the condition number of the triangular solution
(2.1) can still be expressed in terms of the singular values of P. Since the columns
of P are orthogonal, the matrix P!P is the identity matrix, whose eigenvalues are
all equal to 1. Thus, every singular value of P is equal to 1, and so its condition
number

1
IPl2| Pl =01 =1. (2.4)
0d
This result is independent of the condition number of the given matrix A.

We will now further our development by investigating approximate linear
triangular sets with respect to orderings of the variables {z1,...,z,} alone. It
is natural to ask why we should investigate such sets, given that, by Remark
2.1, the SVD already directly yields the triangular set (2.1). One reason is that
in applications we are often interested in expressing some variables in terms of
others. Another, more mathematical, reason is that we wish to use the linear case
as our guide in the study of the positive dimensional nonlinear case where such
orderings on the variables {z1,...,2,} are often used.

To obtain triangular sets in the variables {z1,...,2,} alone, we need to
eliminate the variables {a1,...,a4} in (2.1) in favor of d free variables suitably
chosen from {z1,...,2,}. The remaining n — d variables will then be expressed
as functions of these free variables instead of the a’s. If we can find an invertible
sub-matrix ) of P, then

Xfree = @0, (2.5)
and consequently
a= Qileree' (2.6)
Denoting by R the matrix composed of the n — d rows of P that do not appear in
@, the remaining variables may be expressed as

Xpon-free = 1

= RQ 'Xfpe0- (2.7)

Theorem 2.4. For every A € F™*™ with dimension d =n —r # 0, there is always
an ordering of the variables {x1, xa, ..., Ty} which can be used to produce a stable
triangular representation of the linear system Ax = 0.

Proof. An invertible d x d sub-matrix of P will always exist since P has rank d.
Moreover, the SVD guarantees that the computation of P is stable with respect to
small perturbations in the coefficients of A. Thus, we will always have an ordering:
{Xpon-freet = {Xfreey With which we can write the solutions to Ax = 0 in the
form of (2.7). (The practical stability of (2.7) will be discussed in Sect. 2.3.) O
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2.2. Backward Error Analysis for Positive Dimensional Linear Homogeneous
Systems

If the matrix A, with a positive dimensional null space, consists of entries which
are approximate, a numerical solution to Ax = 0 will not likely solve this given
problem exactly. However, it is standard to say that this solution exactly solves
some nearby problem. We will present some such results on backward error analysis
for the triangular solutions described in this paper. (For some interesting works
on backward error analysis in both very general and applied settings, see [38] and
references therein.)

If the solution that we find is x*, it does not make sense to say that we
have solved Ax* = e exactly for some nonzero vector of constants e. Here are two
reasons why:

(1) The residual is really of the form e(x), a vector which depends on all of the
variables {z1, zo,...,Zn};

(2) Since our problem is homogeneous, the nearby problem which we have solved
should also be homogeneous.

So, we want to say that we have solved Ax* = 0 where x* = Xx, X € F**" and
[|[A — Al is small. In the context of the development in Sect. 2.1, we can find a

triangular solution of the form x, 1 free = RQileree. So the problem that we
have solved can be written as
RQ7!
A |: i :| Xfree = EXfree. (2.8)

Here the columns of A have simply been rearranged so that [RQI;I} may be used
to denote the n x d matrix with first (top) n — d rows formed by the n — d rows
of RQ™!, and the remaining (lowest) d rows are a suitable permutation of the
identity matrix. The right hand side of (2.8) is non-zero because we are unlikely to
find the exact solution to the original (approximate) problem. Presumably, there
is some perturbation matrix 0 A with which we can write

(A—06A) [Rgl] Xfpee = 0. (2.9)

With Equations (2.8) and (2.9), we can see that
—1
A [Rg ] —E. (2.10)

Proposition 2.5. Given an approzimate, linear, homogeneous equation Ax = 0,
and a triangular representation for its solutions, there exists a perturbation to the
coefficients of A so that this triangular solution exactly solves the perturbed system

(A —dA). Furthermore, we have ||§A| < ||E||.
Proof. Transposing (2.10) gives

[RQ*Hi} SAL = B, (2.11)
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and we are free to choose the top n —d rows of 5At~t~o be zero rows. The remaining
d rows are then a permutation of E! such that IE' = E. With this choice, we
have ||dA|| = || E||. There may also be alternative better choices of A for which
[6A[l < [IE]- O

2.3. Some Stability Results: in Theory and in Practice

In Sect. 2.1, we had claimed that there is an invertible d x d sub-matrix of P.
However, this is a theoretical result which, in the approximate case, is rather
subtle.

If P was exact, it would then contain exactly d linearly independent rows
and n — d linearly dependent rows. Furthermore, any particular row is linearly
dependent on the other rows if and only if it is able to be expressed as an exact
linear combination of them. In our case, the entries of P are approximate, and it is
often quite unlikely that any row is an exact linear combination of the others. Thus,
we cannot speak of having exactly d linearly independent and n — d dependent
rows. However, we are still guaranteed a d x d sub-matrix of P which is invertible,
but there will likely be more than one such sub-matrix. So, our goal is to select
for our ) the “best” d x d sub-matrix of P.

Theorem 2.6. Given a matriz A = ULV ¢ Fmxn with rank r, the closest singular
matriz to A has rank r — 1 and can be constructed as A = U;Vt, where ¥ is equal
to X with o, replaced by zero. Furthermore, we have |A — Al = o,

Proof. See Trefethen and Bau [39] for an even more general result and proof. [J

Remark 2.7. The theorem about the approximation of a given matrix by another
of lower rank is usually attributed to Eckart and Young [13], and is often called the
Eckart-Young theorem. However, the theorem was first proved by Schmidt (1907)
for integral operators, and was later generalized by Mirsky (1960) to all unitarily
invariant norms.

This means that for any d x d sub-matrix @ with singular values {01, 09, .. .,
o4}, there exists a singular matrix within distance o4 of Q. In lieu of Theorem
2.6, our initial inclination was to claim that the “best” @ is the d x d sub-matrix
of P which has the largest o4. Actually, the choice of the best @ is not quite that
simple. It is true that we want a nonsingular @, but, unfortunately, the () which is
farthest from singular may not give us the RQ ! which is most practically stable.

Before going further, we wish to state some well-known results which will be
used in an explanation of the conjecture which concludes this section.

Remark 2.8. It is well-known that for any given matrix A = UXVY, || A2 = o1.
For any invertible matrix A € F*"*", we have A~! = VX ~!U, and so the singular
values of A™"are { ', 1 ..., M} and A7 o = . If A is not square, then

on’ Opn_1""
its pseudo-inverse AT = VXU can be computed instead of the inverse. For our
purposes, we regard A as having full rank, and then the diagonal elements of Xf
are still {Uln, Un{l ey 011 }. See, for example, [21] for more information on the
pseudo-inverse.
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Remark 2.9. Without proof we state the known result that if M is any sub-matrix
of a given matrix A, then ||M]||, < ||A||, for any matrix p-norm.

A stable solution will have continuous dependence on its input data. However,
it may be very sensitive to changes in the values substituted for the free variables.
The acceptable magnitude of the condition number will depend on the particular
application that is involved, and will determine if the triangular representation
is practically stable. We introduce the notation: og and op for the last (d'")
singular values of () and R respectively. Simply, using Remarks 2.8 and 2.9, and
the fact that ||P|2 = 1 (shown in Remark 2.3), we have the following bound for
the condition number of RQ !

Cond(RQ™") = [|RQ™2I(RQ™) |2

< IRI21Q 7 I211Qll2l BT[]
1 1
< IPll2 1P
aQ OR
1 1
= - (2.12)
0Q OR

By maximizing the product og - or, we will have minimized the bound on
Cond(RQ™1). In our experiments, we have observed that choosing @ and R such
that @) is non-singular, and og - or is maximal, yielded a solution for which the
condition number was minimal. Simply choosing @ such that it is the d x d sub-
matrix which is farthest from singular does not guarantee the best solution (see
the example in Sect. 3).

Conjecture 2.10. For every A € F™*" with dimension d = n — r # 0, we can
write X, on_free = RQileree. By choosing @) non-singular and such that og - or
is maximal, we will have found ordered sets {x,,, free} = {Xfree} for which the
stable triangular representation of this linear system is most practically stable.

2.4. Some Notes on Computation

To find an invertible sub-matrix @ of P, and corresponding sub-matrix R, is one
challenging step in computing a practically stable triangular representation. It is
considerably more difficult still to find the “best” combination of @ and R. An
ideal algorithm would be one which fulfills the following two criteria:

(1) The output variable ordering is optimal;
(2) The method is efficient.

This is not a straight-forward problem. Of course there exists an algorithm which
will fulfill criterion (1): simply use brute force to try all (7}) combinations of d rows
taken from P. This is a sensible strategy for small problems, but the expense of
trying to solve systems which admit large P is unsatisfactory. We also note that
there may be several optimal choices (e.g. consider  + y + z = 0, where every
ordering is optimal).

Employing randomness can give us (2), but not necessarily (1). We can ran-
domly select d rows from P. For large P, we are not likely to select the best @
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(and R), but we can also expect not to obtain the worst combination. For an even
better solution, one could repeat this a number of times, and take the best result.
For further study, one would like to know more about the distribution of the o4
for all d x d and n—d x d sub-matrices of P. Furthermore, thought on this strategy
raises another question: if we are not guaranteed an optimal solution, what may
be accepted as a “sufficient” solution?

3. A Linear Example

In this example, we use the 10 x 15 Hilbert Matrix, which has full rank and has
as each entry h; ; = Zij We will denote this exact matrix by H. and its floating
point approximation by Hy.

First, we want to point out that the issue of stability is encountered in both
numerical and exact approaches. The stability of a triangular representation for
the solutions of an ezact system may also be ordering-dependent. Suppose that
we are given a system of linear, homogeneous polynomials P = {p1,...,pm} €
Q € [z1, ..., z,], and that we want a triangularization of the solutions to Px = 0
in the form of (2.7). The coefficients in the solution may be computed exactly (say,
using exact Gaussian elimination). However, the solutions to the system are still
real. The substitution of real values for the free variables admits the possibility of
practical instability.

Using Gaussian elimination to solve He.x = 0 with x = (21,...,215), we
achieve the variable ordering {1‘11, L12,T13y L14, l‘ls} =< {fl?l, L2y ...,T9, l‘lo}. This
is as expected as H, has (exactly) full rank. The condition number of this (trian-
gular) solution is ~ 2.66 x 10°. Using the SVD, we can check that this solution
corresponds to one for which o ~ 0.11 x 1072, so Q is not singular. Also, we have
op~0.35x 1072

Another suitable solution strategy for linear polynomial solving is to use
Gaussian elimination on the floating point system. This, instead of doing exact
computation, can yield a considerable speed up, at least, due to a decrease in
required storage and intermediate computations. With partial pivoting, Gauss-
ian elimination does not re-order the columns of a given dimension—d matrix A.
Thus, generally, a solution will be achieved for which the free variables will be
those associated with the last d columns of A. Gaussian elimination with full piv-
oting, however, will exchange the order of the columns. Although this strategy
may consistently yield solutions for which the residual is small, the triangular
representation may be unstable, or at least not guaranteed to be optimal.

Applying Gaussian elimination with full pivoting to solve Hx = 0, yields the
ordering {z2, x3, T4, T5, 6} < {T1,77,..., 214,715}, and | E|r = 6.82 x 1071°. So,
at first glance, we appear to have found a good solution. However, the approximate
triangular form is practically unstable, with computed condition number ~ 1.29 x
108. Again using the SVD, we find that this corresponds to selecting a @Q for which
g ~ 5.97 x 107, and R such that og ~ 0.79.
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The solution for which @ is farthest from singular, with og ~ 0.55, has
Xfree = 177, 9, T11, T12, T14}. Here, Cond(RQ~1) ~ 11.70, so that this is close to
the optimal solution, below.

There is (at least) one choice for Q and R such that Cond(RQ ') is minimized
at ~ 7.64. We have found one such partitioning with og ~ 0.46, or ~ 0.24, and
corresponding to Xf..o = {Z6, T8, 10, T12, T14}-

We have seen that, for the purpose of finding practically stable triangular
representations, both Gaussian elimination on exact systems and Gaussian elim-
ination with full pivoting on approximate systems may indeed provide a poor
variable ordering. Finally, it is interesting to note that, given an efficient and reli-
able method of computing an optimal ordering, one might think about using it to
find practically stable triangular solutions even for exact systems.

4. Approximate Linearized Triangular Decompositions and
Numerical Algebraic Geometry

In Sect. 4.1 we introduce triangular sets, linearized about points on the variety of
a polynomial system (linearized triangular sets). The approximate points about
which we linearize are computed using the methods of Numerical Algebraic Ge-
ometry due to Sommese, Verschelde, and Wampler. We discuss some background
on this material in Sect. 4.2.

4.1. Approximate Linearized Triangular Decompositions

In this section we will make use of the results from our study of the linear case
to introduce Linearized Triangular Sets. Suppose that we are given a nonlinear

polynomial system p = {p1,p2,...,Ppm} in n variables x = (z1,...,2,). Then the
affine variety of the system over C is defined as
V(p) ={xz € C":p(z)=0}. (4.1)
The key idea of this section is to linearize about some given nonsingular point
xY = (29,...,2%) on the variety of the system and let v = (z; —29,..., 2, — 22)".
This will yield the linear system
;i (o
x)v=0. 4.2
o, &) (4.2)

If p generates a radical ideal, it is easy to show that this linearized system is the
tangent space of V (p) at x° [7]. We know the tangent space has the same dimension
as the variety at this point. To avoid rank deficiency, the condition number of the
Jacobian matrix at x° must be considered. An extremely large condition number
will either mean that this point is a multiple root, or that the polynomial system
is ill-conditioned.

It is natural to use this linearization to study the fully non-linear positive
dimensional case.
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4.2. Numerical Algebraic Geometry

In order to achieve the linearization above we need to determine points x° € V(p).
The tools we use to determine approximations of such so-called “witness” points
are the homotopy continuation methods of Sommese, Verschelde, and Wampler
[37, 33].

In [37], Sommese and Wampler outlined the development of a new field “Nu-
merical Algebraic Geometry,” which led to the development of homotopies to de-
scribe all irreducible (or the weaker equidimensional) components of the solution
set of a polynomial system.

An irreducible affine variety V is an affine variety that can not be expressed
as a finite union of proper sub-varieties. A well-known result is that that any
affine variety can be expressed uniquely as a union of finitely many irreducible
affine varieties. The dimension of these irreducible components can vary from 0 to
n— 1:

Vip) =2 = O Z; = O U Zij, (4.3)
=0

i=0 jET;

where Z; is the union of all i-dimensional components, Z;; are the irreducible
components and Z; are index sets with finitely many entries. See Sect. 5 for an
example.

Definition 4.1. Given a polynomial system p(xz) = 0 having a decomposition Z
into irreducible components Z;; or more weakly into equidimensional components
Z; in (4.3), a witness set W is a set of points of the form

n—1 n—1
W= U Wi = U U Wi, (4.4)
i=0

i=0 jET;
where

1. W, is a finite sub-set of Z;; (i.e. W;; C Z;;),

2. W;; contains no points from any other Zy, (i.e. Wi; N Zge = 0 for (4, ) #
(k, 1)),

3. Wi;; contains degZ;; points, each occurring v;; times for some integer v;; > p1;;
where 4;; is the multiplicity of Z;; as an irreducible component of p~1(0).
Moreover, if p;; = 1 then v;; = 1.

See Sect. 5 for an example. The W; above are the witness sets for the equidi-
mensional decomposition and W;; are the witness sets for the irreducible decom-
position. Approximate points for these can be determined by numerical homo-
topy continuation methods. It is important to note that the witness sets for an
equidimensional decomposition can be computed more cheaply than that for the
irreducible decomposition.



On Approximate Linearized Triangular Decompositions 289

4.3. Results for Approximate Triangular Decomposition

Examples illustrating the results of this section can be found in Sect. 5.

Since the witness points computed for the zero-dimensional case each have
the form =1 = a1, 2 = ao, ..., T, = a,, it follows that:

Remark 4.2. For an exactly given input system of polynomials over C, the (exact)
witness point representation of the set of isolated points Z;y is a collection of
triangular representations over C.

The homotopy continuation methods of [33] give a method for approximating
all such isolated points, provided a small enough tolerance is used, which rely
for their stability on Bernstein’s theorem [1]. Certification that the tolerance is
small enough for Newton’s method using approximate arithmetic to be certified
as converging to an exact solution of the original exact system requires use, for
example, of Shub and Smale’s v theory [2]. We note that the case of approximate
input systems is more involved, and is the subject of current research.

In our previous paper, we reassembled this collection of approximate trian-
gular representations to give an approximate equiprojectable decomposition of the
Zy (which is an equidimensional decomposition). That triangular decomposition
can be regarded as an approximation of the decomposition that is obtained by
exact methods.

For the positive (n — 1)-dimensional case, the witness set characterization
[33] can be regarded as an exact, probability 1, non-algorithmic construction using
exact complex arithmetic. In addition an exact interpolation process can be given,
leading us to:

Remark 4.3. For systems with n variables, each such interpolating polynomial for
each irreducible component of dimension n — 1 constitutes a triangular represen-
tation for that irreducible component. In the equi (n — 1)-dimensional case the
single interpolation polynomial is also a triangular representation.

The methods of Sommese, Verschelde, and Wampler, regarded exactly, gener-
ate enough generic points to exactly interpolate each such irreducible component
by a single polynomial in the variables x1, 2, ..., z,. In addition, by these
methods a single interpolation polynomial can be obtained for Z,_1, ie. for the
components of dimension n — 1 in the equidimensional decomposition. In the case
of approximate arithmetic, the zero-dimensional systems arising in the above pro-
cess again require certification for convergence, and algorithmic certification (in
the sense of Shub and Smale) is an interesting topic of current research.

The interpolation procedure applied in Remark 4.3 incrementally increases
the interpolation degree from 1 until the minimum degree where interpolation is
successful is obtained, and yields triangular representations which generate radi-
cal ideals .
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From Remarks 4.2 and 4.3 we have:

Remark 4.4. Approximate triangular representations can be obtained for each
irreducible (and each equidimensional) component of a bivariate system of poly-
nomials.

An easy consequence of Remark 2.4 is:

Remark 4.5. Given x° € V(p), an ordering of the variables can be determined so
that there is a stable linearized triangular representation of the polynomial system
about x°.

Such linearized triangular systems give information on the existence and con-
struction of associated nonlinear triangular systems. Again we add the cautionary
remarks that the above statements are true as exact statements of C, and care
must be taken in approximate counterparts of such statements.

5. An Example of Sommese, Verschelde and Wampler

Consider the system, which is used as an illustrative example by [33]:
(y— 2 (2 +y? + 22 —1)(z — 0.5)
p= (z—2®)(2®> +y?+ 22 -1)(y—0.5) | = 0. (5.1)
(y —2?)(z — 23)(2® + y* + 22 — 1)(2 — 0.5)
In this illustrative example, it is easy to find the decomposition
V(p) = ZQ U Zl U Z() = {Zgl} U {le U 212 U Zlg U 214} U {Z()l}, (52)
where
Zo1 is the sphere 22 4+ 2 + 22 —1 =0,
Zy1 is the line (z = 0.5, 2z = 0.5%),
is the line (z = /0.5,y = 0.5),
Zy3 is the line (z = —/0.5,y = 0.5),
Z14 is the twisted cubic (y — 22 =0,z — 23 = 0),
6. Zo1 is the point (x = 0.5,y = 0.5,z = 0.5).
For the example above, which is executed by the algorithm IrreducibleDecompo-
sition in [33], the witness set W, the degrees d;; and multiplicity bounds v;; are
W = W2 U W1 U W() = {Wzl} U {Wll U W12 U W13 U W14} U {W()l}, (53)

where

U WD =
N
2
[\v]

Wa1 contains 2 points, do; = 2 and vo1 = 1,
W11 contains 1 pOiIlt, d11 =1 and V11 = 1,
W12 contains 1 pOiIlt, d12 =1 and Vig = 1,
W13 contains 1 pOiIlt, d13 =1 and V13 = 1,
W14 contains 3 points, di4 = 3 and v14 = 1,
6. Wo1 is a non-singular point.

Uk o

See Sect. 7.2 of [33] for the execution summary of this example.
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Consider the system p from (5.1), with decomposition (5.2), and the description of
the witness points and their degrees given above. As previously noted, the possible
dimensions of the irreducible components are 0, 1, and n — 1 = 2.

Zero-Dimensional Components: Using the methods of [33] yields one single isolated
point of degree 1: z = 0.5, y = 0.5, z = 0.5. This, of course, is a triangular set
(and is also equiprojectable).

One-Dimensional Components: The methods of [33] predict 3 one-dimensional
degree 1 (linear) components, and 1 one-dimensional degree 3 component. Imme-
diately, the linearized triangular set method of Sect. 4.1 can be applied to approx-
imate the linear one-dimensional components. Here is a sketch of the details.

First, from [33], we can determine an approximate generic point, x°, on each
linear component: a € Z11, b € Z15, ¢ € Z13. Then, we can make use of the SVD
to achieve linearized triangular representations of the form

x = x’ + aw, aeC, (5.4)
where x° € {a,b,c} and w € {w,, w;, w.} are the corresponding basis vectors given
by the SVD. Here, « is regarded as an additional indeterminate with {z,y, z} > «.
Recalling (2.7), if wi # 0 we can choose xj, as a free variable and rewrite (5.4) as
Wi

!z —2}) (5.5)

o= 20
Tj;=T;+ W
where all other z; (j # k) are the two non-free variables.

We used for x° (respectively for each of the 3 linear 1-dimensional compo-

nents):

R
%

[0.50 4 2.08 x 107'%4,1.00 + 1.64 x 107'",0.125 — 7.13 x 10*11i]t ,
[0.71 + 4.10 x 107"4,0.50 — 9.30 x 10714, 1.00 + 2.92 x 10*11i]t,
~ [-0.71—9.68 x 107'14,0.50 — 4.28 x 10714, 1.00 — 8.51 x 10*111']?

TN
%

o

The corresponding vectors w obtained by applying the SVD to the linearized
systems about x° are

W, ~ [~2.50 x 1071 — 0.4,0.68 + 0.744,3.37 x 1071° — 6.32 x 107 1%]*,

wp ~ [—5.22x 1071 4 0.4,1.73 x 1071 + 3.54 x 1071%, —0.85 + 0.531]",

we ~ [1.51 x 10719 +0.4,1.39 x 107 +3.64 x 107'%, —0.73 — 0.694]",
where we have rounded the above results to two decimal places (and 0. is used to

denote floating point zero). The next step is to find the stable orderings of {z, y, z}
on each linear component.

Z11: For the one-dimensional case, we do want to find the invertible d x d sub-
matrix Q of w, which has greatest d*" singular value. Since here we have d = 1,
the singular values of each of the three 1 x 1 sub-matrix of w, are simply the
magnitudes of each complex entry itself. This means that we are looking for the
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entry of w, with greatest magnitude, and this will tell us which of {x,y, z} will be
the best free-variable. We find a single stable choice:

Xfree — {y}7

non-free = {%: 2},
which corresponds to either of the orderings: y <z < z, or y < z < .

Geometrically, this can be interpreted as follows: the linear component Z;; is
exactly a line perpendicular to the zz-plane. Because the numerical approximation
to this component contains errors (due in part to the inexact point a), it is a line
which is not exactly perpendicular to the zz-plane. Solving for y, z in terms of x,
or x, y in terms of z, are unstable choices. A small change in z would then cause a
change in y roughly on the order of 10° (in the first case), or a change in z would
cause a change in y which would also be around the order of 10? (in the second
case).

The (only) stable approximate linearized triangular representation is

T = a,; — (1.69 x 1071° — 1.84 x 107 %) (y — &),
z = @, —(2.37 x 10719 + 6.76 x 10~ %) (y — a,).

X

Zy9: As for Zy1, we find just one stable choice of free variables:
Xfree = 12}
Xnon-free = {%:%}

which corresponds to either of the orderings: z < = < y, or z < y < z. This
corresponds to the approximate solution

T = by + (443 x 10710+ 2.76 x 107%) (2 — b,),
y = by + (4.07 x 1071 —3.92 x 1071%)(z — b.).
Z13: Here the stable choice of free variables is
Xfree = {2}
Xpon-free = %Y}

which corresponds to either of the orderings: z < x < y, or z < y < =. The stable
approximate solution is

r = & — (1.10 x 107° — 1.04 x 107 '%) (2 — &),

y = & — (2.60 x 1071% 4+ 2.55 x 1071%) (2 — ¢,),
It is both interesting and important to note that for exact triangular decomposi-
tion, one can set a single order for the entire computation. However, here there

is no single stable choice of {X, 1 free} and {Xfee} Which covers all three cases
(Z11, Z12, and Zi3).

Z14 (Twisted Cubic): Consider the linearization of p about the (random) point x°
on the twisted cubic given by

d ~ [0.50 + 4.16 x 10714,0.25 + 3.41 x 107114,0.125 + 9.63 x 10~ 14]".



On Approximate Linearized Triangular Decompositions 293

Applying the SVD to the linearization of the system about x° = d yields w given
by

wg ~ [0.48 + 0.4,0.80 + 0.10i,0.36 — 4.30 x 10~ 1%]*.

Then the method above yields the most stable choice

Xfree = ¥}

Xpon-free = 142}

which corresponds to either y < = < 2z, or y < z < x. We obtain the following
linearized triangular decomposition:

= dy— (590 x 1071 —0.76 x 107%)(y — d,,),
2z =d, — (443 x 1071 = 0.57 x 1074)(y — d,,).

However, we are more interested in what can be said about the triangular decom-
position of the original non-linear problem.

First, we mention that the methods of [33] interpolate this one-dimensional
curve as the intersection of n + 1 = 4 hyper-surfaces, which are in fact ruled sur-
faces. These ruled surfaces correspond to random (generic) projections. Lemma
5.3 in [33] expresses the fact that the irreducible component, corresponding to
this one-dimensional curve, is precisely cut out by the intersection of these 4 ruled
hyper-surfaces. Equivalently in terms of generic coordinates X, Y, Z, which are
random linear combinations of x, y, z, the irreducible component is defined in terms
of 4 polynomials in X, Y, Z. Three of the polynomials are bivariate polynomials
(of (X,Y), (X, Z), and (Y, Z) respectively) and correspond to projections onto the
generic coordinate hyperplanes. Triangular decomposition of this one-dimensional
curve should require only 2 rather than 4 polynomials. However, approximate
triangular representations in the generic coordinates can be extracted by choos-
ing subsystems of 2 polynomials from the 3 bivariate polynomials. Note that, in
general, such triangular representations will have excess components (removed by
intersection with the remaining polynomials). In some cases, excess components
do not occur (a fact that can be checked in a number of ways, e.g. by numerical
membership testing, or testing numerically for irreducibility). In this case, a tight
generic triangular representation is determined.

We now briefly discuss the task of finding triangular decompositions in terms
of the original coordinates z, y, z, rather than the generic coordinates. It is clear
from our comments above, in the linear case, that we need an ordering of the
variables that is numerically stable, and should be applicable even in the non-
linear case. Here, we require a projection that maps the nonlinear curve onto
one which has the same dimension. The linearization shows that any projection
will have this property. This projection can be interpolated, so the degree of the
interpolated curve is important. The approach of [33] determines that the degree
of the curve is 3, and this can only drop upon projection. So a second obvious
property for a ‘good’ projection is that this degree not be diminished.
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A possible alternative approach is to bootstrap from the zero-dimensional
case. The general idea of reducing a positive dimensional system to a zero-dimen-
sional one goes back to Van der Waerden [40] for primary decomposition, and was
later made algorithmic by Gianni, Trager, and Zacharias [17], among others. The
most recent work is due to Schost [31] and Dahan, et al. [11], where triangular
decompositions are obtained for exact positive dimensional systems.

It is interesting to investigate how these methods might be adapted to approx-
imate systems. Here is a sketch of this method. First, the numerical irreducible
decomposition would be performed, and each irreducible component would be
treated separately. The witness points for a component would be used to determine
a stable ordering for the linearized system. Setting the free variables to random
values yields a zero-dimensional system, to which the approximate equiprojectable
decomposition [29] would be applied. The triangular sets so-obtained involve only
the non-free variables. The dependence on the free variables could be determined,
through choosing different random values for them, by interpolation. However,
we caution that there are serious stability issues that need to be resolved, and
also note that the interpolation process involving rational function reconstruction
needs to be developed before such an approach can be realized.

Two-Dimensional Components: There is one single component of p, predicted by
[33] which has dimension n — 1 = 2 and degree 2. Homotopy continuation can
be used to generate enough points from which a single polynomial of degree 2 in
x, y, z can be interpolated. This interpolation can be carried out automatically
by PHCPack [41]. This is a triangular set for the component. Note also that
the minimality of the degree ensures that the ideal is radical (one property of
a triangular set). It is equivalent to a multiple of 22 + y? + 22 — 1 = 0, which is
easily seen independently here, but, of course, the method will work on examples
where such a property and an expression cannot be so easily extracted.

6. Discussion

Exact triangular decomposition methods for representing exact polynomials sys-
tems (see for example [43, 24, 28, 22, 42]) have proved valuable in applications
[5, 23, 14, 31, 16], and there are well-developed algorithms [28, 9] for their con-
struction. There have also been considerable recent improvements [12, 10] in the
complexity of algorithms for their construction. Such representations are desir-
able, not only because of their triangular solved-form structure, but also because
(in comparison with other exact methods) they give the minimum number of
polynomials required to form a description of the equidimensional decomposition
components of such systems.

The goal of our research is to extend such methods to approximate systems of
polynomials. Our previous paper [29] gave a detailed treatment of zero-dimensional
systems, and in this current paper we have studied linear positive dimensional
systems using methods from Numerical Linear Algebra.
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The methods of [33] enable approximate generic points on the solution compo-
nents of polynomial systems to be computed by numerical homotopy continuation.
These witness points give the layout of the decomposition as well as the number of
witness points on a component, which is its degree. As we indicate in this paper,
the zero-dimensional components, computed by the methods of [33] are a solved
form (explicitly giving the coordinates of the zero sets), and constitute a collec-
tion of triangular sets (each being an isolated root). However, these sets do not
directly correspond to the triangular representation computed by exact methods.
Also, if n is the number of variables, each irreducible component of dimension
n — 1 (hyper-surfaces) can have additional generic points generated by homotopy
continuation, and interpolated by a single polynomial. This representation, which
is automatically generated by PHCPack of [41, 33], is again, as we note, trivially,
a triangular set.

In the d-dimensional case where 0 < d < n — 1, the methods of [33] also
generate additional points on each irreducible component, and give interpolating
polynomials to represent the component. Each interpolating polynomial corre-
sponds to a random projection of the component in C" to a (d + 1)-dimensional
affine space. In general, n+1 generic projections (and n+1 interpolating polynomi-
als) are used in that approach to precisely describe the component (see especially
Lemma 5.3 of [33] for the theoretical justification). Such a representation is not
triangular, since a triangular representation would only require n — d polynomials.
However, a triangular sub-system of n — d polynomials can be extracted in generic
coordinates (e.g. as discussed for the twisted cubic example). Although a numer-
ical test for irreducibility can be applied, such generic triangular sub-systems are
not generally irreducible. Their chance of irreducibility can be enhanced by adding
random linear combinations of the remaining d + 1 polynomials to the triangular
system, while maintaining its triangular structure.

Given a point x° on a d-dimensional irreducible component of a polyno-
mial system computed using SVW, we compute a local linearization of the form
x = x° + Pa, where P is computed using the SVD, and the o’s are d newly intro-
duced parameters. In the case of linear varieties this is actually a triangular repre-
sentation. Secondly, by eliminating a, and provided certain stability-invertibility
properties are satisfied, stable triangular representations in the variables x can
be obtained for the linearization. We note that both of these representations in-
volve n — d linear polynomials. For linear components, [33] gives a non-triangular
representation, also only requiring n — d linear polynomials.

In future work, we will extend the results of this paper and [29] to the con-
struction of triangular sets for positive dimensional systems of polynomials.
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On the Extended Iterative Proportional Scaling
Algorithm

Ming-Deh Huang and Qing Luo

Abstract. The iterative proportional scaling algorithm is generalized to find
real positive solutions to polynomial systems of the form: Z;’;l QsjPj = Cs,
s=1,...,n, where p; = m; [[1_; z5* with as; € R and 7, cs € Rso. These
systems arise in the study of reversible self-assembly systems and reversible
chemical reaction networks. Geometric properties of the systems are explored
to extend the iterative proportional scaling algorithm. They are also applied
to improve the convergent rate of the iterative proportional scaling algorithm
when dealing with ill-conditioned systems. Reduction to convex optimization
is discussed. Computational results are also presented.

1. Introduction

A real function of the form
K
— Q14,0024 Qnj
flze, ... xn) = E g et
1=1

where m; > 0 and «;; € R, is called a posynomial. We are interested in finding real
positive solutions to posynomial systems of the form:

m n

Zasjpj:cs, s=1,...,n, where pj:Terl‘gsj (1.1)

j=1 s=1
with as; € R, and 7, ¢cs € Rsg. These systems arise in the study of algorithmic
self-assembly. As will be explained in the next section, a solution to such a system
corresponds to an equilibrium of a reversible self-assembly system [4] or a reversible
chemical reaction network [6]. It will be shown that the real positive solution to
such a system is unique when the underlying linear system:

m
E asjy; =cs, s=1,...,m,
=1

has a real positive point.
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A special case of the system (1.1) is where a,; = 1 for all j; then letting
z = x,, the problem becomes one of finding a probability function of the form:

pj:w;sz?j,j:l,...,m, (1.2)

that satisfies 3, p; = 1 and Z " asjpj = ¢, fors =1,...,n—1, where 7} = 77 for
j=1,...,m, and cg = ¢ for s =1,...,n— 1. In this case the problem is exactly
solvmg mazximum lzkelzhood equatwns in statistics (a good example is on page 114
of [7]). It is known that the positive solution is unique (see [3], also Chapter 4 of [2]).
The solution can be found by a numerical algorithm called iterative proportional
scaling [3]. With this method a simple transformation is applied to the system so
that two additional conditions are satisfied: > as; = 1 and >, ¢s = 1. The

following theorem proven in [3] can then be applied to solve for the solution.

Theorem 1.1. Consider the system

m
Zasjpj =cs, s=1,...,n
j=1
where
n
pj = m; [ =5,
s=1
as; > 0,3 " as; =1,¢cs >0,and > cs = 1. Suppose that Az = ¢ has a real pos-
itive solution, then the sequence (p®) : k =0,1,2,...) with pt*) = (p} (k) .. (k))

and defined by p( ) = =, p(n+1) pgn) | ( f;))ari, where ™) = =>" ampf ),

converges to the unique positive solution of thersystem.

In this paper we generalize the iterative proportional scaling algorithm to
solve the posynomial system (1.1). Our approach is to associate the system (1.1)
with a parameterized family of systems S, of the form 1.2 where v € Ryg. We
define a function g on a suitable positive real interval such that for v in the interval,
g(v) is the value of z in the unique real positive solution to S,. We show that the
function 7 (vv) is decreasing in this interval and has a unique fixed point u. Moreover
the solution to our system (1.1) can be easily obtained from that of S,,. The fact
that ¢ has a unique fixed point and 7 (f) is decreasing allows us to devise a bisection
strategy to find uw by solving a sequence S,,, each using the iterative proportional
scaling method. We show that if in the solution to our system, ) . p; = v~ and
the required precision is €, then the number of times where we apply the iterative
proportional scaling method can be bounded by O(]logu| + log(1/¢)).

The rest of the paper is organized as follows. In Sect. 2 we discuss the geo-
metric perspective of the system (1.1) and its application to self-assembly systems
and reversible chemical reaction networks. In Sect. 3 we explore a special geometric
property of the system (1.1). This property is applied in this section to improve the
convergent rate of iterative proportional scaling for certain ill-conditioned cases.



On the Extended Iterative Proportional Scaling Algorithm 301

It is also utilized in the next section in generalizing the proportional scaling al-
gorithm. The details of the extended proportional scaling algorithm are presented
in Sect. 4. We implement our algorithm in Mathematica 5.1. We discuss convex
optimization as an alternative method for solving (1.1). Computational results are
presented in Sect. 6, including comparison of the extended iterative proportional
scaling method with convex optimization.

2. Geometric Perspective and Motivation from Self Assembly and
Chemical Reaction Network

Given a set B = {v1,...,v4} in R™ and a positive vector u = (u1,. .., 1q), let
Vis,u denote the set of of x € R™ such that v = wixVi , for i = 1, ..., d,
j and v, are the nonnegative vectors with disjoint support such that
v; = vj —v; . Suppose vy, ..., vg € Z™. Then Vi, , is the zero set of the ideal Iz, =

where v

<p“i+ — wip% :wv; = v —wv; € B) in the polynomial ring R[p] = R[pi, ..., pm].
It is called the deformed toric variety of B under p. When p = (1,...,1), Vi, , is
simply called the toric variety V.

For a = (a;) € Rsg and b = (b;) € R™, we define a® = [], a’’.

Let A = (asj) be an n by m real matrix and suppose B = {v1,...,v4} spans
the kernel of A. Let 7 = (my,...,mm) € RYy, and p; = 7% for ¢ = 1,...,d. Then
it can be shown that for ¢ = (c1,...,¢,) with ¢; > 0 for all 4, p € Vi, , N{y |y >
0, Ay = ¢} if and only if p yields a solution to (1.1). That is:

m
Zasjpj =c5, s=1,...,n,
j=1
where
n
pj=m; [ [ ut
s=1

with some u € RZ.

Note that Vi, . N{y | y > 0, Ay = c} is determined by the kernel of A, p
and c. Therefore we may assume without loss of generality that the matrix A is of
rank n.

Let A; be the i-th column of A for i = 1, ..., m. For x € RZ, let P
(x4, ... z4m) and mz? = (ma?t, ..., 7pxd™). Then (1.1) can be rewritten as:
Ap = c where p = mu” with u € R, Let U = ker A. Then U+ = im(A?). Suppose
¢ = App for some py € R7. For u € R%, let = A'logu, then u € im(At) = U™,
and p = mu? = 7eH is a solution to (1.1) if and only if Ap = ¢ = Apy if and only
if p— po € U = kerA. Hence our problem becomes one of finding u € U+ with
met — py € U, given positive vectors m and pg. It follows from Proposition B.1 of
[6] that such a u is unique. Therefore, there is a unique positive solution to (1.1).

In a self-assembly system or a reversible chemical reaction network, we have
a collection of species whose concentrations are represented by variables zq, ...,
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Zm respectively. Each complex is represented by a monomial z* where z = (z;)
and a = (a;) with a; € N. Each reaction (or event in the terminology of [4])
is associated with a binomial oc2® — 72® where o is the forward rate and 7 the
backward rate. The rate of change of concentration of the j-th species with time is
modeled by 2; = Fj(z) where Fj(z) = — Y, (0;2% — 7;2%)v;(§) with v; = a; — b;
and v;(j) is the j-th coordinate of the vector v;. Let F' = (F;), then the system
# = F(z) models the dynamics of the mass-action system [4, 6].

Let B = {v1,...,vq} in R™ and p = (u1,. .., 4a), with pu; = 0;/7. Then for
real positive vectors p € R™, F(p) = 0 iff p € Vi, [6]. Moreover if the initial
condition is zg then the flow determined by the system of differential equations
& = F(z) satisfies the condition that x(t) —z is in the linear span of B. Thus if we
choose a matrix A such that ker(A) =< vy, ...,v4 >, then the positive intersection
of the deformed toric variety Vi, , and the set {z | > 0, Az = Az} is precisely
the set of positive real equilibria of the flow defined by # = F(z) with initial
condition xg.

Example 1. Consider the following reversible chemical reactions:

1. 2H5 + Oy = 2H50 with forward rate k; and backwards rate ks,

2. Cly + Hy = 2H(C'l with forward rate k3 and backwards rate k4.

If we represent the concentrations of Os, Cly, Hy, HoO and HC' by x1, x2, x3,
x4 and w5, then the binomial associated with the first reaction is kjz3z1 — kox3;
the binomial associated with the second reaction is kszoxs — ksw2. Let z =
(21,22, 23, 24, 5) then the dynamical system associated with these two reactions
is governed by the following differential equations:

5(,:1 kgl‘ixg — klxgl‘ll‘g
5(,:2 k4l‘§ — kgl‘gﬁ()g
T = 1:3 = F(l‘) = 72(1611‘%6611‘2 - kzﬁcil‘g) - (kgl‘gﬁ()g — k4l‘§)
5(,:4 2(]6168%1‘1662 — kzl‘il‘g)
5(,:5 2(1631‘21‘3 - k4l‘§) .

Let B = {’01 = (1, 0, 2, 72, 0), Vg = (0, 1, 1, 0, 72)} and n = (kg/kl, k4/k3)
Then I, =< z123 — ],:f T2, Tow3 — ’Z‘; z2 > and all positive points in V(Ig,,) are
equilibria.

Assume that the initial condition of the system & = F(z) is Zg = (Z1, ..., T5)
and we choose

10 0 1/2 0
A=10 1 0 0 1/2
001 1 1/2
so that the kernel of A is spanned by B. Then the real positive equilibrium is

V(Is,) Nz |z >0, Az = Ado}.

To get the corresponding posynomial system, we need to find one positive
_ — ;. : 2 —2 _ k 2 _ K
vector 7 = (m1,...,m5) such that p; = 7% that is, mymgm, = = |2 momsmy ™ = 4.

Let my=my=m3=1,m4 = \/’Z; Ty = \/:z, then p; = ¥, and the corresponding
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posynomial system is

4!
100 1/2 0 P2
01 0 0 1/2 pP3 :AIZ‘(),
001 1 1/2 D4

ps

3. Geometric Property

In this section, we show that the first n — 1 equations in the algebraic system
(1.1) can be considered as a curve parameterized by z,. In other words, let z; =
g1(xn), -y Tn-1 = gn-1(xy,) be the function derived from the first n — 1 equation
n (1.1). Then the function f,(g1(zn),- .., gn-1(2n), ) is increasing in (0, +00).
We denote the real positive domain as P in the following proposition.

Proposition 3.1. Let ¢ = (c1,...,¢,) € P" and A = (a;;) be an n by m real
matriz of rank n, and suppose that Az = ¢ has a real positive solution. Let m =
(71, -y Tm) € P™, and let

m
_ aij Qnj S
filzr,...,zn) = E Ty T — e, t=1,...,n.
Jj=1

Then the set of real positive points determined by

fl(xly"'»xn) :07
f2(.’£1,---,l‘n) :07

fnfl(xlv .. '»xn) =0

forms a curve {(X(zy,), zyn) | Tn, € R} in P™ parametrized by x,,, where X (x,) =
(x1(xn)s .-y Tn—1(zn)) is such that f;(X(xy),zn) =0 fori=1,...,n— 1. More-
over fn(X(a),a) > fn(X(),b) for any a >b> 0.

The proof of the proposition is in Appendix A.

One application of the proposition is in dealing with an ill-conditioned system
where the exponent in one of the variables is unusually large or unusually small. In
this case, the convergent rate of the iterative proportional scaling method tends to
be slow. We can improve the convergent rate by finding the value of one variable
using bisection while finding the values of the others using iterative proportional
scaling method as follows.



304 M.-D. Huang and Q. Luo

Consider the system

c
an aia - Gim b1 1
b2 C2
= 5
anl DY DECEEY anm :
1 1 1
Dm 1

where
n
R asj
bj = TiH H Ts™
s=1

Such a system can be translated into the system in Theorem 1.1 as discussed
before, and thus can be solved by iterative proportional scaling method.

Without loss of generality, assume that ay,, is the exponent which is unusually
large. From Proposition 3.1, we know that in the positive real domain the first n—1
equations in (1.1) determine a curve £ parametrized by x,. Thus for each real
positive x,, there is a unique point (g(x, ), x,) on L. Moreover f, is an increasing
function along £, that is, f,,(g(z,), z,) is increasing. If we can evaluate the function
g(zy), then we can evaluate f,(g(zn), ). Hence we can approximate the -
coordinate of the solution using the bisection method. To evaluate the function g
at point x,, = h, we observe that after setting x,, = h, g1(h),...,gn—1(h) is the
solution of the first n — 1 equations form an algebraic system in n — 1 variables of
the same form as (1.1), with m;(1 < i < m) replaced by m;h%". Thus the reduced
system has a unique real positive solution and can be solved by the iterative
proportional scaling method. Moreover, the solution is none other than g(h). If
fn(g(h),h) > ¢, and (x7,...,2%) is the solution of (1.1), then by Proposition 3.1,
we know that z) < h, otherwise z; > h. We can repeat the above procedure
to approximate x as close as we want. A precise description of the improved
algorithm is given below:

1. Initially set startpoint = 0, endpoint = c,.
2. Set z,, = ¢, /2.
3. Let w;- =T * x5 . Solve the following system

c
an aiy - A1im b1 1
b2 C2
= 5
an71’1 o e anil’m .
1 1 1
Dm 1

where
n—1
o as;
b = ﬂ-ju H T,
s=1

by the iterative proportional scaling algorithm.
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4. Compute 21, ...,T,—1 by solving the linear equation
n—1
logp; = logﬂ; + logp + Z asjlogxs.
s=1

Asj

5. Compute p; = mju [l =5

6. If > anip; > cn, then let endpoint = x,, and repeat from step 2. If > a,p; <
Cn, then let startpoint = x, and repeat from step 2. If Y an;p; = cp, then
return (z1,...,2,) as the solution.

4. The Algorithm

Consider a polynomial system of the form:

m n
Zasjpj =c¢s, §=1,...,n, where p; :ﬂ'ij?j (4.1)
j=1 s=1

with as; € R, and 7, cs € Rug. Let p=! = > Pi, and g; = pp;. Then the system

(4.1) is equivalent to

m
§ asjqj:,ucm*s:lv"'vn; E q =1,
j=1 i
where
n
— Asj
9 = WjHHIs .
s=1

For v € Ry, let S, be the system
Zasjqj:vcs, s=1,...,n; Z%‘:l, (4.2)
j=1

where
n
g =mjz [ [ a2,
s=1

Note that S, can be regarded as a posynomial system of the form (4.1) with
qQ, - --,qm and z playing the role of py,...,py. Therefore as discussed in Sect. 2,
Sy has a unique positive solution if and only if (4.2) has a real positive solution.
It is easy to verify that (4.2) has a positive solution if and only if v € [«, 5] where
a=min(>_ p;) and 8 = max(d_ p;) under the linear constraints Z;nzl QsjDj = Cs,
s=1,...,n;p; >0,i=1,...,m. Suppose v € [a, ] and 1 = p1 , ..., Tp, = P,
z = p is the unique real positive solution to S, ; we define p = g(v). We observe that
if v = g(v), then the system S, is equivalent to (4.1). Moreover, the uniqueness of
solution of (4.1) implies that the function g has a unique fixed point.

Proposition 4.1. g(x)/x is decreasing on [, ().
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Proof. Suppose v1,v2 € [, 5] and v; < vy. Assume that (z),...,2,,9(v1)) and
(..., 2, g(vg)) are the solution of S,, and S,, respectively. Then (zi,...,z],
21 = 9(:1)) is the solution of

m

Zasjqucmszlv"'»n; Zqizl/vlv

j=1 i
where

n
. Qs
qj = Tz I I xS,
s=1
"

and (z7,..., 2 20 = g(v”;)) is the solution of

m
Zasjqucmszlv"'»n; Z%‘Zl/vm
j=1 i

where
n
q; = mjz [ [ 2.
s=1
Now consider z1, ..., Z, as the function of z determined by Z;nzl Gsjq; = Cs,
s=1,...,n; where q; = m;z[[o_, x$*7. From Proposition 3.1 in Sect. 3 we know

that >, ¢; is an increasing function in z. Let o(z) = >, ¢i(z1(2),...,zn(2), 2).
Then o(z;) = 1/v; for i« = 1,2. Since 1/v; > 1/va, we have 21 > 29. Hence
g(v1)/v1 > g(v2)/ve when vy < vs. O

We have proved that g(z)/x is decreasing on [a, §]. We can use bisection
search to find the fixed point of g(x) on [a, 8] (that is, the solution of g(z)/z = 1)
since g(x)/x is decreasing on [a, (].

Below we outline an algorithm for computing the fixed point u.

1. Compute the bound [a, f] for 1/p = >, p; under the linear constraints
m
Zasjpjzcsvszlw"»n; PjZO,j:L---»m»
j=1

by linear programming.

2. We start our bisection search for 1/u at vg = a;ﬁ (if B = 400, we can choose
vg as arbitrary positive number bigger than «). Apply iterative proportional
scaling algorithm to solve for:

m
§ asjqj:vOCmS:lv"'»n; § qi:17
[

j=1

where

n
g =mjz [ [ et
s=1
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3. Compute z through log z by solving the linear equation

n
logg;/mj =logz+ ZaSj logzs, j=1,...,m.
s=1
4. If z/vg = 1, then obviously g;/vo,j = 1,...,m, is the solution of (4.1). If
z/vg < 1, then let 8 = vy and repeat step 2. If z/vg > 1, then let o = vy
and repeat step 2 (in this case, if § = +o00, we set vg = 2v9 when we repeat
step 2). By doing this we can proceed to come close to u = Y ;" | p; within a
precision of € using bisection search and compute p; = u * g; is the solution
of (4.1).
The convergence of iterative proportional scaling method has been proven in
[3] and the convergence of bisection search has been proven in Proposition 4.1.
Finally the real positive solution in (4.1) can be found by simple linear algebra
once p;,i =1,...,m, are known.
The running time of our algorithm is closely related with the convergent rate
of iterative scaling method. In our algorithm, we apply O(|logu|+log(1/€)) times
iterative proportional scaling method.

5. Reduction to Convex Optimization

As discussed earlier, our system can be interpreted as finding the intersection
‘/IB’IIm {y | Yy > OvAy: C}?

where the kernel of A is the linear span of B. A well-studied case is where we
consider the intersection

Vig N {y |y >0,Ay =c}

with the additional assumption that (1,...,1) is in the row space of A. In this case
the unique solution is where the entropy function — ), p; logp; is maximized in
the convex set {y | y > 0, Ay = c} (see p. 115 of [7]). In the more general situation,
we do not assume that (1,...,1) is in the row space of A. We can show that the
unique solution to our system is where the function — 3, (2;log 7' — z; + m;) is
maximized over the convex set {y | y > 0, Ay = c¢}. The function is the relative
entropy function adjusted by the difference in weights between z and 7. It is
precisely the negative of the Kullback-Leibler divergence function D(x, ), which is
known to be convex (see p. 90 of [1]). Hence the problem can be reduced to a convex
optimization problem [1] of minimizing the convex function D(z, 7) over the convex
set {z | > 0, Az = b}. The objective function D(x, ) is not self-concordant (see
p-498 of [1]) and it is difficult to analyze the convergence rate when applying the
general convex optimization method. Mathematica 5.1 has implemented the convex
optimization as one of the built-in functions, but the error is much bigger than
that of the extended iterative method when the entries in matrix A are relatively
big. The comparison of computational results of these two algorithms is given in
Sect. 6.3.
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6. Computation
In this section we discuss some of our computational results.

6.1. Computation of Extended Iterative Proportional Scaling Algorithm

We implement our algorithm with Mathematica 5.1. The experiments show that
when the the iterative proportional scaling algorithm runs well in the inner loop,
the extended iterative proportional scaling algorithm works well in terms of accu-
racy and running time. The following is an instance of Example 1 in Sect. 2.

In this example,

2 00 1 0
A=|0 200 1
002 2 1
Let 7 = (1,1,1,1,1) and
3.56081
c=| 10.0889
25.0121

Then the solution of the above system is
(0.445231,1.67631,2.66594).

With 16625 iterations, the computation result from the extend iterative pro-
portional scaling is
(0.445231,1.67631,2.66594),

which is exactly the actual solution of the system.

6.2. Improvement in the Iterative Proportional Scaling Method

We implement both the improved iterative proportional scaling method for deal-
ing with ill-conditioned systems and the standard iterative proportional scaling
method.

FEzxzample 2.
40 1 3 3 2
A= 1 4 3 2 5 |,
0 1 4 3 1
m=(1,2,3,4,5) and
1.41519
c= | 4.38626
1.01694

The value of p; of the above system is
(0.30736 * 10~2%,0.592453, 0.00165342, 0.00599196, 0.399902).

The standard iterative proportional scaling method takes 155868 iterations and
get the value of p; as

(0.30462 * 10~2*,0.592453, 0.00165358, 0.00599177, 0.399902).
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The improved iterative proportional scaling method takes 24444 iterations and get
the value of p; as

(0.3052 % 10~2%,0.592453, 0.00165354, 0.005918, 0.399902).

In these computation results, we see that the output from both methods
is close to the correct answer, but the iteration time of the improved iterative
proportional method is much shorter.

6.3. Comparison

We compare the computation results of convex optimization method built in Math-
ematica 5.1 and that of the extended iterative proportional method. Since the
optimization is already built in Mathematica 5.1, it will make sense to only com-
pare the computation performance here. When the entries in the matrix A are
small, both algorithms work well. When the entries in the matrix A get bigger,
the performance of Convex Optimization tends to be unstable while the extended
iterative proportional scaling method continues to perform well.

Ezample 3. Given

6 1 0 6 0 1.4173575
A=12 6 3 4 2 and ¢ = 6.876265 |,
5 3 1 2 1 3.2714125

Asj

solve the posynomial system Ap = ¢, where p; = H§:1 Ts

The convex optimization method in Mathematica 5.1 reports error for this
question while the extended iterative proportional scaling method returns exactly
the solution 1 = 0.75, x5 = 1,3 = 0.8, taking 11861 iterations.

Ezample 4. Given

5 1 2 5 0 1.9043664000
A= 7 4 6 5 1 and ¢ = | 4.9184137600 |,
6 7 0 6 8 3.189678080

Asj

solve the posynomial system Ap = ¢, where p; = H§:1 Ts

The convex optimization method in Mathematica 5.1 returns p; as p; =
—5.46438 x 107°, py =0.356956, p3 = 0.485795, ps =4.35763 * 10~%, p5 =0.115164,
which is obviously a wrong solution because p; is negative in the solution re-
turned, while the extended iterative proportional scaling method returns exactly
the solution 1 = 0.75, x5 = 1, z3 = 0.8 with 60652 iterations.
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Appendix A.

Theorem A.1 ([5]). Let A be an open set in R"** and let f: A — R™ be a C"
function. Write f in the form f(z,y) where x and y are elements of R* and R".
Suppose that (a,b) is a point in A such that f(a,b) = 0 and the determinant of
the n x n matriz whose elements are the derivatives of the n component functions
of f with respect to the n variables, written as y, evaluated at (a,b), is not equal

to zero; then there exists a neighborhood B of a in R and a unique C" function
g: B — R* such that g(a) = b and f(z,g(z)) =0 for all x € B.

Proposition A.2. For any n X m matriz E with rank n, if A is m X m positive

definite matriz, then A~' — ET(EAET)"'E is nonnegative definite.

I, 0,
Proof. Let P = ( —(EAET)'E I, ), then

pr( At ET N\, _ (AT -ET(BAET)T'E 0
E EAET - 0 EAET )°

so A= — ET(EAET)"'E is nonnegative definite if and only if
At ET
( E EAET )
is nonnegative definite.
Notice that

AT 0N/ A o0 Al ET\ (At ET
E 0 0 A o o )=\ E EAET )

For any vector v, since both A and A~! are positive definite,

AU BT N g AT 0N A 0 AU BT 4
”( E EAET)” ”( E o)(o Al)( 0 0)” 20,

thus A~! — ET(EAET)~'E is nonnegative definite. O
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Proposition A.3. Let ¢ = (c1,...,¢,) € P" and A = (a;5) be an n by m real
matriz of rank n, and suppose that Az = ¢ has a real positive solution. Let m =
(71, -+, Tm) € P™, and let f = (f1,..., fu_1) be a function mapping R™ — R*~1
defined by

m
fi= Zﬂ’jaijx(f” ceeglh — ¢ i=1,...,n—1.
j=1
Then there exists a unique continuously differentiable function g = (g1,...,gn-1) :

P — P*~! such that f(g(t),t) =0 for all t > 0.

Proof. Let C(n_1)x(n—1) = (cij) = (a;‘;) for 0 < i,j < n, and let

n—1
b = mjxp™ H:cgjs, 0<j<m+1.

s=1

Then ¢;; = x{l Sorey aikajrby (i # §) for 0 < i,j < n.

Let
aii a1 ce am1
ai2 a2 ce am?2
Ain—1 a2n-1 *°° (Amn-—1

then C = Bdiag(bs,...,bn)BT.
The rank of B is n — 1 since the rank of A is n and it is easy to prove that
C' is a positive definite matrix when (z1,...,z,) € P*, and thus det(C) # 0.
Suppose v = (v1,...,v,) € P™ and f(v) = 0; then by Theorem A.l in
Appendix and the proof above, there exists a unique different function g = g(x,,)
defined in the neighborhood of v such that

f(gl (xn)7 .. "gnfl(l‘n), l'n) =0.

Since for any given ¢ > 0, there always exists a unique u = (u1,...,Un—1)
such that f(u,t) = 0, and from the uniqueness we must have g(t) = (u1,...,up—1).
By Theorem A.l in Appendix g(t) is a continuously differentiable function in
(0, +00). O

Proposition A.4. Let F : R"™™ — R™ be a C" function. Write F in the form
F(z,y) = (Fi(z,y),..., Fn(z,y)) for x € R",y € R™. Suppose F(a,b) = 0 and
det(%((i’:::’j:)))(a, b) # 0. Let y(z) = (y1(x),...,ym(x)) be the implicit function
defined ina neighborhood B of a so that F(x,y(x)) = 0 for all x € B. Then for

all x € B,
Dy(z) = —[DyF(z,y)] "D, F(x,y),
where
(yl)%l (yl)imz (yl)%n
Dy(w)= | Wl W ),

Wm ey Wm)ey - (Um)i,
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(F1)e,  (Fi)g, (F1)g,,
DRy — | (P (P o (L]
(Fn)e,  (Fin)g, (Fn)g,
(B, (R, - (R,
DyF(z,y) = (FQ)yl (FQ)yz T (FQ)ym
(Fm)y,  (Fm)y, (Fm)y,,
Proof of Proposition 3.1. Let
n—1
by = mwgr [[ 28, 0<j<m+1,
s=1
aii ai2 ce A1m
C = a21 a22 ce a2m
ap—-1,1 Qan—-1,2 An—1,m
nl
bl Z1 an?2
U= , X = y U= .
bm Tn—1
Then
(f1)h, >isy anjajb;
(f2)5 D i1 njaz;b;
DxF(xvy) = . " = -’Enil = . e = l‘nilcUU,
(fnfl),xn Z;nzl anjanfl,nbj
(f1)%, (f)ee o (f)eny
I I . I
DyFGay) = | e Pl R cperxe,
(fnfl)gcl (fnfl)gcz e (fnfl)gcn,l
Note that
dfn(X(l‘n)? Xn) o d(Z;nzl ﬂ-janjxtlllj o 'xznj - Cn)
dz,, - dz,,
m b m n—1 (fL‘)’ (xl)lxn
= Z aij T+ Z Z bjan;aj; Ven — gl Ty +TUTCT XY
Jj=1 j=11=1

(xnfl);n
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By Proposition A.4
(#1)%,,
| = Dy (Pl ) D F (@) = (-X(QUCT) ) (a CU)
G
Thus

d fn(X(@n), Xn) =z WUy — 2, WTUTCT (CUCT)1CUw

dn =z (T Uv —0TUTCT(CUCT)1CUW)
=z Y ((Uv)T (Ut - CcT(cucT)~1C)Uw).

By proposition A.2 in Appendix A, U~! —CT(CUCT)~1C is nonnegative definite,
(Uu)T (U~ = CT(CUCT)"1C)Uv > 0, when @, > 0, “"XEX0 > 0 Hence
fn(X(a),a) > frn(X(b),b) for any a > b > 0. O
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Preprocessing for Finite Element
Discretizations of Geometric Problems

Hong Gu and Martin Burger

Abstract. In this paper, we use finite element methods to approximate the
solutions of parameter-dependent geometric problems, and investigate the
possibility of using symbolic methods as a preprocessing step. The main idea
of our approach is to construct suitable finite element discretizations of the
nonlinear elliptic equations leading to systems of algebraic equations, which
can be subsequently solved by symbolic computation within the tolerance of
computer algebra software. The prolongation of the preprocessed symbolic
solution can serve as a starting value for a numerical iterative method on a
finer grid.

A motivation for this approach is that usual numerical iterations (e.g. via
Newton-type or fixed-point iterations) may diverge if no appropriate initial
values are available. Moreover, such a purely numerical approach will not
find all solutions of the discretized problem if there are more than one. A
final motivation for the use of symbolic methods is the fact that all discrete
solutions can be obtained as functions of unknown parameters.

In this paper, we focus on a special class of partial differential equa-
tions derived from geometric problems. A main challenge in this class is the
fact that the polynomial structure of the nonlinearity is not explicit in the
divergence form usually used for finite element discretization. As a conse-
quence, the discrete form would always yield some non-polynomial terms. We
therefore consider two different discretizations, namely a polynomial reformu-
lation before discretization and a direct discretization of the divergence form
with polynomial approximation of the discrete system. In order to perform
a detailed analysis and convergence theory of the discretization methods we
investigate some model problems related to mean-curvature type equations.

Keywords. Finite element method, symbolic computation, Newton iteration,
preprocessing, multigrid, polynomial equation.
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1. Introduction

Many geometric optimization problems can be formulated via a representation
of the geometric unknown as a graph or implicitely in level set form. The corre-
sponding optimality system then yields a system of nonlinear partial differential
equations with special structure, like the famous Plateau problem (minimal sur-
faces) [9], free boundary problems in variational form (cf. e.g. [2]), problems in
mathematical imaging (cf. e.g. [1]) or, similarly, in level set approaches to shape
optimization and reconstruction (cf. e.g. [18, 4]). Similar problems also arise in im-
plicit time discretizations of geometric evolution equations like the famous mean-
curvature flow

VP?+ | Vul?
with p = 1 for a curve or surface represented as the graph of u, and p = 0
for the level set representation (cf. [18] for details). The appearance of purely
geometric terms like the length of the surface element Q := \/p2 + |Vu|2 or the

mean curvature
. Vu
H = div
V1+ | Vul?

is a typical characteristic of such geometric partial differential equation (by which
we mean a differential equation derived from a geometric problem in graph or level
set form). In many of these geometric equations real parameters (e.g. regularization
parameters, cf. [4], or step sizes in time discretizations) appear, and it would be
desirable to gain some information on the behavior of the solutions for different
parameter values.

Due to the strong nonlinearity of differential operators involved in such geo-
metric partial differential equation, it is often not straightforward to compute
numerical solutions from a finite element discretization. For the solutions of the
discrete method, Newton and fixed-point methods may fail to converge, in par-
ticular for parameter-dependent problems around critical parameter values. For
discrete problems containing different roots (e.g. examples in Sect. 2), the numer-
ical iterative methods are not sufficient to determine all roots and maybe may
converge to undesired ones. On the other hand, if one can discretize the prob-
lem into a multivariate polynomial form, well-established symbolic methods for
computing all the roots are available (cf. e.g. [21, 22]).

Since the discretized operator has similar approximates the continuous map-
ping, one may expect that the number of its roots might not depend strongly
on the number of generated unknowns in the polynomial form, and at least it is
limited by the BKK bound with respect to their sparse structure (cf. e.g. [6, 19]).
The error of the polynomial coefficients caused by a proper numerical integration
scheme will not significantly affect the number of roots either, according to the ap-
proximating theory associated to the finite element method(e.g. [5]) that provides
stability. Following this argument one could convert all the floating point numbers

0 \V4
81: =/p?+ |Vu|? div ( Y ) , (1)
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appearing in the coefficients into rational numbers, for convenience of symbolic
root computation. Practically, solving a large-scale parameter-dependent polyno-
mial equation is more expensive than parameter-free cases, no matter whether we
use symbolic computation or suitable numerical approaches. It is also important
to construct a relatively cheap algorithm in order to extend the grid partition limit
within the tolerance of computing software. For this sake we propose to use the
symbolic method as a coarse grid solver within a multigrid framework. For the pre-
processing step on the coarse grid, we do each symbolic elimination step [21] by the
“subresultantChain” function from the computer algebra software “CASA” [15],
that could be reasonably cheap for solving such sparse polynomial system derived
by a finite element discretization. Based on the convergence theory related to this
kind of multigrid approach [24], the finite element solution on the fine grid can
strongly benefit from the coarse grid symbolic solution, if the range of parameters
do not change the elliptic property of the linearization form. In previous related
work (cf. e.g. [11]) such a multigrid method with symbolic preprocessing on the
coarse grid has been considered already for the Plateau problem.

We shall investigate the numerical approach with preprocessed symbolic com-
putation for a specific model problem of the form

V14 | Vaul?

subject to Dirichlet boundary conditions u = f for a given sufficiently smooth
function f on 92, with Q being a regular bounded domain in R? (d = 1 or d = 2).
Problem (2) is a geometric partial differential equation for the curve or surface
determined by the graph of u, its geometric meaning is that length of a curve (or
surface) element times the mean curvature are constant (a problem related to the
prescribed curvature problem, cf. [8]). It seems clear for large curvatures (i.e. large
€) one cannot expect the curve or surface to be representable by a function graph,
and consequently some singular behavior of (2) for large ¢ may appear, which
makes the model problem challenging. Note that (2) is also close to a forward
Euler time-discretization of the mean curvature flow of graphs (cf. [7])

. Vu _ .
V14 |Vul? div <\/1+Vu2> = e(u — up), (3)

QH = /1 + |Vu|? div ( vu ) =¢ in Q, (2)

where ¢ = (At)~! for the time step At and uy is the (given) initial value. In Sect. 2
we shall also consider the symbolic preprocessing applied to (3).

A major challenge in order to apply symbolic elimination methods to finite
element discretization of nonlinear partial differential equations is to transfer the
discrete nonlinear system into a system of algebraic equations. The obvious way
of obtaining an algebraic system after discretization consists of rewriting the geo-
metric partial differential equation as an equation with polynomial nonlinearity
before discretization. This approach immediately yields algebraic equations after
finite element discretization, but as we shall see below it may destroy a divergence
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structure in the equation so that the weak formulation involves also second deriva-
tives. As a consequence, one might have to use very particular discrete subspaces
and the convergence analysis of the discretization may require rather strong con-
ditions. The convergence theory with respect to this kind of discretization should
also be proved. We shall detail these issues in spatial dimension two.

As an alternative to the finite element discretization based on the algebraic
form, one can also perform a discretization using a weak form related to the di-
vergence structure, i.e.,

Vu-Vuv+ev z= 0, (@)

a /1+|Vul?

for all suitable test functions v (following the classical approach by Johnson and
Thomeé [16] for the minimal surface problem). Such a discretization does not yield
an algebraic system, but as we shall show below, the discrete system can be ap-
proximated by an algebraic system after a simple perturbation. The perturbation
is of higher order in terms of the discretization size and therefore will not destroy
the convergence properties of the finite element method.

The paper is organized as follows: In the Sect. 2 we investigate the prepro-
cessed symbolic solution of the model problem for one dimension (d = 1), i.e.,
the graph of u representing a curve, which serves to present the basic idea in
a simple way. Section 3 is devoted to a discussion of the two-dimensional case,
and the difficulties arising in the direct discretization of the algebraic form, for
which we provide convergence results. In Sect. 4 we present results of computa-
tional experiments in the two-dimensional case and illustrate the properties of the
parameter-dependent discrete solution(s) obtained by symbolic computation.

2. Preprocessed Computation of Curves

In this section, we initiate the idea by investigating (2) in the one-dimensional case
= [0, 1], where

Vu d*u du )\ 32
H = di = 1 2

represents the curvature of the curve I' = {(z, u(z)) | € Q}, and Q = \/1 + | )2
is the infinitesimal curve length. Using the relation for H, (2) can be rewritten as
the elliptic differential equation

d*u

- da?

For simplicity we restrict our attention to the case f = 0, but analogous reasoning
is possible for arbitrary boundary values.

The solution of (5) only exists for —m < ¢ < 7 (for larger values of |e| the

curves with prescribed curvature are not function graphs) and can be computed

+e(l+ (22)2) =0 in @,  w(0)=u(l)=0. (5)
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analytically in dependence of € as

u(z;e) = i {log (cos Z) — log (cos(ax - ;))} .

The graph of u as a function of z and ¢ is illustrated in Fig. 1.

epsilon

FIGURE 1. Plot of the exact solution u(z;¢)

2.1. Discretization of the Algebraic Form

Let 0 =29 < 21 < -+ < &y < n4+1 = 1 be a grid on the interval [0, 1] and
let h = sup, |z;+1 — x;|. We discretize the problem (5) into piecewise linear finite

elements, i.e., we define the standard basis functions ¢;, 7 =1,2,..., N, via
x—xj_l . . .
-y ifr; 1 <z <uay,
() = Tip—T e ,
pilz) =9 0oy ifay <o <,
0 else,

and V" =span{y;}. For € > 0, we call uy(.;¢) € V" a discrete solution of (5) if

1

/ ddl;h (z;€) ZZ (x)dz + 5/1(1 + (ddl;h (x; 8))2)v(x)dx =0,

for all v € V.
If we use the unique representation in the form

un(@:€) = 30 y(4) ().
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with a vector c(e) = (¢;()))_, € RN, then the finite element discretization yields
a system of quadratic equations for the vector c(g). The solution of this algebraic
system is then computed directly in dependence of € via symbolic elimination
approaches.

For the parameter-dependent discrete solution, we computed on the grid
;= Nﬂ_l, j =1,..N respectively. In all computational experiments we observed
that indeed there exists no real solutions for € large, in particular |e| > 7, and
that the finite element solution is unique for ¢ = 0. For intermediate values of
le| however, we found two different real solutions of the discrete problem, with a
lower branch approximating the real solution and an upper branch diverging as
€ — 0. The behavior is illustrated in Fig. 2 for h = }1 and h = 111, respectively,
by plotting u(z; ) versus € at © = %, respectively. One observes in particular that
the second branch includes oscillations for the larger value of e, which indicates
its instability, but the first branch converge to the exact solution curve (the range
of parameter ¢ also converge to (—m, ) when the mesh size is refined).

- T
2 -1 T2 -4 2 —_ 2 4

epsilon w ®\

/ 4
, /

/
/ (

FIGURE 2. Finite element solution uy(3;¢) for h = ; (left) and
h = (right)

From our numerical results, it becomes clear that a Newton-type method
might converge to the wrong discrete solution. Even if additional continuation is
used, further problems might appear for € being close to 7 since the convergence
radius will tend to zero. However, the direct symbolic computation does not meet
such critical problem and it will be simpler to compute the result close to |e| = 7.
The complexity of this symbolic approach increases exponentially with respect to
the mesh refinement and the degree of polynomial equations. However, using the
Symmetry property

j N+1-—j
up( ) = un( Nl

j=1,...,N
N+1 )’ .7 ) ) )
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of the numerical solution one decreasing the size of the whole polynomial systems.
Together with elimination taking into account by the sparsity of the polynomial
form, the effort of the symbolic computation can be kept low. On a uniform grid
with h = 1/11 (and thus 10 unknowns in the polynomial equations), the symbolic
computation in the software package “CASA” only took few seconds.

Using an analogous approach, we can also compute discretize equation (3),
which can be rewritten as

e(u — uo)(1 + <j§)2) - j:j . (6)

Due to the terms u (33)2 in the equation, the finite-element discretization gen-
erates a system of polynomials of degree three, and hence the complexity of the
symbolic computation is higher than the previous case. However, one can still
solve the coarse-grid system with reasonable effort. We illustrate the solution for
ug = (1 —x) on Q = [0, 1] by plotting u,(z = ,.) as a function of the parameter
€. One observes that the behaviour is rather complicated around € = 0, but this
would correspond to extremely large time steps in the mean-curvature flow. For
the more interesting case of small time steps, there is a unique solution as one
would expect from the original evolution problem.

147
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\
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-0.44
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o8] \
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epsilon epsilon
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FIGURE 3. Finite element solution uy(3;€) of (6) for h =1

2.2. Discretization of the Divergence Form

As an alternative of a direct discretization of the algebraic form, we consider an
approach via the weak form (4). We use the same finite element discretization and
basis functions as introduced in the previous section, for the sake of simplicity
with z; = Nil = jh (but analogous reasoning is possible for arbitrary meshes).
We consequently consider the computation of a discrete solution (., €) satisfying

Vi (., ¢€) .~Vv tev 0, (7
a 1+ |Vig(.,e)?
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where in this case V = ddx. Using again the representation with respect to the

basis functions in the form @y (z;€) = > é(¢)p; (), we obtain the discrete system
(With 50 = EN-H = 0)

53'—51' 1+6h2 C—CJ_H—F ch2

VI (& = E-1) \/h2 (¢ — ¢js1)?

j=1,..., N. We now multiply the equations by h_2Q§? where

:O’

1, . 1,
Qj = \/h2 + 56 =& + (G —&)?
to obtain the nonlinear system
2
A (¢ = K203 &j—&—1+5h? ¢j—Cj+1+3h =0.
i(€) QG roatery T ity znrys)
In order to obtain an approximating algebraic system, we use a Taylor ex-
y Y
pansion. More precisely, let ¢; := J(¢; — &;_1)> — 5 (& — &41)?; then
h72Q3 _ hTPQ g2 1p0 2
\/h2+(5g‘—:39‘—1)2 B \/Qi-&jﬁa‘ = Q) =P +O),
h2Qj _ hTPQY 2 152 2
\/h2+(5a‘—:3;+1)2 N \/Q?‘th = Q5+ 27 £ 0),

Under sufficient smoothness assumptions we have at least t; = O(h?), and hence
the perturbation is of order h?. Ignoring higher-order terms with respect to ¢;, we
obtain the approximate equation operator

Bj(e) = (¢j —cj—1+ 5h) (1 + 3772 (cj — ¢j1)? + 3h 72 (¢; — ¢j-1)°)
+ej =i+ 5HP)(1+ Th72(es — ¢j-1)® + 3R 3¢5 — ¢j1)?)
= (2¢j — ¢j-1 = ¢j1) +e(A? + 3¢5 — ¢j1)? + 5(¢5 — ¢j-1)?)
+1h72 (205 = ¢jo1 = ¢j)’

We subsequently compute the discrete solution as

up(xz;€) Ec]

Bj(c(e)) =0, j=1,...,N.

Note that the discrete operator B corresponding to the discretization of the
algebraic form in the previous section is given by

with c(e) solving

Bi(e(e)) = (2 — 51— cyin) + (W (65— ¢501)” + (65— ¢51)°)

so that the discrete equations only differ by the higher-order term ih_2 (2¢j—cj_1—
¢j+1)%. Consequently, we may expect similar behaviour of the discrete solutions,
which is indeed confirmed by the numerical experiments In particular we obtain
again two branches of solutions, as illustrated for h = L'and h = 1 in Fig. 4. To
compute these symbolic results is less expensive than applying the dlscrete method
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of Sect. 2.1, since the polynomial form are generated by low order expansion. But
we could notice the convergence speed is almost the same as in Fig. 2.

27 ( 2

T T
2 -1 [ — 2 -4 2 ~—_2 4

. eps%\

epsilon

FIGURE 4. Finite solution us(3;¢) of (5) obtained from the di-
vergence form, for h = } (left) and h = | (right)

3. Approximation of Surface Problems

We now consider problem (2) for Q C R%. With the notation g; = Uy, giz = Usgy,

we can rewrite (2) in form as
div ((1 4 ug)ue, (14 u2)uy) — 6ugyuzuy + (14 ul +ul) =0 (8)
with the boundary value u = f on 0f2, where f is smooth function and €2 is a
given regular domain.
Multiplying with a smooth test function v and integrating the divergence

term by part, we obtain a weak formulation, namely to find v with v = f on 02
such that

/ (14 w2 Yuve + (14 ul)uyvy + 6ugyusuyw — (14 ul 4 ul)v] =0, 9)
Q

for all sufficiently smooth functions v vanishing on 9€2. Using a suitable finite ele-
ment space Sy (), the discretization consists in finding up € Sp,(Q) with uploq =
fn satisfying

/ [(1+ ui,y)uh,wvw + 01+ ui,x)uh,yvy + 6Un, oy Un,z U,y v (10)
Q
—e(1+ ufm + u,%y)v] =0, VveSHQ),

where SP(€2) is the subspace of functions in S, (f2) vanishing on the boundary.
The discretization then corresponds to an algebraic system for the coefficients
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with respect to a suitable set of basis functions, and this algebraic system is then
solved by symbolic methods, which are introduced for the case e = 0 in [10, 12].

A major difficulty in this approach is that the weak form still includes a
mixed second derivative, which cannot be eliminated. In particular, in order to
obtain a well-defined discrete form, the finite element space S (2) must admit
mixed second derivatives, i.e.,

Sp(Q) € {u e WH>(Q) | uzy € L*(Q)}.

This property is satisfied e.g. for S,(€2) being a subspace of piecewise bilinear
functions on a rectangular type mesh, where the edges are parallel to the coordinate
axis, or for standard C? elements on arbitrary meshes and domains. In particular
the finite element convergence analysis becomes rather complicated in such cases,
as we shall work out in detail in the case of bilinear elements on a rectangular
mesh.

The idea of using symbolic computation on a coarse grid has been used for
the Plateau problem without parameter-dependence (cf. [11, 10]), and integrated
into a two-grid algorithms with purely numerical computations on the fine grid
(cf. [23, 24]). We shall discuss the solution by multigrid methods.

3.1. Convergence of the Discretization

To prove the convergence theory associated to the finite element approximation
(10), we first need the following lemma:

Lemma 3.1. Let u € W2>°(Q) satisfy (8), and let for v,w € Si(Q),
R(u,w,v) := A(w,v) — A(u,v) — A’ (u; w — u,v),
where
2 2
A/(u; w, ’U) = / ( Z QW) V(5) + Z biw(i)v)
Q=1 i=1
is the Jacobian of (8), with the coefficients a;j;,b;,c, 1,7 =1,2 given by
an(u) =1+ ui, aga(u) = 14+u2, aja(u) = az;(u) = —uyu,,
b1 () = 3uyUgy — SUyylts — 26Uy,
and
ba(u) = BUglpy — SUgply — 26Uy.
Then uyp, € Sp(Q) solves (8) if and only if
A'(ujup,v) = R(u, up,v), Vo € Sp(Q).
Moreover, if
[0zytunllo,00 + [[unll1,00 < K

and SpQ) = SiQ) is constructed by bilinear rectangular mesh interpolation, then
the remainder R satisfies

R(u,un,v) < C(K)lu— unf sollv1,1
with C(K) independent of €.
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Proof. Set G(t) = A(u + t(up, — u),v). Then we have identity
1

G(1) = G(0) + Gi(0) + | Gult)(1 - D)t
0
By applying identity
/ (Way — Wh,ay)UzUyv
Q

= —/ (W — Whz ) Ugy Uy U + (Wg — Wh 2) Uz UyyV + (Wy — Wh 3 ) Ug Uy Uy
Q

= _/ (Wy — Wh,y)UzzUyv + (Wy — Why ) UaUazyV + (Wy — Wh,y) Uz yVs,
Q

then
G+(0) = O¢|t—0A(u + t(up — u),v)

- /Q [+ 2) (un e — ta)vs + (1+ 12) (g — 1),

F2ugty (U, g — Ug)Vy + 2Ugly (Up,y — Uy) Vs + OUgyUy (U — Ug )V
F6Ugy Uz (Up,y — Uy)V + OUGUy (Up, gy — Uy )V — 28Ug (Up 5 — Ug)V
—2euy (Un,y — Uuy)v]

= A (u; wp, — w, v),

where the coefficients of A’ satisfy the given conditions of the lemma.
And, by taking

1
R(u, up,v) ::/ G(t)(1 — t)dt,
0
a standard estimate using the Holder inequality yields

|R(u, up,v)| < max|Gu(t)]

< CE)llu = unl? sollvll11-

Finally, if uj, solves (8), then G(1) = 0 and this completes the proof. O

We mention that the above estimate can be derived in an analogous way for
any finite element discretizations S () if ||up||2,00 < K. The convergence theory
can now be derived using the fact that A’(u;-,-) is elliptic for € # 0.

Theorem 3.1. Let Q = [0,1]%2, u € W2>°(Q) be a solution of (8) with u = f
on 9Q. Moreover, let Sp(Q) be a finite element subspace consisting of piecewise
bilinear continuous functions on a rectangular grid. Moreover, let fr be a linear
interpolation f on the boundary segments of the grid. Then there exists a constant
¢ > 0, such that for h sufficiently small, there exists a solution up € Sp(Q) of (10)
with up, = fr satisfying

lun — ull1,00 < ¢ h (11)
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Proof. For any solution u, we define a nonlinear operator ® : S, (Q2) — S,(Q) via
A'(u; ®(v) — u, ¢) = R(u, v, ¢), Vo € Sp(Q). (12)

Using ellipticity of A’, it can be shown by standard arguments that ® is well-
defined and a continuous operator. Let P, be the standard Galerkin projection
operator associated to the bilinear form A’, i.e., P,(u) = f5 on 092 and

A'(u; Pp(u) —u, ¢) = 0, Yo € Sp(Q).

For u € W2°°(Q), the assumptions of Theorem 8.1.11 and Corollary 8.1.12 in [3]
are satisfied, which implies the existence of a positive constant C' such that

[u = Pr(u)]1,00 < C R [Jul|2,00-
Define the set
B ={veSh(Q):|v—Pr(u)li,c <Ch}

then by inverse estimates, there exist C7,Cs > 0 depending on u only, such that

||8wy(v - u)”O,oo < ||8wy(v - Ph(u))”O,oo + ||8wy(Ph(u) - u)”O,oo
< C1h™ v — Pu(w)||1,00 4 C2
<2C,C + Ch.

Hence, [|03yv]/0,00 is uniformly bounded with respect to h for v in the subspace
Sk(92) of bilinear elements.
We now prove that ®(B) C B. In fact, when We substitute ¢ in (12) by using
discrete Green functions ¢ = gj , and ¢ = g , where
A'(u;0, 95 ,) = va(2),
Al(u;0, 95, ) = vy (2),

apply the definition of Galerkin projection operator P, the last inequality of
Lemma 3.1 and the properties of discrete Green functions (cf. [20]), then we obtain
for all v € B,

[@(v) = Pr(w)]l1,00 < Colloghlllu — vl
< 2Co[logh] (|| Pa(u) — v% o + llu — Pu(u)ll} o)
< 2Cy|logh|(C%h? + C%h?)
= 4CyC2?|logh|h2(< Ch),

for h sufficiently small.
By Brouwer’s fixed point theorem, there exists a solution u, € B, such that
®(up,) = up. And according to Lemma 3.1, up, solves (10) and satisfies

lun — ullsoe < lur — Paw) 100 + 1 — Pi(w)ll1.00 < 2Ch. .
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3.2. Discretization of the Divergence Form

In the following we discuss a two-dimensional version of the approximation of the
divergence form (4), which can be performed on arbitrary triangular grids. For
this sake we choose a standard finite element subspace V" consisting of contin-
uous piecewise linear functions on a triangular grid of size h. A finite element
discretization consists in finding 4 € V}, satisfying

Viy - Vo +ev

o 1+ Vi x =0, Vove V. (13)
h

With the standard set of nodal basis functions ¢; satisfying ¢;(x;) = d;; for all
grid points x; we can represent the discrete solution as

i(r) = Z@%‘(ﬂf)

Using the local support of the basis functions and the fact that Va; is constant on
each triangle, the finite element approximation (13) can equivalently be written as

1
Q3 /va Ve, +ep;)de =0,
jTg(:xj) V1+ | Van|z[? T( vVt es)

j=1,..., N with an arbitrary positive factor Q?, where T'(x;) is the set of triangles
whose nodes include x;. Now let A; = > pcp, ) |T| be the area of the triangles
surrounding z;, then we define

Q= |1+ Z ‘\Vuh\TP
TeT (x;)
Then we can derive a similar first-order Taylor expansion of

Q3 _ 9
V1 + |Vig|7|? \/Q§ (T

with respect to
~ T’ ~
t5(T) = [Vinlr* = Spver, ', Vil
T ~ ~
= Yrer(e;) 4, (Vinlrl = |Vl ?) .

By similar reasoning as in the one-dimensional case we can derive an approximating
weak form this way, which is polynomial (of order three) in the coefficients ¢;. The
arising system of algebraic system for the coefficients can subsequently be solved
by symbolic elimination steps.
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3.3. Multigrid Versions

At the current speed of symbolic elimination methods, the symbolic solution of
the discretized problem can be carried out with reasonable efficiency by limited
grid partition only. Therefore it seems natural to couple the symbolic solution
technique with a multigrid approach (cf. [14] for an overview of multigrid methods),
where symbolic solutions are computed on the coarse grid, and purely numerical
techniques are used on finer grids.

Since the step between finer grids with numerical techniques is standard, we
only discuss a two grid version, with a coarse grid (of size H) and a fine grid (of
size h). In practical, the coarse finite element fomulation should be constructed
reasonably within the tolerance of symbolic computing software. We assume to
know suitable prolongation and interpolation operators P : Sy (€2) — S5,(2) and
It Sp(Q) — S (Q), respectively. For given w, let A’(wj;-, ) be the bilinear map
from Lemma 3.1. Then, we can immediately derive a cascadic multigrid method
(similar to [11] for the parameter-free case) with exact symbolic solution on the
coarse grid and a Newton-type correction at the fine grid which leads to higher
accuracy [24, 10].

Cascadic Two-Grid Algorithm.
1. Compute ug € Sy () such that

A(ug,v) =0, Yo € Sy (Q).

2. Set u% = P,{JUH, and for k = 1,..., k, compute uZ € Sp(Q) from the linear
equation

A(up b uf —ufmhv) = —A(ub T v), Yo € SL(Q).

3. Set up = uZ

We finally mention that in an analogous way, standard V-cycle multigrid
methods can be constructed, using the symbolic solver as a coarse grid correction,
taking advantage of the fact that the exact coarse grid can also be computed in
dependence of multiple parameters. Hence, if these parameters represent the values
of the restriction of the fine grid solution, the symbolic coarse-grid solution can be
computed in a preprocessing step, and during the V-cycle one only has to evaluate
the coarse grid solution without extra computational effort.

4. Preprocessed Results for Surface Problems

In this section, we present the solutions of (10) obtained by the symbolic compu-
tation based on the computer algebra software “CASA” [15].

4.1. Discrete Solutions for Fixed Parameters

Set the boundary condition f = 0 and let the finite element space consists of
piecewise-bilinear functions on a regular rectangular grid in the domain Q =
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[0,1] x [0, 1]. We start with a grid consisting of 5 x 4 nodes, which produces (after
elimination of the boundary nodes) 6 unknowns.

FIGURE 5. Finite element solution wy(+;1)

FIGURE 6. Finite element solution wup(-;1/5)

We start by computing discrete solutions for fixed parameter € on this mesh.
The discrete solution turned out to be unique in all numerical experiments, which is
a significant difference to the one-dimensional example, where the discrete solution
was not unique or non-existent for a large range of the parameter values £. We
illustrate the results for ¢ =1 and £ = 1/5 in Figs. 5 and 6.

If we change the average mesh to 5 X 5 nodes, we obtain a discretization
fineness h = 0.2 and, after elimination of boundary nodes, 9 unknowns. The cor-
responding discrete solution for ¢ = 1/5 is plotted in Fig. 7.
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apsfon=0.2

FIGURE 7. Finite element solution wup(-;1/5)

4.2. Parameter-Dependent Discrete Solutions

However, we are actually solving the elliptic equations which contains parameters.
The techniques do not make any difference if we use the symbolic eliminations
on a parameter-dependent discrete system. In this case, one may consider uj as a
function of the parameter ¢, a relation that can be illustrated by implicit function
graphs at any point (z,y) € Q. As an result, Fig. 8 shows the function graph of
parameter-dependent solution up(z = 0.5,y = 2/3;¢) based on a rectangular grid
with 5 x 4 nodes on Q = [0, 1]%

0.4 e

uh oo+

/ epsilon

FIGURE 8. Function curve of u(0.5,2/3;¢)
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From an algebraic geometry point of view, the implicit function curve de-
pendent on ¢ is isomorphic, and one observes that such elliptic problems in a
two-dimensional domain contains a unique solution which does not depend on
parameter €. In other cases (such as in one dimension), where the existence or
uniqueness of solutions might be changed with respect to the value of €, hysteresis
would be clearly reflected by singular points in those curves.

As a further remark of this section and Sect. 2, due to the complexity limit
of using symbolic computing software, the accuracy of the obtained experimental
results are limited by the size of the domain partition. However, these preprocessed
results can be very close to the convergence radius associated to the Newton type
methods according to the error estimates on the coarse grid. The preprocessing
techiques can not only used to save the further Newton steps (which is not trival
for the parameter-dependent case) but also help to determin the number of discrete
solutions. The local accuracy can also be promoted efficiently by few numerical
recorrection steps, like the multigrid approach or further iterative Newton step.
The typical example shows the efficiency of approximating minimal surfaces by
2-grid agorithm can be seen in [11].

5. Conclusion and Further Remarks

This paper discusses a way of solving parameter dependent elliptic equations by
finite element methods and preprocessing with symbolic computation, highlight-
ing difficulties that are obtained when discretizing geometric partial differential
equations into an algebraic form. A related method has also been considered for
the regularization of certain ill-posed problems in [13] (where the parameter is a
regularization parameter), and can be generalized to various classes of problems,
whose nonlinearity can be rewritten into (or approximated by) a polynomial form.

The size of the coarse grid problem is still strongly limited, even if the sym-
bolic approach took the advantage of the sparsity structure in the discrete problem.
However, the preprocessing helps to obtain numerical solutions on fine grids with
lower effort and higher reliability.
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Symbolic Computation Sequences
and Numerical Analytic Geometry
Applied to Multibody Dynamical Systems

Wengin Zhou, David J. Jeffrey and Greg J. Reid

Abstract. The symbolic-numeric computing described here consists of an ex-
tensive symbolic pre-processing of systems of differential-algebraic equations
(DAE), followed by the numerical integration of the system obtained. The
application area is multibody dynamics. We deal symbolically with a DAE
system using differentiation and elimination methods to find all the hidden
constraints, and produce a system that is leading linear (linear in its leading
derivatives). Then we use LU symbolic decomposition with Large Expression
Management to solve this leading linear system for its leading derivatives,
thereby obtaining an explicit ODE system written in terms of computation
sequences obtained from using the MAPLE package LargeExpressions. Subse-
quently the Maple command dsolve is applied to this explicit ODE to obtain
its numeric solution. Advantages of this strategy in avoiding expression explo-
sion are illustrated and discussed. We briefly discuss a new class of methods
involving Numerical Algebraic and Analytic Geometry.

Mathematics Subject Classification (2000). Primary 70E55; Secondary 68U01;
Tertiary 15A09.

Keywords. LU symbolic decomposition, large expression management, dif-
ferential elimination, DAE, computation sequence, straight line programme,
hidden constraint, computer algebra.

1. Introduction

In the study of multibody dynamics, both purely symbolic and purely numeric
methods separately suffer drawbacks. The symbolic methods encounter large ex-
pressions and the numerical methods are very slow in formulating the system.
Examples of the applications of multibody dynamics are robot arms, vehicle sus-
pensions, and automatic barriers. A modern robot arm, such as the Space Shuttle’s
Remote Manipulator System (RMS, or Canadarm) consists of several rigid bodies
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(the arm segments and the end effectors) linked by joints. Therefore the systems
have at least 7 degrees of freedom, and typically more. In order to simulate the
behaviour of systems like these, a number of programs have been developed that
automatically generate the equations of motion for the system from its engineering
description [3]. Several computer-algebra based packages have been developed, for
example DYNAFLEX and SYMOFROS, that will generate the equations of motion
in symbolic form. At present, these equations are handed over to purely numerical
systems for integration as soon as the symbolic system has generated the equations.

What is described in this paper is a closer coupling of the symbolic analysis
of the mechanical system and the final numerical integrations used by a simula-
tion. The coupling takes the form of a symbolic pre-processing of the equations
that improves the efficiency of their numerical solution. This increased interaction
between the symbolically based part of the computation and the numerical part
deserves to be called a “symbolic-numeric” calculation, we feel, even though the
calculation is quite different from the numerical polynomial algebra [4] that has so
far been the subject covered by the description “symbolic-numeric computation”.

The equations describing the dynamics of a multibody system take the gen-
eral form

M(t,q,9)i+®; N = F(t,q,q) , (1)
®(t,q) = 0. (2)

Here, q is a vector of generalized co-ordinates, M (t, ¢, ¢) is the mass matrix, @ is a
vector of the constraint equations and ) is a vector of Lagrange multipliers [1, 2]:

1 1 1 1
2 Dy D, A
N I N R
o o or xm

The Lagrange multipliers A can be interpreted as the forces that the joints must
exert between the elements in order to enforce the geometrical constraints they
impose.

These symbolic models are too complicated to be solved symbolically, both
because of their nonlinearity and because of the number of equations. However
there is still the possibility of symbolically pre-processing them before attempting
a numerical solution. It can be noted from the general form of the equation system
(1)—(2) that it is differential-algebraic (DAE), with the numerical difficulties that
that entails. Suitable objectives for the pre-processing include the simplification
of the system and the determination of all constraints in order to facilitate the
subsequent numerical simulation of the system. More specifically, we show below
that we can convert the system to a purely differential one, and moreover separate
the constraint forces A from the simulation variables g. Our primary tool for this
is the RIFSIMP package, which uses differentiation and elimination methods to
simplify any over-determined polynomially nonlinear PDE or ODE system and to
return a canonical differential form [7].
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Direct application of the RIFSIMP package to multibody systems reveals that
it has difficulty handling the large systems generated by DYNAFLEX. We use Im-
plicit Reduced Involutive Form (IRIF) to assist in alleviating such large expression
swell problems [10]. Implicit RIF form is converted to RIF form by symbolically
solving the IRIF for its leading linear derivatives. In particular we use symbolic LU
decomposition with large expression management to obtain RIF form, expressed
in terms of computation sequences.

In this paper, we use the simple example of a two-dimensional slider crank
to illustrate our approach to the symbolic-numeric solving of this kind of DAE
system. After receiving the DAE model of the slider crank from DYNAFLEX we
first use implicit RIFSIMP to compute all the hidden constraints of this higher
index DAE, by reducing it to an index one or zero DAFE system. The details are
given in Sects. 2 and 3. Then in Sect. 4, we use symbolic LU matrix factoring
with large expression management to get the canonical form for the differential
equations, which helps the numerical integration. Using these symbolic equations
with computation sequences, we illustrate the numerical simulation in Sect. 5.
Finally in Sect. 6, we discuss some new ideas for solving the constraints to obtain
consistent initial values for the integration. It should be emphasized that each of
the sub-tasks described here are fully algorithmic and automated computations.
Their integration into a single piece of software is in principle straightforward.

2. Two-Dimensional Slider Crank

Space limitations prevent us from describing a realistic mechanical system, both
because the system description would take up significant space, and also because
the equations generated by DYNAFLEX would by too lengthy for the reader to fol-
low. The two-dimensional slider crank is a simple example of a closed-loop system
with ¢ = (01, 02)T where 6; = 61 (t) and 0y = 0 (t) are the angles shown in Fig. 1.
The system is given by (1)—(2) where:

M= l%(iml + mao +m3)+J1 —1112008(91+92)(§m2+m3)
71112 COS(91 +92)(§m2+m3) l%(im2+m3) +J2 ’

3)

FI1GURE 1. The two-dimensional slider crank. The arm of length
l1 and mass m; rotates while the mass mgs attached to the end of
the arm of length ls moves left and right. Each arm has mass m;
and moment of inertia J;, for i = 1, 2.
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P fllg(éml + ma +mg3)cos by — l.1é29.22sin(91 + 92)(ém2 +ms3) ] @
lag(yma 4+ ms) cos Oy — l1lz0; " sin(fy + 62)(5ma + mg)
and there is a single constraint equation between the angles:
® =1[;sinfy — Iy sinfh =0 . (5)

1 cos B
—l5 cos by
ample, A is a scalar. Thus, in addition to generating the constraint (5), DYNAFLEX
automatically generated the constraint force A(t). For this example, the challenge
now is to analyze the equations with computer algebraic methods such as RIrSimp.

Therefore, ®I'X in (1) is given by ®T X = ( ) A. Note that in this ex-

3. Implicit Reduced Involutive Form

We use implicit RIFSIMP to get all hidden constraints in the multibody dynamical
general model (1)—(2).

Definition [Implicit Reduced Involutive Form|. Let < be a ranking. Then a system
L = 0,N = 0 is said to be in implicit reduced involutive form if there exist

derivatives rq,...,r; such that L is leading linear in rq, ..., r; with respect to <
(ie. L= Afry,...,m]T —b=0) and
[ri,...,re]T =A71b, N=0, det(A) #0 (6)

is in reduced involutive form.

This form is of interest because computing A~! symbolically in practice can
be very expensive. Sometimes implicit RIF-form can be obtained very cheaply, just
by appropriate differentiation of the constraints.

To convert a system of general form (1), (2) with non-trivial constraints
to implicit reduced involutive form, one would have to at least differentiate the
constraints twice [10]. Carrying this out we obtain

Mg+ ®IX = F(t,q,9),
Di® = @y + Hi+ 2Pqq + 4 = 0,
Di® = Q.+ @ = 0,

—~ o~
0]

©
= D —

B(t,q) = 0, (10
where q)tq = ag;q, q)tt = %2;21) and
Zi @;Iqi G Zz q);nql'(ji
H = : : :
2 PR 2 PG q,4i

We now show:
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Theorem [10]. Consider the ranking < defined by ¢ < ¢ < A < ¢ < A<q <.

where the dependent variables q, A are ordered lexicographically g1 < q2 < --- and

A1 < A2 < ---. The system (7),(8),(9), (10) is in implicit RIF-form with A, b,

[71,...,7%]T in the definition above given by

_ M CI)T _ F(tv q, q) T __ q
A= [ o, 0 ] » b= [ CHG— 2Bgg— By |0 T = ( A )

(11)

and N = {® =0, ®,q + &, =0}, det(A) # 0.

Applying this to the slider crank, with the ranking 6 < 02 < 6 < 62 < A <

6 <0y <A< -- -, we obtain the implicit RIF-form for the system:
AX =b. (12)
Here
[ 13 (ym1+me +ms) + 1 —1; 1o M cosfs Iy cosf;
A = —l1 1M cos 63 15> (img + mg) +Jy —ly cosby |;
l1 cos B, —ly cos By 0

711 g (éml —+ mo + mg) COS 91 — ll ZQM 922 sin 93

lgMgCOS 92 — ll ZQM 912 sin 9311 sin 91912 — 12 sin 92922

XT = [ri,re,rs)T =[61,00, N7

where for the sake of a compact presentation, we have used M = ;mg + mg and
03 = 61 + 0. The constraints are

o = ll sin 91 - 12 sin 92 = 0, (13)
th) = ll [¢0)S] 919.1 - 12 [¢0)S] 929.2 =0. (14)
We note that neither the matrix A, nor vector b include the dependent vari-

able A(t), which was generated by DYNAFLEX. Because of this, the ode system with
constraints (12), (13), (14), can be symbolically solved separately for the variables

01(t), O=2(t).

4. Explicit Reduced Involutive Form with Large Expression
Management

Above, we obtained the implicit RIF-form for the slider crank as (12), (13), (14).
We could in principle symbolically invert the matrix A using Maple, and get the
explicit RIF-form, but Maple will give a huge output for A~! and require a lot
of memory and computation time. Therefore, we have used symbolic inversion
using large expression management (LEM). A full discussion of large expression
management will be given elsewhere. Here we give a brief outline.
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We have used the MAPLE package LargeExpressions which is based on
tools first developed for perturbation calculations in fluid mechanics [13]. From
the paper [13], we have the following definition for a hierarchy and the main idea
for hierarchical representations.

Definition [Hierarchy]. A hierarchy is an ordered list [Sp, Si,...] of symbols, to-
gether with an associated list [Dg, D1, . ..] of definitions of the symbols. For each
s € S; with ¢ > 1, there is a definition d € D; of the form s = f(o1,09,...,0%)
where f is some well-understood function such as an elementary function and each
oj is a symbol in [Sy, S1,. .., S;—1] and is thus lower in the hierarchy than s.

A computation sequence c is recursively defined as an expression of the form
c=g(s1,$2,...,8,) containing symbols s; from a known hierarchy, together with
the computation sequences defined by the associated definitions dy,ds, ..., d; of
the symbols appearing in c¢. Obviously a computation sequence defined in terms
of symbols in Sy, the set of atoms of the system, is just an expression.

Intuitively, a hierarchy is a framework for constructing computation sequen-
ces, and a computation sequence is an expression defined in terms of simpler
expressions. We used the package LargeExpressions to code our own LU symbolic
decomposition routine and also the forward and backward substitutions for solving
a linear system. The details will be given elsewhere [14]. After LU decomposition
with pivoting and zero-recognition, we get matrices L and U with the pivoting P
as follows:

_ *112(1m1+m2+m3)+J1 _
L= élll oM cos 03 1 0 ? P = 100 ) (15)
— cos B —4Ws3 1 0 0 1
oM cosfs3 W1
i 711 ZQM COos 93 122 (img + mg) + J2 712 COs 92
U = 0 ~lw, wy |, (16)
I 0 0 oW,

where PA = LU. Now using forward and backward substitution in the usual way,
we get X coded with the LargeExpressions package.
After that, we get Explicit RIF-form in the computation sequence form:

0, = —Wr, (17)
92 = 8 [llg(lml +m2+m3) 00891
Wy 2
. 1 1 1
711 l2 92 Sin (91 + 92) (2m2 + mg) - 4W5 + 4W2W6], (18)
A=, (19)

2
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and with the constraints
o = ll sin 91 - 12 sin 92 = 0, (20)
th) = ll [¢0)] 9191 - 12 [¢0)] 9292 =0. (21)
The complete symbolic expressions for the Wi] are given in the appendix.

The equations (17), (18), (19), (20), (21) are also the explicit RIF form for the
2d slider crank. The symbolic preprocessing helps find all the hidden constraints in
the general DAE system (1), (2). This preprocessing procedure makes it possible
for us to integrate only interesting variables without computing all the independent
variables. For example, to this two dimensional slider crank, as already mentioned,

now we can symbolically separate (19) containing A(t) from the other (17), (18),
(20), (21) and we can solve directly for 6, (t) and 65(¢).

5. Numerical Integration Using Computation Sequences

We now show how the two second-order (17), (18) for ¢; and 02 can be inte-
grated. In general it is not possible to unveil all the expressions in the array
W. To do so would be to introduce the memory problems that were avoided by
using the Veil command. Instead we set up computation sequences to pass to
dsolve. We use MAPLE for the calculations. In particular we only use the MAPLE
LargeExpressions command Unveil to a minimal depth 1, to express the com-
putation sequence of substitution rules SW:

> SW := [seq(W[i] = Unveil[W] (W[i],1), i = 1 .. LastUsed[W])];

Then in order to use dsolve/numeric, we make the variable substitutions as
follows:

> YW := [ subs(6(t) = Y[1],0:(t) = Y[3],01(t) = Y[2],62(t) = Y[4], SW)];
Now we use the codegen package in Maple to make a procedure for the
numeric integration.

> f := codegen[makeproc] ( YW, YP[1] = Y[2], YP[2] = rhs(odesys[1]),
YP[3] = Y[4],YP[4] = rhs(odesys[2]], parameters = [N, t, Y, YP] );

In order to complete the demonstration, we integrate the system for sample
numerical values. For the parameters, we choose the following values:

1:=112:=2;ml:=1;m2:=1;m3 :=2;¢g:=9.8; J1 :=4.5; J2 := 5.5;
For the initial conditions, we choose the following
0(0) = 0, 3,(0) = 1, 0:(0) = 0, d0) = |
which are consistent with the constraint equations
® = [y sinf — Iy sinfy = 0; (22)
Dy® = Iy cos016; — ly cosfs60s = 0. (23)

The Maple numeric dsolve routine can solve the system as follows.
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> ics := array( [0,1,0,1/2] );
> dvars := [0:1(t),01(t),02(t),02(¢)];
> dsol := dsolve(numeric, number=4, procedure =f, start =0,
initial = ics, procvars = dvars);
Since the system is being integrated as an ordinary ODE system rather than
a DAE one, we gain in speed but expect to lose accuracy. If we pick up some points
for testing the numeric ODE solutions with respect to the algebraic constraints,
we see a slow loss of precision. For example, when ¢ = 1, we have the solutions
dsol as [t = 1., 61 (t) = .2629, 0, (t) = —.4375, O5(t) = .1303, 65(t) = —.2130], and
errors in the constraints (22, 23) are 0.14e — 7 and —0.69¢ — 7 respectively. When
t = 20, the errors are 0.42e — 5 and 0.59¢ — 6 respectively.

t

G"""'"""""""""""
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FIGURE 2. The angular 6; oscillating movement.

Plots of the numerical simulation of the two dimensional slider crank are
shown below as Fig. 2 and Fig. 3. It tells us that the 2d slider crank is moving
oscillation with the given initial conditions 6;(0) = 1 and 65(0) = 1/2. If we
increase the initial speeds of 6; and 65, for example let 6;(0) = 2 and 6(0) = 1
which are consistent initial conditions, we get Fig. 4 and Fig. 5 which show us the
monotonic mode of the angle 6.

6. Application of Numerical Algebraic and Analytic Geometry

In this section we discuss the use of some new techniques that are being applied to
DAE such as those studied here. A significant problem in large systems, such as the
target systems for this work, is the finding of consistent initial conditions. Again
there is a need for combined symbolic-numeric methods. The first area that can be
harnessed to DAE is that of Numerical Algebraic Geometry [5]. In that approach,
components of a polynomial system are characterized by “witness” points, which
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FIGURE 3. The angular 6 oscillating movement.
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FIGURE 4. Monotonic mode for 6.

result from intersecting the component with random linear spaces of complemen-
tary dimension. For polynomial DAE, this gives a method of determining points
on the constraints, for the consistent initialization of numerical integrators. Also
the hybrid symbolic-numeric completion process described in [6] can be applied to
polynomial DAE, using numerical algebraic geometry.

Another interesting possibility for analytic DAE is to extend the methods of
Numerical Algebraic Geometry [5] as applied to polynomial PDE [6] to the case
of analytic DAE. This requires using the substitution of approximate points on
the components of the leading nonlinear systems to test ideal membership in the
application of RIF. It is natural to generalize the techniques of algebraic geometry
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to the analytic case and to characterize irreducible components of analytic func-
tions by points cut out by the intersection of the components with random linear
spaces of complementary dimension. The systems are regularized by embedding in
appropriate square systems, as in the polynomial case. Newton methods converge
to the points on the components, locally. See [11, §5.2.3] for material on the range
of non-constant entire functions. Global results like those in the polynomial case,
using homotopy continuation, are much harder to obtain. Usually computations
must be executed locally on some compact set.

For example, consider the determination of points on the components of
an analytic function f(z,w) = 0 on some compact set U C C2. By intersecting
the component with a random line az + fw + v = 0, we obtain a univariate
problem whose solutions can be found on C. Powerful tools are already available to
automate this process, for example the Maple command Rootfinding[Analytic].
This uses the Cauchy Integral Formula to determine the number of zeros in a given
sub-domain of C. This subdomain is then divided to isolate the roots. We note
that a-theoretic methods can lead to guaranteed convergence, in the isolated zero
case, provided certain local criteria are met [9, 8]. A forthcoming work will be
devoted to such Numerical Analytic Geometry techniques.

7. Conclusion

This paper uses a simple multibody dynamic system to show how we can com-
bine symbolic methods and numeric methods for simulating mechanical systems
described by higher-index DAE systems. An advantage of this combination is not
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only that it helps the numeric method to find consistent initial conditions, but it
also extend the potential for symbolic methods, such as RIFSIMP, to solve more
complex symbolic multibody dynamic systems. Using computation sequences to
invert a symbolic matrix allows the calculation to be completed in less memory
and less time, more details being given in a upcoming paper [14].

We also discussed applying new methods from Numerical Algebraic Geometry
and Numerical Analytic Geometry to DAE. Already in her analysis of analytic
DAE, Ilie used computation sequences to establish polynomial cost methods. The
method upon which she based her complexity analysis is Pryce’s structural analysis
of DAE [16, 17, 18]. Specifically Pryce’s method can be regarded as an efficient way
to obtain implicit RIFSIMP forms, in certain cases. Numerical analytic geometry
naturally partners such methods.

Acknowledgements. We thank Silvana Ilie for discussions.
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Appendix

We append the source listing of the right-hand side of the differential equation, to
show the result of Maple’s automatic code generation.

f :=proc(N,t,Y,YP)

W (1] := (—41313 cos(Y [1] + Y[3])?m3 — 161313 cos(Y [1] + Y[3])%?mams — 161313
cos(Y[1] + Y[3])2m3 + BZmql3ma + 413 mql3ms + 4l3my Jo + 43m313 + 2003ms
s + 1602ma.J + 162m212 + 162ms s + 4.3 Bms + 16 Bms + 16.1J5) /(I
Iy cos(Y (1] + Y[3])(ms + 2ma));

W (2] := (=213 cos(Y[1]) cos(Y [1] + Y [3])ma — 41% cos(Y[1]) cos(Y [1] + Y [3])m
+cos(Y[3])3my + 4 cos(Y[3])3ma + 4 cos(Y[3])13ms + 4 cos(Y[3])J1)/ (l1
cos(Y[1] + Y[3])(mz2 + 2ms3));

W3] := (=212 cos(Y[3]) cos(Y [1] + Y [3])ma — 413 cos(Y[3]) cos(Y [1] + Y'[3])m3
+;os()l)’[1])l§m2 +4cos(Y[1])l3ms + 4 cos(Y[1])J2)/(l2 cos(Y [1] 4+ Y [3]) (m2
+2m3));

W4]:= (= cos(Y[1]) cos(Y[3]))W[1]+ W [3]W[2] cos(Y [1] + Y [3]) o+ 2W 3]V 2]
cos(Y'[1] 4+ Y[3])m3)/(cos(Y [1] + Y[3])(mz2 + 2m3) W [1]);

W[5] := (—gcos(Y[3]) + 11 Y[2]?sin(Y [1] + Y[3]))(I2m1 + 413mq + 412m3 + 4J1)
/(cos(Y [1] + Y'[3])1);
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W[G] = (=l sin(Y[1])Y[2]* cos(Y [1]+ Y [3]) W [1] +12 sin(Y[3]) Y [4]* cos(Y [1]
[3]) [1] —cos(Y[1])W[1]g cos(Y [])+COS( )W L]5LY [2]° sin(Y [1]+Y'[3])
W3] cos(Y [1]+Y [3])l1g cos(Y[1] )1 —4W [3] cos(Y [1]+Y[3]) 11 g cos(Y [1])my
W3] COS( [1]+Y[3])l1g cos(Y [])m3 2W[ | cos(Y[1]+Y[3])laloY [4]sin(Y[1]
[ | )il Y [4]? sin(Y [1]4Y [3])ms —W[3] cos(Y [1]

Jma—4W 3] cos(Y[1]+Y[3]
+Y[3)W5])/(W4]W [1] cos(Y [1]+Y[3]))

W{7]:= (—lag cos(Y[3]) W [1]ma—2lag cos(Y [3]) W [1]ms+ 11 1Y [2] sin(Y]1]
HY[3)) W1 ma+ 201 1Y [2)2 sin(Y [1]+ Y [3]) W [L]ms — 202maly g cos(Y [1] ymy — 412
m3ly g cos(Y[1]) —2013mal1 g cos(Y[1])ms —2l3m311 Y [4]? sin(Y [1]+Y[3]) — 1213
maly Y42 sin(Y [1] 4+ [3])ms — Bma W [5] — Bma W[2] W [6] —812msly g cos(Y[1])
my —1613m3l1 g cos(Y[1])—1613m31, Y [4)? sin(Y[1]+Y[3]) —4l3ms W [5] —4l3m3
W[?]W[G] - 8J2119 cos(Y[l])m1 - 16J2119 cos(Y[l])m2 - 16J2119 cos(Y[l])m3
—4 T W [2)W[6]+15 cos (Y [3]) W [6]WL]) /(W [1])isl cos(Y [1] + Y [3]) (ma+2m3));

Y P[1]:=Y[2]; Y P[2] = W[7); Y P[3):= Y[4]; Y P[4] = 8(~lig(1/2my +ma +ms)
cos(Y[1]) =111 Y [4]?sin(Y[1]+Y[3])(1/2ma+m3) — 1/4W [5]
—1/4W2]W[6])/W[1];

endproc
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Abstract. A combination of symbolic and numerical methods is used to extend
the reach of the purely symbolic methods of physics. One particular physics
problem is solved in detail, namely, a computation of the electric potential
in the space between a sphere and a containing cylinder. The potential is
represented as an infinite sum of multipoles, whose coefficients satisfy an
infinite system of linear equations. The system is solved first symbolically
by using a series expansion in a critical ratio, namely the ratio of the sphere
radius to cylinder radius. Purely symbolic methods, however, cannot complete
the solution for two reasons. First, the coefficients in the series expansion can
only be found numerically, and, second, the convergence rate of the series
is too slow. The combination of symbolic and numerical methods allows the
singular nature of an important special case to be identified.

Mathematics Subject Classification (2000). Primary 35C99; Secondary 68W25;
Tertiary 65B99.

Keywords. Laplace equation, series solution, asymptotic solution, convergence,
numerical analysis, symbolic analysis.

1. Introduction

Many problems in theoretical physics are solved using purely symbolic methods.
Such problems, however, are usually restricted to simple situations, for example, a
sphere falling slowly through an infinite fluid, or flow past a two-dimensional air-
foil. In contrast, symbolic methods have little success with more realistic problems.
For example, consider the problem of trying to calculate the flow of a fluid around
an object in a tube. The traditional symbolic methods of fluid mechanics were ap-
plied by Happel and Brenner [2], who made a lengthy symbolic, but approximate,
calculation for a small sphere inside a much larger tube. The problem of a sphere of
a reasonable size cannot be solved accurately by their methods. In addition, their
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calculation was restricted to particles of spherical shape. With these observations
in mind, supporters of purely numerical methods argue that symbolic methods are
not capable of contributing efficiently to the solution of flow problems like these.
This implies that computer systems such as Maple, which facilitate symbolic ma-
nipulation, are equally incapable of contributing to flow problems. Further, given
progress in the automatic generation of computational grids and computational
schemes for numerical methods, there is a danger that symbolic methods will be
largely pushed out of many areas of physics and engineering, and remain present
only in the initial set up of a problem.

In response to this situation, we present here a symbolic-numeric approach to
one class of physics problems, which we describe with the aid of a specific problem,
namely the electric field around a non-conducting spherical bubble in a cylindrical
wire, a problem first considered in [1]. The starting point is an expansion in eigen-
functions, a classical method of 19th century physics. By itself this fails because
the coefficients cannot be found in closed form. Therefore one tries to compute
them numerically. This is still not very successful because the series converge very
slowly and further analysis is needed. By combining a numerical calculation of the
coefficients with a symbolic analysis of the series, we arrive at a useful expression
for the resistance of the wire.

The new method offers advantages both when compared with purely numer-
ical methods, and when compared with purely symbolic methods. On the one
hand, when compared with purely symbolic methods, the present methods get a
solution, which otherwise is beyond reach. On the other hand, when compared
with numerical solutions, the present solution retains symbolic information, and
moreover very useful information. Specifically, there is a ratio of lengths in the
specification of the problem, namely the ratio of the diameter of the spherical
bubble to the diameter of the tube, and this ratio is present as a symbolic pa-
rameter, which means that the solution obtained is valid for all ratios, whereas
a numerical solution requires a complete repetition of the solution procedure. A
further advantage of the symbolic-numeric approach is the fact that the problem
contains a singular limit. When the bubble nearly fills the tube, i.e., when the
ratio of diameters approaches 1, there can be singular effects. The presence of a
symbolic parameter in the solution allows the singular behaviour to be studied
analytically.

Another aspect of the problem should be noted. The information required
from the solution to the problem has an important influence on the solution tech-
nique. Here we are interested in the effect of the bubble on the resistance of the
wire. Thus we need to calculate one quantity, namely the additional resistance or
equivalently the increased effective length. It turns out that this quantity can be
extracted neatly from the solution. If we had been interested in something differ-
ent, for example, the details of the electric field around the bubble, the current
method may be of less interest. It is one of a number of techniques being developed
to extend the role of symbolic computation in Science and Engineering.
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FIGURE 1. The coordinate systems for the sphere inside the cylinder.

Laplace’s equation described the electric potential associated with an elec-
tric field, and has been studied in the space outside a sphere and inside a cylinder
by Linton [5]. Linton used the method of multipoles to derive a solution of the
problem. His technique consists of first constructing a set of functions that satisfy
the equation and all the boundary conditions except the one on the sphere, and
then representing the solution as a superposition of all the functions in the set.
Satisfying the condition on the sphere leads to an infinite set of linear equations
in the coefficients of the solution. The new feature of the present paper consists in
expressing the unknown coefficients as series expansions in the geometrical param-
eter referred to above: the ratio of the sphere diameter to the cylinder diameter.
The solution is exact for all diameter ratios, but its rate of convergence slows down
in the limit of the particle blocking the tube.

When the particle nearly blocks the tube, a different approach can be used.
An asymptotic analysis allows us to solve the problem approximately. By compar-
ing the general solution and the asymptotic solution, we predict the behaviour of
the coefficients in the general solution, and thereby improve its rate of convergence.

2. Solution for All Diameter Ratios

We consider the electric field present in a cylindrical tube of radius d containing a
sphere of radius a situated on the axis. The field is produced by a potential gradi-
ent, which causes a current to flow through the tube; equivalently, the electric field
tends to a constant at infinity. We use the cylindrical coordinate system (r, z, ¢)
and the spherical coordinate system (p, 6, ¢) which both have their origins at the
centre of the sphere and are rescaled so that the cylinder boundary corresponds
to 7 = 1. The spherical boundary is then given by p = A where A is the ratio of
the sphere radius to the cylinder radius. The axial symmetry is used to suppress
reference to the azimuthal angle ¢. The two systems of coordinates are connected
by the relations z = pcos, r = psin 6.

We introduce an electric potential of the form z + ®. Because of the linearity
of Laplace’s equation, we can scale the potential so that the electric field tends to
unity at infinity. The disturbance potential ® must satisfy Laplace’s equation in
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cylindrical coordinates

10 ( acb) 0*®
+ 0,

ror \' or 822
together with the boundary conditions
0o
or =0, on r=1, (2.1)
0o
op = —cosb , on p=2X\, (2.2)
P
gz — 0, as |z] > o0. (2.3)

The last equation is not equivalent to ® — 0 as might be expected, but rather to
® — asgnz, as |z| = o0, (2.4)

where « depends on A and is in general non-zero [4]. The consequences of this for
the convergence of the series used below are discussed in [4].

To solve the problem above we use dual expansions. First we express the
solution in cylindrical coordinates as a linear combination of functions satisfying
the equation and the boundary conditions (2.1) and (2.4). Then we transform the
solution into spherical coordinates and apply the condition (2.2).

Starting in cylindrical coordinates, we expand the perturbed potential as a
series by using the usual separation of variables. Thus assuming ® = R(r)Z(z)
(the azimuthal angle ¢ does not enter because of axisymmetry), we find that
R(r) is a linear combination of Bessel functions Ko(tr) and Io(tr), where t? is
the separation constant. Similarly Z(z) is a combination of sintz and costz. To
satisfy boundary condition (2.1), we must combine the Bessel functions according
to Ko(tr) + [K1(t)/I1(t)]Io(tr). Symmetry in z requires that the costz term is
dropped. Then integrating over all values of ¢, we obtain

5=3 pa, (2.5)
where
B 2>\2n+1(71)n+1 (e N : Kl(t) ) L
O =" o 1)) /O t (Ko(t )+ L) Io(t )) (tz)dt . (2.6)

The following identities allow the transformation between the potential in
cylindrical coordinates (r, z) and in spherical coordinates (p, 6):

L p (cosf) = 21 /OOtQ”’lK (tr) sin(tz)dt
p2n 2t Com2n—-1)! J, OLT/SIE2)aE »

)n+1 2n—1
) (tp) Py, —1(cosb) .

Io(tr)sin(tz) = > ((2711
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By applying these identities we deduce

el An >\2n+1
d = Z Py, —1(cosb)

n=1 2n p2n
= 24, (-1t _ * ) K1(2)
n A n+l 2m 1P . 0 / t2(n+m 1) dt .
* 2 wntam -y P leost) | n(t)

From the boundary condition (2.2) and the orthogonality of the Legendre functions
we obtain an infinite system of algebraic equations for A,

A+ Y N4 By =61, (n=1,2,..) (2.7)

m=1

with the coefficients B,,, given by

B - 2(—1)n+m+ oot2<n+m71)K1(t) gt

— w(2m)!(2n — 2 I(t)
7 2(71)n+m+1 oo t2(n+m71)
2(2m)!(2n — 2)!(2n + 2m — 1)/0 e

This set of equations was obtained in [1] before computer algebra was readily
available. However, the derivation was checked using Maple, but a completely
automatic program was not written. To solve the equations, one could truncate
them and tackle them numerically at this point, but to do so would be to return
to a purely numerical solution, and then it would be dubious whether all of the
manipulations above were worthwhile, or whether a finite-element scheme would
not be just as good. Therefore, we solve the system of equations by expressing
each coefficient as a series in A; this choice is suggested by the appearance of the
term A2 +2m—lin (2.7).

A(\) = i KnsX® . (2.8)
s=0

Substituting this into (2.7) and collecting powers of A\, we obtain a recurrence
relation for the K, coefficients:

(p+1—2n)/2
Kip+ Y, Kipii-2s—2myBen =0, for n>1, p>2n+1, (29)

s=1
and
KnO = 57117 for ’I’LZ].
Knp =0, for n>1,2n>p>1.

The numerical solution of (2.9) for the numbers K, is straightforward. No-
tice that although the problem contains the parameter \, these are pure numbers
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independent of A. In order to speed up the computation and to improve its reli-
ability, we can integrate the dominant contribution to the integral symbolically.
Thus, we write

>0 ¢2(ntm=1) 2n—1)! = [
A e Ak

It can be remarked that supporters of computer algebra frequently say that their
systems are not purely symbolic, but numeric as well. This aspect of MAPLE made
the calculation of the coeflicients very easy because the integrals could be evaluated
easily using MAPLE’s numerical integration.

It was stated in the introduction that the solution, which now has been pre-
sented, is attractive because we want only the effective resistance to an electric
current flowing past the bubble. According to (2.4), the difference in potential
increases by the amount 2«, which is a priori unknown. By considering the as-
ymptotic behaviour of the integral in (2.6), we find that for n = 1 it is asymptotic
to sgnz and for n > 1 it tends to 0 (details in [4]). Therefore o depends only on
Aj. The full analysis gives

AP =20 = 2)\3A; . (2.10)

Thus the resistance depends only on the single coefficient A1, and therefore will be
expressed as a single series with computable coefficients. The above solution has
the advantage that a single computation of the system (2.9) solves the problem
for all A.

An apparent disadvantage is the fact that the series diverges at A = 1, which
corresponds to the sphere filling the tube. For values of A near the radius of
convergence, the rate of convergence of (2.8) becomes very slow and many terms
is needed in the series. However, this effect has a physical basis: the problem
is singular when the sphere fills the tube, and even purely numerical methods
struggle in this case. This apparent disadvantage, however, can be turned into an
advantage in the context of symbolic-numeric computation. We can now analyze
the singular limit and match the limit to the general solution. The result is a
new series that converges everywhere numerically and which displays the singular
behaviour symbolically. This is only possible in a symbolic-numeric context.

Asymptotic Behaviour

We want to study the asymptotic nature of the solution when the sphere is almost
the same diameter as the cylinder. The gap between the sphere and the cylinder
is measured by the non-dimensional parameter € = 1 — A which is assumed much
smaller than 1.

We proceed by considering a stretching transformation of the cylindrical co-
ordinates in the gap, based on the physical fact that the effects across the small
gap dominate the effects along it. A similar idea in rather different geometry [3]
suggests that the proper transformation is

R=(1-7)/e, Z=z/\e.
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The surface of the sphere in the new coordinates has the expansion

1 z?  z*
R=1 Z% 4 ¢ O(e?).
+,27+ ( 5 T g ) +0(e%)
We will apply the boundary condition on this approximation rather than on the
exact surface, since the exact expression contains square roots.

The scaled Laplace’s equation inside the gap is given by

%P %P 1 0P
_ . =0 2.11
8R2+€(BZQ 1-¢R aR) (2.11)
and the boundary condition on the cylinder by
P
gR =0 on R=0.
In order to deduce the boundary condition on the obstacle we notice that
., 1—¢€R ez B
sinf = 1_e’ cosQfli8 on p=1—¢
and derive the scaled boundary condition on the sphere
0P 0P 0P
—¢(R z =e%27. 2.12
oR ¢ ( oR az) c (2.12)

We apply Gauss’ theorem between z — —oco and z = 0 and find that ® = O(e~1/?)
in the gap. Consequently, it is natural to look for an expansion of the potential of
the form

SR, Z)=e *®(R, Z) + 2D (R, Z) + - .
The unknown functions ®,, are derived by replacing the above expansion in the

problem (2.11)-(2.12) and by matching the expansions inside and outside the gap.
The first approximation leads to the following problem for @

0%®g
=0
OR? ’
]
aa RO =0 on R=0,
0P Z?
= =1
OR 0 on R + 9
which has the solution ®y = K(Z). The next step in the approximation gives
0%®,
- —K"(Z
aRQ ( )7
]
%Rl =0 on R=0, (2.13)
0P, Z?

. ! .
op = ZK'(Z)  on R=1+",.
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From (2.13) we find that K must satisfy
1
(1+ 2ZQ)K” +ZK' =0

and using the antisymmetry with respect to Z, we derive ®; = C - arctan(Z//2).
The constant C should be obtained from a matching with the solution outside the
gap, but that would require deriving a solution in the ‘outer’ region beyond the
gap. We can avoid this by using Gauss’ theorem to determine the constant C:

1 A
- arct + 0(eV/?). 2.14
Jo2e arctan /2 (e*/%) (2.14)

Matching General Solution with Asymptotic Solution

d =

The asymptotic solution (2.14) behaves asymptotically like sgn z with respect to
z. Therefore, from (2.10), we obtain

s
2v/2

Thus, if we expand the asymptotic solution with respect to A, we obtain the series

Ay = (1-XN"2 1001 -1,

oo

o o -1/2 v C1/2
AlfN?;( 1)( ) )A +0((1 = N)Y?).

We also made the assumption for the general solution that the coefficient expands
as (2.8). By matching the two forms of the solution we get the prediction

Ky,
—1/2
2:7/2 (71)]0( P )
This prediction is tested in Fig. 2, where it can be seen that the agreement is very
good after about 50 terms. A selection of the same data expressed in tabular form
is given in Table 1.

The application that suggested this calculation is the change in the electrical
resistance of a wire owing to impurities in the metal, and for this only the coefficient
Aj is of interest. The extra resistance is often expressed as an effective increase in
the length of the cylinder, and this extra length is given by

AL = 2)34;.

— 1 as p— oo .

Since we know the singular behaviour symbolically, we can extract it from the
numerical coefficients and obtain a more reliable calculation. We write

Ay = > KipA? (2.15)
n=0

RVETGH . iz " g [Kl” - ;8(71)71 (31/2)] ¥ (@19)
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FIGURE 2. The ratio of the coefficients K7, as computed from
(2.9) to the predicted value 7, (—1)" (7711/ 2), for different values

2v/2
of n.
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FIGURE 3. The computed resistance increase as a function of A
for values close to 1. The upper curve shows the correct singular
behaviour which is expressed symbolically; the lower curve shows

the purely numerical result.
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TABLE 1. A comparison of the computed and predicted coeffi-
cients in the series for the increased resistance of a conducting
cylinder due to the presence of a spherical bubble.

n Ky, (71)”71'(7711/2)/\/8 Difference

95 0.063370 0.064209 -0.000839
96 0.062993 0.063876 -0.000883
97 0.062742 0.063547 -0.000805
98 0.062402 0.063222 -0.000820
99  0.062086 0.062903 -0.000817
100 0.061827 0.062587 -0.000760

In Table 1, the last column shows how much smaller the new difference coefficients
are, and Fig. 3 shows the effect of extracting the singularity explicitly on the
results.

3. Conclusions

This paper has shown that by combining symbolic and numeric techniques, we can
obtain new forms for the solution of problems arising in physics. The method used
here can be extended to other equations of theoretical physics, such as Stokes’s
equations and Helmholtz’s equation. The principles, although probably not the
detailed method, can be extended to other geometries. In general, purely numer-
ical methods will remain more flexible than the present one, but what has been
demonstrated is that when symbolic information can be returned to a solution,
there is a gain in numerical accuracy and in our understanding of the solution. One
pleasing feature of the current method is that the two solutions used were derived
independently, and hence the agreement between the two ways of computing the
coefficients is a good check on the correctness of the intermediate working.
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Financial Applications of Symbolically
Generated Compact Finite Difference Formulae

Jichao Zhao, Robert M. Corless and Matt Davison

Abstract. We introduce the standard fourth order compact finite difference
formulae. We show how these formulae apply in the special case of the heat
equation. It is well known that the American option pricing problem may be
formulated in terms of the Black Scholes partial differential equation (PDE)
together with a free boundary condition. Standard methods allow this prob-
lem to be transformed into a moving boundary heat equation problem. We
use the compact finite difference method to reduce this problem to a system
of ordinary differential equations with specified initial conditions. We develop
three ways of combining the resulting systems with methods designed to cope
with free boundary values. We show that the compact finite difference scheme
for the heat equation and for the American options pricing problem are un-
conditionally stable. After numerical comparison of these methods with a
standard Crank Nicholson projected Successive Over Relaxation method, we
conclude that the compact finite difference technique respresents an exciting
new method for pricing American options.

1. Introduction

In this paper, we first introduce the standard compact finite difference formulae
and show how to generate them symbolically. Then we adjust compact finite dif-
ference formulae for heat equations. The American option pricing problem, i.e.
Black-Scholes equation with free boundary conditions, is converted into ordinary
differential equation after we employ compact finite difference method on it. It
can be modified to use the built-in ordinary differential equation solvers in many
software packages, like Matlab and Maple. We use three different ways (refer to
[13, 3]) to deal with free boundary values. Last through comparing with the Crank
Nicholson projected Successive Over Relaxation (SOR) method, we know that
compact finite difference method converges faster than it under some conditions
for American option pricing problems.
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2. Symbolic Generation of Compact Finite Difference Formulae

Compact finite difference method is a special finite difference method which uses
the values of the function only at three consecutive points to approximate its
derivatives at the same three points with high accuracy. Let us focus on one di-
mension case throughout this paper, first discretize the interval [a, b],let h = Az =
o4, and z; =a+ih,i=0,1,...,N,N +1.

2.1. Standard Compact Finite Difference Formulae
The standard compact finite difference formula of one dimension for second deriva-
tives is
d2U¢,1 d2vi d2vi+1 12(1)1',1 — 21)1' + UZ'+1)
10 = 2.1
dez T Va2 T a2 h2 ! 21)

where v; = v(z;). The coeflicients of the compact finite difference formula for sec-
ond derivatives can be determined in the following way:

(i) Write down the desired compact finite difference formula with unknown co-

efficients:
d*v;_1 d*v; d*vit1 (m_qvi—1 +mov; + Mivit1)
Gl ggr T g TU g = h2 ’ (2:2)

where a_1, ag, a1, m_1, mg, and m; are the parameters to be decided later.

(i) Expand both sides of the Equ. (2.2) in Taylor series at the point x; with
respect to the discretization parameter h, then collect them by the order of
h.

(iii) we obtain six equations by setting the coefficients of h/, j = —2,—1,...,2,3
equal zero. Solve the six equations for the six unknown parameters. Then we
obtain the formula (2.1).

From the above algorithm, we can see easily the accuracy is O(h*) for formula
(2.1). In the appendix, we give Maple codes to generate fourth order compact finite
difference schemes for second derivatives, and it can be easily modified for other
cases. The standard compact finite difference formula of one dimension for first
derivatives is

dv;_q +4dvi n dvitq _ 3(—vi—1 +U¢+1). (2.3)

dx dx dx h
In a similar way, we can obtain the coefficients of compact finite difference for-
mula for first derivatives with fourth order accuracy. Corless, Rokicki and Zhao
in [6] made a maple routine for generation of finite difference formulae with any
dimensions, which can also generate any form of compact finite difference formulae.
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2.2. Adjust Formulae for Unknown Values of Second Derivatives

In this part, suppose that we have known the values of v and want to solve for the
unknown v”’. We need to adjust the standard compact finite difference formulae
for the end points so that the tridiagonal system obtained by writing them into
matrix form can be factorized exactly.

Equation (2.1) is used at interior grid points when i = 2,..., N — 1. When
i =1, we have

1
e+l = Loh? ((10¢ — 1)vg — (15¢ — 1)vg — 2(2¢ + 15)v,

+2(Tc+ 8)vg — (6¢ + 1)vg + cvs), (2.4)

where the c is a parameter to be decided later. And when i = N

1
1942 (101)]\[74 —6luy_3 + 156vN_2
—T0vn_1 — 134vy + 99UN+1), (2.5)

Vo1 + 100y =

both of the formulae for end points are not compact, but obtain O(h*), and can
also be obtained by Taylor expansion. Also note the values of vg and vy4p in
above two equations are supposed to be the known boundary conditions. Write
the compact finite difference formulae into the following matrix form:

AV" = MV + H, (2.6)
where
c 1 0 0 o
1 10 1 vy
A= 0 : 0 y and V” = s
1
1 10 1 vg,,*l
0 0 1 10/, , N
_ (15¢—16) _ 2(2c+15)  2(7c+8) _ (6c+1) c 0 ... 0
144 144 144 144 144
- 1 ) 1 0 0 0
M=, 0 1 —2 1 o o |
: 0 0 0 1 -2 1
0 0 10 —61 156 —70 —134
144 144 144 144 144
(10c — 1)vo v1
) 0 V2
H = 1272 and V =
0 UN—-1
99UN+1 Nxl UN
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This is the main idea for compact finite difference method, by using linear
combination of the known values of a function at several points to approximate a
linear combination of the unknown values of derivatives of the function at several
points with high accuracy.

Note that the above formula (2.4) we derived is always true for any value of
parameter ¢, by carefully choosing the ¢ (we choose ¢ = 5 + 21/6, refer to [6]) so
that matrix A factors exactly into A = LU = LDL” | where

1 0 0 - 0
E 1 0

L=1o 0]
: E 1 0
0 -~~~ 0 Kk 1

with k = 1/¢, and D = diag(c, ¢, ..., c). Then the solution (use v to express the
values of v"”) to AV = b (where b = MV + H) can be solved very efficiently and
accurately, and the cost is O(n) flops: by first solving for the vector Y

LY =0, (2.7)
ie.
ylibl,yiibifk‘yifl, i:2,...,N, (28)
where
1
Y2
Y = : ,
YN-1
YN
and then solving for V'
uv =Y, (2.9)
ie.
on =kyn, vi = k(yi —vig1), i=N—1,...,1, (2.10)

the error is damped at each step for the fact that k£ < 1.

So we can solve for unknown values of v” in term of known values of v with
high order of accuracy O(h?*) and O(N) operations by compact finite difference
method.

2.3. Compact Finite Difference Method for Heat Equations

We will show how to adjust compact finite difference formulae for the following
heat equations:

’U,T(.’E,T) :uxx(x’7)+g(x’7)’ (211)
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where x € [a,b], t € (0,T] and g(z,7) is a given function, heat equation’s initial
and boundary conditions are

u(z,0) = uo(x), z € (a,b), (2.12)
u(a,t) = ug(t), (2.13)
u(b,t) = up(t) (2.14)

and the functions ug(z), u.(t) and u(t) are already known functions.

We use compact finite difference schemes for the derivative parts wg.(z, 7)
with regard to variable = of the heat Equ. (2.11) as we did in Sect. 2.2. We use v
to stand for the approximation value of u throughout this paper, and obtain the
following high accurate formulae:

e (1) + 05 (1) = 121h2 ((10c — Dwo (1) — (15¢ — D1 (7) — 2(2¢ + 15)va(7)
+2(Tc+ 8)vs (1) — (6¢ + 1)va(7) + cus(1)), (2.15)

where we can choose the value of ¢ as we did in Sect. 2.2,

T (i a(r) —20(r) + v (7)), (216)

i=2,...,N—1,

o1 (7) + 100 (7) + ol (7) =

VN1 (1) + 1005 (1) = (10vN—4(7) — 61loy_3(7) + 156vN_2(T)

12h2
—70un_1(7) — 134N (7) + 99vN 41 (T)). (2.17)
We can write them in the following compact matrix form:
AV"(1) = MV (1) + H(1), (2.18)
where
vy (1) (10¢ — 1)vo(7) v1(7)
vy (7) 0 v2(7)
V(1) = : H(t)= ! V= :
- ’ 1212 ’ - ’
o (7) 0 on-1(7)
v (7) 99vN4+1(7) o (T)

and the matrix A and M are defined in Sect. 2.2. Then we factor matrix A into
LDLT and solve for the unknown V" (7) at the time step 7.

At the end of this part, we explain the procedure to solve the heat equation
by compact finite difference method:

(i) Set initial conditions V(0) by Equ. (2.12).

(ii) Suppose we know the the values of V(™) at time step m, and want to
compute for V(7™*1) at the time step m + 1. We solve the system of linear
equations AV (1™) = b(r™) and b(t™) = MV (™) + H(r™) for V"'(™) by
compact finite difference method, say V() = ®(V™) at each time step.
And the vector H(7™) is known since the boundary conditions Equ. (2.13) and
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Equ. (2.14) are given. Then the matrix form of Equ. (2.11) can be rewritten
as

Ve=oV™) + G(™), (2.19)
where the G(7™) is a vector and its entries are g(z;,7™), i =1,...,N. The
above Equ. (2.19) is just an ordinary differential equation with the initial
condition V™; then we solve the ode problem Equ. (2.19) to obtain V™!
with the accuracy of O(h*) by Runge-Kutta method. In our implementation,
we use Matlab’s built-in ode solver to solve Equ. (2.19) with high accuracy
and efficiency.

(iii) Repeat step (ii) until 7 =T

From the above algorithm, we can solve for the values u(z, 7) of heat Equ. (2.19)
with high order accuracy of O(7* + h?).

Remark 2.1. Since the entries of compact finite difference matrix A are constant,
we can predecompose matrix A to save time. In other words, we do not need to
factor matrix A at all in our codes to solve for heat equations.

3. Compact Finite Difference Method for American Option Pricing

It is well known that American option pricing problem can be transformed into
a heat equation with a free moving boundary condition, which makes it much
harder to solve. In this section, we develop three ways to combine compact finite
difference method for American option pricing with methods especially dealing
with free moving boundary conditions.

By using the transformations in [13], we have the following transformed equa-
tions for American put option pricing;:

Ur = Ugy +g(T,7), (3.1)

where 2 € (X*(7),+00), 7 € (0, 30°T], o is a given constant, X*(r) stands for
free boundary value at time step 7, and

g(.’E,T) = ele((kl - k2)ex7(k271)7-) - kl)’

its initial and boundary conditions are

u(z,0) = max(e” —1,0), (3.2)

X" (0) = min(0, ln(r/D)), (3.3)
w(X*(r),7) =0, (3.4)

lim w(z,7) =7 (er~ (k217 _ 1), (3.5)

r—r+00

where k1, ko, 7, and D are given parameters.

To solve the American option pricing problem, we need to decide the free
boundary value X*(7) at each time step 7. Dependent on how we compute the
location of free boundary values, we develop three compact finite difference meth-
ods. Compact finite difference method one is to use an implicit condition that the
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solutions of transformed partial differential equation are nonnegative to detect the
free boundary value and this method is very fast, also get high accuracy even when
Az is large (Az > 0.1). Compact finite difference method two needs to solve an
algebraic nonlinear equation (refer to [13]) at every time step, but this method can
obtain second order accuracy, so it is comparable with Crank Nicholson projected
SOR method. Compact finite difference method three refines the free boundary
value based on compact finite difference method two by a method developed by
Barone-Adesi and Lugano (1991), then use the compact finite difference method
on it, and this method is highly accurate and is easily parallized.

3.1. Compact Finite Difference Method One

We develop compact finite difference method one for American option pricing
problem based on the fact u(x,7) is always postive. If u(x,7) is negative, it is
an indication that this option should be exercised. We use this fact to implicitly
detect free boundary values during the implementation.

Combine the implicit identification of the free boundary values and our com-
pact finite difference method, we use the following procedure to solve the American
option pricing problem:

(i) Set initial conditions: V(0) by Equ. (3.2).

(ii) Suppose we know the values of V(7™) at time step m, and want to compute
for V(r™*1) at time step m + 1. We solve the system of linear equations
AV (™) = b(r™) and b(t™) = MV (™) + H(r™) for V"(r™) by compact
finite difference method, say V" (r™) = ®(V"™) at each time step. And the
vector H(7™) is known since the boundary conditions Equ. (3.4) and (3.5)
are given. Then the matrix form of Equ. (3.1) can be rewritten as:

V, = 3(V™) + G(r™). (3.6)

Again we get an ordinary differential equation with the initial condition V",
solve the problem Equ. (3.6) to obtain V%! by Runge-Kutta method with
fourth order of accuracy.
(iii) Detect the location of free boundary value: record the last location of the
nonpositive solution at time step m + 1, say at the ith point v;"“ such
that v]"™" < 0. Because of increasing property of function wu(z,7™*') for
the variable x, we know v}?“ > 0,k > i. Reset the values v;"“ =0,k =
1,2,...,7. Then save the free boundary value for this time step m + 1, if
;"“ = 0, then just save x; as the free boundary value; otherwise must hold

v <0, and vfﬁl > 0, we use the zero point of the unique linear equation

through points (z;,v)"™) and (z;41, vfﬁl)
value.
(iv) Repeat steps 2 and 3 until 7™+ = Jo°T’; then change the values of V (71)

back to option prices.

v

to approximate free boundary

From the algorithm above, we see compact finite difference method one is to
use an implicit condition to detect the free boundary value and this method is very
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fast, also get high accuracy when Az > 0.1 by our numerical experiments. For the
free boundary values we get by this method are not accurate enough, so that the
accuracy of option prices is low, especially the values near to the free boundary
values, furthermore, compact finite difference method one does not converge.

3.2. Compact Finite Difference Method Two

From Sect. 3.1, we see if we want to improve the accuracy of option prices, we
need to know the free boundary values more accurately. To meet this end, we use
a method called explicit front tracking method in [13]. This method decides free
boundary value by solving the follow nonlinear equation at every time step:

®(p,7) = unm + 5(ph)’g(D~ 4+ (N™ + p)h,7) = 0, (3.7)

where D~ and DT are the lower bound and upper bound of the truncation interval
respectively, free boundary value X*(7™*!) = D~ + (N™ + p)h and N™H1 =
floor(D* — X*(7™*1)). This nonlinear equation has second order accuracy. The
algorithm for compact finite difference method two can be obtained easily by
modifying a little on that for compact finite difference method one in Sect. 3.1.

3.3. Compact Finite Difference Method Three

The free boundary values obtained from method two are still not accurate enough.
So we need to find a way to get optimal exercise values more accurately.

Barone-Adesi and Lugano (1991) proposed a method to get the accurate free
boundary by solving the system of the following equations:

A= pt+E— S, (3.8)
7= —N(d)5"/A, :
1o*y(y—=1)—r—(r—D)y—F =0, (3.10)

with d = (In(S/E)+(r—D+30%)7)/(oy/7), F = g’t’/A, and p(S, t) is the European
put option price with the same parameters with American put. After obtaining
the values of A, S*, and « from the above, then compute option price by

P(S,t) = A(t)(S/S*)", for § > S*. (3.11)

Using Equs. (3.8)—(3.10) can yield accurate free boundary values, but the
option price obtained by formula Equ. (3.11) is not very accurate. We combine
Equs. (3.8)-(3.10) and compact finite difference method together, to get a new
accurate method for American option pricing. The algorithm for compact method
three is almost same as that of compact method two, except that we compute the
free boundary values by Equs. (3.8)—(3.10), instead of Equ. (3.7) in the algorithm.

Note that the nonlinear Equ. (3.7) depends on values of option price at
the last time step, while Equs. (3.8)—(3.10) are independent of this, which means
that we can use parallel computing in compact finite difference method three to
save time.
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4. Numerical Stability

As we have shown in Sect. 2.3, employing compact finite difference schemes on
heat equation yields:

V(1) =AMV (1) + A H(1) + G(1), (4.1)

for the stability issue, we can only need to analyze the followinglinear homogeneous
matrix equation of Equ. (4.1) without loss of generality:

Vi(r) =AMV (7), (4.2)
and the exact solutions for Equ. (4.2) are:
V(r) = Ce?r M7, (4.3)

where C' is a constant. The stability of the numerical scheme depends on the
properties of matrix A=! M. If all the real parts of eigenvalues of matrix A~ M are
negative, then we know compact finite difference schemes for heat equations and
American option pricing problems are unconditionally stable. In fact it is shown
from our numerical experiments that eigenvalues of matrix A~ M are all negative,
in Fig. 1 we plot the eigenvalues for matrix A~'M with N = 20,50, 100,200
respectively.
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5. Computational Results

In this section, we give numerical results by compact finite difference methods.
Because we observe that the ode we obtain after we use compact finite difference
method for American option pricing problem is stiff when 7 is small, we implement
our algorithms using the Matlab’s powerful odel5s solver.

To compare with our results, we choose the option values obtained by trino-
mial method with n = 20,000 as the benchmark since we know that this method
is convergent. We know that Crank Nicholson projected SOR method has the sec-
ond order accuracy and is convergent. We determine the accuracy of our compact
finite difference method by comparing Crank Nicholson projected SOR method
and compact finite difference methods.

To measure the errors of our compact finite difference methods, we use root
mean squared (RMS) relative error. The RMS error is defined by

1K, P - Py,
RMS = m;( B, )2,

and Py, is the approximation option prices we obtain by compact finite difference
methods and Py is the option price which we think is “true” (we use the values
obtained by a 20,000 time step trinomial method).

We set the following values for the parameters of American options:

E r o D k1 ko D— Dt
100 .04 .3 .02 .8888889 .4444444 -2 + 2

We list the option prices by our compact finite difference methods in the
following tables:

TABLE 1. When Az = 0.2

Az =0.2 AT = 0.0001
Stock Price Crank Compact Compact Compact True
T S Nicholson method 1 method 2 method 3 values
-0.2 83.9457 19.0604 19.13811 19.26822 19.51910 19.496910
0 102.5315 9.12163 9.35873 9.474996 9.60421 9.843537
0.2 125.2323 3.39863 3.47309 3.46295 3.50414 3.833369
RMS — .081 .065 .042 .013 —

TABLE 2. When Az = 0.1

Az =0.1 AT =0.0001

Stock Price Crank Compact Compact Compact True

T S Nicholson method 1 method 2 method 3 values
-0.3 75.9572 25.2462 25.13063 25.24257 25.26206  25.329862
-0.2 83.9457 19.3749 19.30428 19.39379 19.42878  19.496910
-0.1 92.7743 14.1062 14.07499 14.14775 14.19061 14.262648
0 102.5315 9.67344 9.67773 9.72538 9.76840 9.843537
0.1 113.3148 6.21132 6.23089 6.25590 6.29326 6.365579
0.2 125.2323 3.7184 3.73115 3.74193 3.77034 3.833369
0.3 138.4031 2.07034 2.06590 2.06956 2.08854 2.137839

RMS — .030 .063 .029 .021 —
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TABLE 3. When Az = 0.05

Az = 0.05 AT =0.0001
Stock Price Crank Compact Compact Compact True
T S Nicholson  method 1 method 2 method 3 values
-0.3 75.9572 25.3092 25.1291 25.30609 25.31373  25.329862
-0.2 83.9457 19.4659 19.3296 19.46919 19.47754  19.496910
-0.1 92.7743 14.2229 14.1408 14.23126 14.24079 14.262648
0 102.5315 9.80054 9.75972 9.81129 9.82128 9.843537
0.1 113.3148 6.32658 6.30826 6.33576 6.34505 6.365579
0.2 125.2323 3.80388 3.79488 3.80841 3.81609 3.833369
0.3 138.4031 2.12009 2.11319 2.11915 2.12480 2.137839
RMS — .0074 .062 .0079 .0053 —
TABLE 4. When Az = 0.02
Az =0.02 AT =0.0001
Stock Price Crank Compact Compact Compact True
T S Nicholson  method 1 method 2 method 3 values
-0.3 75.9572 25.3265 25.10042 25.3257 25.32739  25.329862
-0.2 83.9457 19.4918 19.34597 19.49193 19.49383  19.496910
-0.1 92.7743 14.2561 14.16375 14.25707 14.25914 14.262648
0 102.5315 9.8365 9.78167 9.83789 9.84000 9.843537
0.1 113.3148 6.35927 6.32881 6.36044 6.36241 6.365579
0.2 125.2323 3.82849 3.81244 3.82898 3.83064 3.833369
0.3 138.4031 2.13484 2.12653 2.13451 2.13578 2.137839
RMS — .0012 .070 .0014 8.3e-004 —
TABLE 5. When Az = 0.01
Az =0.01 AT =0.0001
Stock Price Crank Compact Compact Compact True
T S Nicholson  method 1 method 2 method 3 values
-0.3 75.9572 25.329 25.1119 25.32869 25.32673  25.329862
-0.2 83.9457 19.4956 19.348 19.49545 19.49362  19.496910
-0.1 92.7743 14.2609 14.1665 14.26101 14.25934 14.262648
0 102.5315 9.84172 9.78475 9.84192 9.84046 9.843537
0.1 113.3148 6.36402 6.33174 6.36420 6.36296 6.365579
0.2 125.2323 3.83209 3.81494 3.83215 3.83116 3.833369
0.3 138.4031 2.13702 2.12844 2.13692 2.13619 2.137839
RMS — .00031 .066 .00039 .001 —

From the above results, we see that the compact finite difference method
one also gets high accuracy when Az is not too small (Az > 0.1). While Az is
too small, like Az = 0.01, the result does not obtain high accuracy since this
method does not converge, which can be explained by the poor free boundary
values obtained from implicit method. The compact difference method two can
obtain second order accuracy, so it is comparable with Crank Nicholson projected
SOR method. The compact difference method three is more accurate than Crank
Nicholson projected SOR and compact method two when Az > 0.02. For the free
boundary values we use for the method three only obtain O(1/5000), so when
Az = 0.01, the results of compact method three are not more accurate than them.

We can see that our compact finite difference methods converge rapidly, but
the error order of compact finite difference method does not obtain O(h*). The
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reason is that the free boundary values obtained by our three compact finite dif-
ference methods are not accurate enough. To this point, we can compare the free
boundary values by compact finite difference method one, compact finite difference
method two, the integral method of Kim [11], and the analytic approximations of
Barone-Adesi and Elliott [2] (used in compact finite difference method three). And
the “true” values for free boundary are based on analytical approximations method
when time steps n = 5,000, other methods are based on n = 50 in Fig. 2.

Compare free boundary values

1007 ‘ ‘ —— CFMI
\ - - —CFM2
95 | — —Integral
Analytic

Free boundary values

FI1GURE 2. Free boundary values for American Put Option

From Fig. 2, we can see that the accuracy of compact finite difference method
one for free boundary value is poor; the compact finite difference method two can
obtain second order for free boundary values and this method converges from our
experiments; and the compact finite difference method three can obtain higher
order accuracy than compact method two since this method use analytic approx-
imations of Barone-Adesi and Elliott [2] to find the location of free boundary
conditions with smaller space step Azx.

6. Conclusions

By showing how to adjust compact finite difference methods for heat equation and
American option pricing problems, we have shown that compact finite difference
method is very flexible and can obtain high accuracy under some conditions.
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It seems that the accuracy and speed of our compact finite difference methods
for American option pricing problem depend heavily on the method we use to
obtain the free boundary values. The compact finite difference method one can
rapidly get high accuracy even when Az is not too small (Az > 0.1). While
Az is too small, like Az = 0.01, the result fails to obtain high accuracy. The
compact finite difference method two can obtain second order accuracy, so it is
comparable with Crank Nicholson projected SOR method. The compact finite
difference method three is more accurate than Crank Nicholson projected SOR
method, but this method pays more times on it.
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Appendix: Maple Codes to Generate Fourth-Order Compact Finite
Difference Formulae for Second Derivatives Symbolically

restart;
f1 := (m[-1]*diff (u(x-h),x,x)+ m[0]*diff (u(x),x,x)
+ m[1]*diff (u(x+h),x,x)) - (al-1]*u(x - h)
+ al[0]*u(x) + al[1]l*u(x+h))/h"2:
f1 := convert(series(f1, h, 7),polynom):
for i from 1 to 7 do
if i = 1 then
eqn[i] := simplify(coeff(f1,h,i-3)/u(x));
else eqn[i] := simplify(coeff(£f1,h,i-3)/(DEG(i-1)) (u)(x));
end if:
end do:
sols := solve( {eqn[1],eqn[2],eqn[3],eqn[4],eqn[5],eqnl[6]1},
{m[-1] ,m[0] ,m[1],a[-1],a[0],al1]l} );

formulal := (m[-1]*diff(u(x-h),x,x)+ m[0]*diff (u(x),x,x)
+ m[1]*diff (u(x+h),x,x))
- (a[-1]*u(x - h) + a[0]l*u(x) + al[1l*u(x+h))/h"2:
formulal := subs(sols,formulal);
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Symbolic Analyzer for Large Lumped
and Distributed Networks

Majid A. Al-Taee, Fawzi M. Al-Naima and Bessam Z. Al-Jewad

Abstract. A symbolic linear analyzer that integrates the analysis of both
lumped and distributed networks is presented in this paper. This is achieved
by implementing a consistent set of notations and a unified mathematical
framework. The merits of sparse symbolic matrices are utilized to develop a
complete symbolic sparse toolbox that includes all basic elements of electri-
cal circuits. A new storage scheme called Row-Indexed Semi-Symetric (RISS)
sparse is proposed and implemented for symbolic network matrices. Several
existing and newly developed matrix solvers are implemented and their perfor-
mances are compared. These solvers are used in the proposed symbolic solver
to provide a multi-path analysis root that can be optimized for a particular
problem. The overall performance of the proposed symbolic analyzer is as-
sessed practically using several application examples. The obtained results are
found in agreement with the results obtained from previously reported analy-
ses and thus confirm validity of the adopted formula approximation method.
A polynomial fitting shows that the time complexity of a variable size RC net-
work is super-quadratic with the number of network sections. A substantial
reduction in the analysis time of a large ladder RC network is demonstrated
with the implementation of macromodeling techniques.

Keywords. Symbolic analysis, symbolic matrix storage, lumped and distribu-
ted network analysis, optimal computer solution.

1. Introduction

Computer-aided simulation of circuits is a mature field, as evidenced by the wide
usage of circuit simulation programs. The great majority of the currently available
programs belong to the numeric category in the sense that their outputs are num-
bers. Symbolic network analysis, on the other hand, is aimed at producing outputs

This work was completed with the support of Computer Engineering Department at Al-Nahrain
University, Iraq.
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as expressions that contain variables and numbers. Thus symbolic analysis can be
viewed as an essential complement to numerical simulation in the design and eval-
uation of analog circuits. It provides insight into circuit behavior that numerical
analysis does not. Numerous symbolic-analysis tools have been developed for ana-
log circuits [1-6]. The increasing computation power and use of more efficient
algorithms enable symbolic analysis tools to handle larger circuits than before.
The circuit size that can be handled by these tools however is still much smaller
than those handled by numerical simulators. The primary difficulty is the expo-
nential growth of product terms in a symbolic network function with respect to
the circuit size. This long-standing difficulty is only partially overcome by various
symbolic approximation and hierarchical decomposition approaches [7, 8].

Symbolic approximation can be performed before, during or after the gener-
ation of symbolic terms [8-10]. The approximated expressions however only have
sufficient accuracy over some frequency ranges. Moreover, approximation often
loses some information that is crucial for circuit optimization. Hierarchical decom-
position approaches are based on the sequence-of-expressions concept to obtain the
network transfer function [10, 11]. The decomposition process initially eliminates
variables one at a time in each sub-circuit. The obtained results from sub-circuits
analyses are then combined to form the upper-level circuit equations. In this ap-
proach, the transfer function is trivially computed from the resulting equations
and the intermediate results are not compact enough. The number of expressions
therefore grows rapidly with respect to the circuit size. Consequently, the CPU
operation count and memory storage requirement are also increased. A graph-
based hierarchical method for the generation of exact symbolic network functions
is reported in [4, 5, 10]. This method employs determinant decision diagram that
is a signed rooted directed acyclic graph with two terminal vertices, namely the
0-terminal vertex and the 1-terminal vertex. The main advantage of this method
lies in the sharing of the sub-expressions and the zero suppression in the vertices.
The number of CPU operations however also increases rapidly as the number of
nonzero symbolic coefficients increases.

Algorithmic solutions for symbolic analysis evolved from two basic needs:
analysis of very large interconnected systems with many symbolic variables and
simplification of the generated symbolic expressions to facilitate human interpreta-
tion. These two distinct and typically non-compatible needs resulted in two differ-
ent paths for algorithm development. However, the recently developed techniques
such as the symbolic formula approximation, circuit shifting, and the hierarchi-
cal decomposition have offered the possibility of unifying the paths of algorithm
development.

In this paper, a symbolic analyzer that combines the analysis of lumped and
distributed networks in one program is described. The development process of this
analyzer is based on a unified treatment of symbolic methods using a consistent
set of notations. The merits of sparse symbolic matrices are utilized to develop
a complete symbolic sparse toolbox that includes all basic elements of electrical
circuits, namely: the independent sources, passive elements, controlled current and
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voltage sources, nullators, norators and fixators. Several other existing solvers that
are dedicated to special types of problems are also implemented and evaluated.
These solvers are used to provide a multi-path analysis root that can be optimized
for a particular problem. The performance of the proposed symbolic analyzer are
assessed using two simulation examples, the 741 op-amp and ladder RC networks
of up to 1000 identical sections.

The rest of the paper is organized as follows: Section 2 describes the main
procedures involved in the design of the symbolic analyzer. Section 3 describes a
new efficient storage scheme called Row-Indexed Semi-Symmetric Sparse (RISS)
for symbolic network matrices. Performance comparisons of some existing matrix
solvers that are used in the developed solver are also presented in this section. Sec-
tion 4 summarizes the role of approximation and shifting algorithms and presents
a practical procedure for implementing these algorithms in the proposed symbolic
analyzer. Section 5 presents simulation results and performance evaluation for the
developed symbolic solver. Section 6 concludes the paper.

2. Structure of the Symbolic Analyzer

A complete symbolic sparse toolbox that offers library creation property is devel-
oped in the MAPLE environment [12]. The script codes of the developed programs
are compiled as standalone functions compatible with MATLAB. The structure of
this analyzer is composed of four main procedures; an input, data assembly and
modification, symbolic linear solver, and an output procedure. The main functions
performed by these procedures are shown in Fig. 1 and are described briefly as
follows.

2.1. Input

This procedure accepts a script file containing a description of the circuit topol-
ogy in a SPICE-like language. This file contains the netlist, description of the
circuit under analysis, and other information related to th analysis process such
as the models of semiconductor devices. Typical circuit elements include resistors,
capacitors, inductors, independent sources, semiconductor devices, and functional
blocks, such as op-amps. Example of an active-compensated amplifier circuit is
shown in Fig. 2 and the corresponding input file is shown in Fig. 3. The contents
of this file can be described as follows; the upper part describes the circuit topol-
ogy and includes some numbers that guide the simplification process. The middle
part specifies a four-level model for PMOS and NMOS transistors. Finally, the
lower part specifies the required analysis and control parameters. The first line of
the latter part orders the computation of transfer function for voltages at nodes
1 and 2. The second line orders the computation of a simplified formula and its
associated control parameters. Next line requests pole-zero extraction. The last
line of this part orders the realization of parametric analysis based on varying the
capacitor Cp..
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FiGure 1. Simplified flowchart of the proposed symbolic analyzer

2.2. Data Assembly and Modification

This procedure links the input data file with the different computational proce-
dures after formulating the system matrix. It prepares and checks all data associ-
ated with the various model and functional block representations and modifies the
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FIGURE 2. Circuit of an active-compensated amplifier

system data by adding device equivalent circuits. In addition, this procedure also
performs the necessary data modifications for noise analysis. The analyzer also
includes strategies to simplify handling of matched devices by including dedicated
procedures. These procedures handle mismatches (due to variations in fabrica-
tion processes) that play a dominant role in some second-order small-signal circuit
characteristics. The total mismatching effect is quantified in the output function in
terms of delta variables. Each of these variables can be assigned some probability
function and handled as a random variable to perform a local-area tolerance anal-
ysis. When all the devices are assigned mismatching values from nominal design
values, a general tolerance analysis can be performed.

2.3. Symbolic Linear Solver

The symbolic linear solver includes several solution procedures for a set of sym-
bolic linear equations describing the network as well as the the procedures of sparse
storage and retrieval. The performance and output types of this part determine
the overall performance of the symbolic analyzer. The network solution is usually
obtained in a specific format that should facilitate the interpretation and manipu-
lation of the output terms. Simultaneously, the output format should also minimize
the storage requirements and the computational complexity. When analyzing large
circuits however, the storage requirements become the dominant concern. In this
case, the use of Sequence of Expressions (SOE) format of the output becomes an
unavoidable choice despite its interpretation and approximation difficulty [5]. This
method is computationally efficient and capable of making the time performance
of the symbolic analyzer comparable to that of the numerical analyzer. This is
justified by practical measurements presented in Sect. 5.
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FIGURE 3. Sample input file

2.4. Output

This procedure uses the network solution to obtain the required outputs that
express system functions as quotients of polynomials. The developed symbolic
analyzer contains a format changing procedure to present the output according
to the user specification. It also contains a numerical substitution procedure to
substitute for some or all the variables. Other optional outputs include symbolic
poles and zeros, sensitivity analysis, and term approximation. A sample output
file is shown in Fig. 4. The information provided in this file includes the title
of analysis, file name, some remarks and a list for the required analyses. Next,
the obtained results are presented in the required format for each analysis, as
illustrated.
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+ 125 CL Cob2 Cgda + C5 CL Codda Cdba + C5 C4 Cogdl Coba

+ ...

C1=Cgs1+Cgh
C2=Cdh1+C11+ Cogbha+ Coza
Cd=Cogh2+Cgs2
Ch=Cgd2+Cpz

==5IMP

==PL

P1:

MU -(gd=1 gds2 odsa)

DEM:(gm2 gma (CL + Cod2 + Cpz)
P2

FIGURE 4. Sample output file

3. Symbolic Matrix Operations

Three matrix operations related to circuit analysis can be identified: matrix so-
lution of a linear system, inversion, and determinants. All these matrix opera-
tions can be used in the symbolic context of circuit analysis, and the choice be-
tween them is merely based on the processing time and storage requirements [13,
14]. As mentioned earlier in the introduction, some existing algorithms are imple-
mented to provide a multi-path analysis root that can be optimized by the user
for a particular problem. These algorithms involve several network solution meth-
ods, namely: the determinant-based methods, transform-based methods, Strassen’s
method, Shipley’s method, Gaussian elimination, LU factorization, and the Kron’s
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matrix-reduction method. Theoretical details of these algorithms are widely re-
ported in literature [14-18] and thus such details are considered beyond the scope
of this paper. Figure 5 shows a performance comparison between the adopted
methods of matrix inversion. A similar comparison is shown in Fig. 6 for the dif-
ferent network solutions methods used in the developed symbolic analyzer. The
obtained results show that the Gaussian elimination, LU factorization, and the
Kron’s matrix-reduction method have similar amounts of saving in the number
of operations. Practically, however, the Kron’s method works faster for large sys-
tems due to the minimization of access times to the mass memory. This method
is also useful in finding the transfer characteristics of large networks and thus it
is adopted during the formulation of the system matrix for computer implementa-
tion. The rest of this section discusses the implementation of a recently reported
determinant-based method that employs determinant decision diagrams. A new
storage scheme called Row-Indexed Semi-Symmetric Sparse (RISS) for symbolic
network matrices is also presented in this section.

i}
®10

“o3Ep
=
E
T 3.0F
(ol
]
S 25
1k}
)
Ezo
=
=

1.5}

1.0F # Transform-based method

+ Shipley's method
0sf o LU factorization, Gaussian
elimination, and Kran's reduction
o : .

i} 100 200 300 400 a00 600
Matrix size

FI1GURE 5. Comparison between different of matrix-inversion methods

3.1. Determinant Decision Diagrams

Symbolic network analysis results in sparse band matrices that can be efficiently
solved by the Determinant Decision Diagram (DDD) method. This method is a
signed rooted directed acyclic graph with two terminal vertices, namely the 0-
terminal vertex and the 1-terminal vertex. Each non-terminal vertex a; is asso-
ciated with a sign, s(a;), determined by the sign rule defined in reference [19].
It has two outgoing edges, called 1-edge and 0-edge, pointing respectively to D,,
and D,,. A determinant decision graph having root vertex s(a;) denotes a matrix
determinant D defined recursively as follows:
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FIGURE 6. Comparison between different network-solution methods

e If a; is the 1-terminal vertex, then D = 1;
e If a; is the 0-terminal vertex, then D = 0;
e If a; is a non-terminal vertex, then D = a;s(a;)D,, + Da,,

where s(a;)D,, is the cofactor of D with respect to a;, D,, is the minor of D with
respect to a;, and D,, is the remainder of D with respect to a;. For example,
consider the determinant of Equ. 3.1 [5]:

a b 0 0

det=1|¢ doe 0 _ adgj — adhi — aefj — begj + behi. (3.1)
0 f g h
0 0 @ j

The DDD for this matrix (under the vertex ordering a > ¢ >b>d > f >e >
g > > h > j) is shown in Fig. 7(a). This method is a direct implementation of
the Laplace expansion and it has the same time complexity. The main advantage
of this method lies in the sharing of the sub-expressions and the zero suppression
in the vertices. However for a heavily connected network such as that represented
by the determinant of Equ. 3.2 (under the vertex ordering a >d > g >e > b >
h>c¢> f > 1), the efficiency of this method is reduced as illustrated in Fig. 7(b):

a b c
det=|d e f |=aei—afh+bfg—bdi+ cdh— ceg. (3.2)
g h i

The algorithm needed to automate this process can be combined with sparse ma-
trix algorithms to find the determinant. The number of operations required for this
method increases rapidly as the number of nonzero symbolic coefficients increases.



384 M.A. Al-Taee, F.M. Al-Naima and B.Z. Al-Jewad

alei-hf)+glbfoe)-dlbi-ckl)(a)
*, gbf-ce)-dibi-ch)

a[d(g-hi)-flej)] e blzi-hi)]

1 0 —»jedge 1
- [ ed
() Bree (b)

FIGURE 7. The determinant decision diagrams

3.2. Indexed Storage of Sparse Matrices

The use of sparse matrix techniques results in substantial reduction in computing
cost even for relatively small problems. However, sparse matrix software devel-
opment is a rather difficult task and is completely application dependent. The
solution of sparse systems of equations involves two kinds of techniques: efficient
storage and retrieval of the nonzero matrix entries, and efficient implementation
of the logic of the linear solution algorithms to exploit storage efficiencies. As an
example, consider the nodal formulation of a typical network with N ungrounded
nodes and b two-terminal passive components. The admittance matrix Y contains
at most N + 2b nonzero entries. In a typical large network, the number of compo-
nents ranges from two to four times the number of nodes [14]. The total number
of nonzeros in the matrix of such networks is only a small fraction of N2 (the total
number of entries in the matrix).

Inspired by the fact that the actual computation time is very long compared
with the matrix storage, reordering and retrieval time, a new storage scheme called
RISS is proposed. This scheme requires storage of at most about two times the
number of nonzero matrix elements. Taking into consideration that the symbolic
entries of the matrix may take a huge memory size compared to the integers
representing their indices, this method takes about the same memory space needed
to store only the nonzero entries for fully symbolic sparse matrices. For example,
to represent a matrix (say matrix A) of dimension N x N, the RISS scheme sets
up two one-dimensional arrays, call them sa and ija stores. The following steps
summarize the storage rules of the RISS scheme:
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The first N locations of sa stores the A’s diagonal matrix elements, in order.
Note that diagonal elements are stored even if they are zeros; this is a slight
storage inefficiency since diagonal elements are nonzero in most network appli-
cations.

This rule can be divided into three sub-rules, as follows:
b.1 Location N + 1 of sa is not used.

b.2 Entries at locations > N + 2 contain A’s non-diagonal values of the upper
triangle ordered by rows, and ordered by columns within each row.

b.3 If a column in the lower triangle contains an element that is not found
in the associated row location of the upper triangle, a zero is inserted in
sa in that place. This is also a slight storage inefficiency since in network
applications the matrices are often structurally symmetric. This property
however is formulation dependent and some reordering of the matrix may

be needed.

After scanning all the rows of the upper triangle, the columns of the lower trian-
gle are scanned. Any element that has the same value at the same corresponding
position in the upper triangle is not stored. Should an element be found to have
some discrepancy from its associated upper triangle image then the latter is
subtracted from the element and the discrepancy is stored in sa. The elements
are scanned by columns, and by rows, within each column.

This rule can be divided into two sub-rules, as follows:

d.1 Each of the first N — 1 locations of ija stores the index of the array sa
that contains the first non-diagonal element of the corresponding row of the
upper triangle of the matrix.

d.2 If there are no non-diagonal elements for that row, it is one greater than
the index in sa of the most recently stored element of a previous row.

Location 1 of ija is always equal to N + 2. (It can be read to determine n.)
While location n stores the (length of sa)+1.

Location N +1 of ija is double the index of sa of the last element of the last row
in the upper triangle minus (N +1). It can be read to determine the number of
the elements that are considered nonzero in the matrix.

This rule can be divided into two sub-rules, as follows:

g.1 Entries in ija at locations > N + 2 contain the column numbers of the
corresponding elements in sa for all elements of the upper triangle.

g.2 If elements of sa are zero, then entries in ija at locations > N + 2 contain
the row numbers of the corresponding elements in sa for all elements of the
lower triangle.

The remaining entries of ija contain the indices of the array sa that contain
the elements to which the discrepancies should be added to construct the lower
triangle elements.
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Implementation of the above rules can be explained with reference to the following
symbolic matrix example:

a 010 0 02
0 400 0 00
09 759 0 10
0 091 0 01
0 000 5 ¢ 0
0 0 10 ctb 6 0

2 000 0 0 7|

In the RISS compact storage, this matrix is represented by the two arrays of
length 19 shown in Fig. 8. Notice that, according to the storage rules, the value
of N (namely 7) is ija[l]-2, and the length of each array is ija[ija[l] - 2] - 1,
namely 19. To clarify the example the following variables with their associated
values will be assumed: F' = ija[l] - 2 = 7, L = ija[ija[l] - 2] - 1 = 19, and M
= (igaliga[l] - 1] + ¢ja[l] - 1)/2 = 15. The diagonal element in row 4 is sa[i] and
the upper-triangle elements in that row are in salk] where k ranges from ijal[i]
to ijali+1]-1 except for the last row where it loops until M as long as the upper
limit of the loop is greater than or equal to the lower limit. The required column
values are stored in ija[k]. The lower triangle elements of column i are stored in
salk] (where the limits of the k loop are the same as those given above) added to
it the values of sa[j], where j loops from M + 1 to L if there is a value ija[j] that
matches k. Such an arrangement is well suited for Crouts algorithm [13, 14]. When
the factorization (or in the same sense the elimination) is based on a row-by-row
analysis, a complete row has to be generated.

*xis an arbitrary vabhe

FiGURrE 8. Example of the RISS compact storage scheme

An algorithm that converts a matrix from full storage mode into RISS storage
mode is developed and implemented in the proposed symbolic analyzer. The prin-
ciple application of sparse storage mode is for matrices whose full storage mode
will not fit into the machine at all; then one has to transform them directly into
sparse format. This algorithm is therefore serves as an algorithmic definition of the
storage scheme. It is also useful for subscale testing of large problems and for the
case where execution time, rather than storage, furnishes the impetus to sparse
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storage. Retrieval of the full matrix from RISS mode can simply be performed by
reversing the algorithm.

4. Approximation and sifting Algorithms

Approximating an expression means pruning insignificant terms based on their
magnitudes. Mathematically, it is trading off accuracy (error) against simplicity
(complexity). The approximation process can be performed before or after solving
the system matrix. However, the approximation after solving the system matrix
can be very expensive for large circuits [2]. In order to limit the effects of expo-
nential time and storage complexity, the approximation process should therefore
be performed before solving the system matrix. In the developed symbolic solver,
the formula approximation is achieved by implementing a number of analog sifting
algorithms, namely [2, 7, 14]: the device-parameter elimination, successive reduc-
tion, and the cancellation algorithm. These algorithms are briefly described as
follows.

4.1. Device-Parameter Elimination

This process aims at eliminating device parameters in the system matrix when
the elimination does not cause significant numerical error. The value of the sys-
tem matrix determinant is used as an error evaluation criterion. For example, a
determinant with N x N dimension can be expanded with respect to row a and
column j as follows:

N
M| =" ma (1) M1, (4.1)
j=1
where m, ; is the element in the a'" row and j* column of M. |M, ;| is the
determinant of the sub-matrix of M formed by deleting the a*® row and j** column.
Taking the derivative of the determinant with respect to a certain matrix element

(say, the element in the the a'® row and b*® column) yields
d| M| a
P (—1)"*0| My p|. (4.2)

The change in the value of the determinant caused by adding a perturbation in
the o' row and b*" column is thus given by

d|M|
dmayb’

where Amy,, p, is the perturbation at row a and column b. Substituting Equ. 4.2 in
Equ. 4.3 yields

e=|M|—|M|=A(M|) =~ Amqa, (4.3)

£~ Amg p(—1)"T0| M, ). (4.4)
The perturbed matrix is defined as

Amgyp ifi=aand j=0b,

0 otherwise. (4.5)

M =M + AM, (AM); ; = {
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Thus, four, two (in the same row and column), or one of the device parameters
can be removed from a cofactor if the removal causes an error in the value of the
cofactor A(|M]) less than the desired error margin. The locations (row and column
indices) of the m (one, two or four) perturbations in the matrix are represented
by a, bx. According to the symmetrical appearances of each device, Equ. 4.3 can
be easily extended, for the case of m perturbations, as follows [2]:

m
A(lMD = ZAmakybk(il)ak—‘rbk|Mak7bk|a (46)
k=1
where my, 1, is the matrix element at the ai ™ row and by, th column. Amyg, p, is the
value of the perturbation at location (a, bx) in the matrix. My, p, is the sub-matrix
of M formed by deleting the a;'" row and bi™ column. The key point here is that
the right hand side of Equ. 4.5 is evaluated after substituting the nominal values
of the device parameters, and thus the error needs numerical determinants. The
procedure of device parameter elimination proceeds as follows; the whole device
(all four device parameters) is initially removed from a cofactor. If the error in the
cofactor value is greater than a specified error margin, the device is put back in the
cofactor. This process is then repeated with the device parameters that lie either
in the same row or the same column. If the cofactor error is still unacceptable,
only a single parameter is removed. Finally, the approximated symbolic formula is
evaluated.

The practical implementation of device parameter elimination process shows
that the elimination algorithm has a quadratic time-complexity, i.e. the time re-
quired is proportional to b?, where b is the number of device parameters. In a large
network, b may range from 2N to 4N (N is the number of nodes) and the required
time is therefore proportional to N2 [14].

4.2. Successive Reduction

This algorithm overcomes the need for simplifying intermediate terms and per-
forms as follows. For example, consider the following matrix equation:

ail ai2 a3 - Qln Z1 by
az1 Q22 G23 - Q2n €2 bo
az1 agz azz - azn | o | T3 | = | b3 | (4.7)
an1 an2 an3 e Ann Tn bn

As mentioned earlier in Sect. 3, the Kron’s reduction method is implemented
successively until x; remains as the only variable. Then, after computing 1, it
is treated as a constant and subtracts the first column multiplied by z; from the
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right-hand side after, of course, eliminating the first row and column. Thus, the
matrix equation becomes

a22 G23 - Q2n -| |' €2 -| |' by — az171 -|
az2 a3 - A3n x3 b3 —az1z1

X . = . . (4.8)
an2 an3 e Ann Tn bn — An1T1

In this substitution, the value of x; will not be used but only its symbolic name.
The matrix size is now reduced and we can proceed to compute x5, which will be,
in this case, a function of x;. Then, treating x5 as a constant also, the resulting
matrix equation becomes

asz - G3n x3 bs — az1x1 — az2xa
X | = : . (4.9)
an3 e Ann Tn bn — Qp1T1 — Ap2T2

In this substitution the values of z; and x5 will not be used but only their sym-
bolic names. Then, x3 that is a function of z; and x5 can be computed. This
process can be continued until all the variables are found and the final expression
of each variable will be in the SOE format. This method is also capable of com-
puting for selected variables rather than computing the entire system variables.
This is achieved by placing the desired variables at the beginning of the matrix
and stopping the computation process when the last variable is obtained. Explicit
solutions are also possible by implementing a substitution and evaluation process.
Finally, the transfer function between two system variables can efficiently be ob-
tained found by placing these variables at the first two rows and stopping the
process after finding the second variable. This algorithm has an exponential time
complexity that reduces to quadratic complexity for transfer functions. The key
point here is that if z; is approximated by device parameter elimination. The error
will then propagate to all other variables as can be seen in Equ. 4.8. However, if
To is approximated, it will only affect the subsequent variables, x3, x4, ..., etc.
In addition, this error will be scaled by the elements: a2, a4z, ..., ap2. Thus the
effect of each approximation on any system variable can be limited exactly.

4.3. Cancellation Algorithm

Bias circuitry often utilizes a significant portion of the number of devices in an
analog integrated circuit. Usually they do not appear in most transfer functions
explicitly. Bias device parameters typically factor out of both the numerator and
denominator of the transfer functions. The common factors between numerator
and denominator are cancelled to obtain a compact and interpretable symbolic
transfer function. Less important parameters (such as bias circuitry) are therefore
cancelled in this process. The cancellation algorithm operates as follows; for every
factor in the expanded numerator, the algorithm checks for a similar factor in
the denominator. This is performed by searching for single appearances of terms
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(singularities) in the factor, and then expanding those singularities in the denom-
inator. If a match is found then a cancellation takes place. This process continues
for all numerator factors.

5. Results and Discussion

The proposed symbolic analyzer has been implemented and its capabilities in ap-
proximating large formulae are evaluated. The adopted evaluation approach con-
siders the analysis of large networks and performs practical time-complexity anal-
yses. This is achieved by increasing the size of the analyzed circuit and recording
the time and memory requirements for each circuit size. A polynomial is then fit-
ted between the network size and the required time (or memory). In this sense, the
following implementations of the 741 operational amplifier and the RC ladder net-
works are used to evaluate performance of the proposed analyzer. The computer
system that is used in the analyses of both examples is based on Intel Pentium
IIT processor with 733 MHz clock frequency, 256 MB physical memory, 512 MB
virtual memory, and Widows XP operating system.

5.1. Operational Amplifier

Figure 9 shows a typical circuit for the 741 op-amp. This circuit is used here as
an example to test the analyzers capability in approximating large formulae, us-
ing the proposed shifting approach. It is also used to test the mismatch analysis
routines. The assumed mismatching conditions are: (G1, G2), (Q1, Q2), (Q1, Q3),
(Q3, Q4), (Q5, Q6), (Q14, Q20), and (G6, G7). The transistor model used in this
analysis is the level-one SPICE model with all capacitors being removed. It should
be mentioned here that this analysis aims to find a linearized dc gain rather than
performing dc analysis of the circuit. The initial number of symbols in the derived
dc gain exceeds 400 symbols so that the approximation and shifting techniques
are applied with an overall error of less than 10%. The obtained result is found in
agreement with that reported in reference [2]. The estimated analysis time is 47
seconds which is consumed mainly in reading and generating the files. The numer-
ical error of the obtained formula is less than 8% (yielding a dc gain of 2.6 x10°)
which is improved when compared to a manual computation error of 24% reported
in reference [20]. The output formula (during and after the analysis) is kept in SOE
format. Such an arrangement minimizes the computation time without significant
loss in simplification. The obtained results from this test confirm validity of us-
ing the dc voltage gain for formula approximation. This approximation method is
frequency independent and therefore the deviation from the nominal point under
real operating conditions is minimized.

Further analyses are carried out to evaluate the performance of the mismatch
analysis routine. This is achieved by computing the input impedance under the
same matched and unmatched conditions. The obtained results in both condi-
tions demonstrate only small deviations from the nominal points. The obtained
deviations for the values of 2.0126 x105Q and 2.0376 x10°Q are 0.63% (matched
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FIGURE 9. Typical circuit of the 741 op-amp

condition) and 1.88% (unmatched condition), respectively. The estimated analysis
time in this test is 49 seconds for the matched case and 67 seconds for the un-
matched case. When compared with the non-simplified formulae that contain 400
symbolic terms each, the numerical error of the obtained formula is found to be
less than 2% in both the matched and unmatched cases.

5.2. RC Ladder Network

This example is used to determine the two-port transmission parameters of an
RC passive ladder network that contains 100 sections as shown in Fig. 10. The
capability of the proposed analyzer in analyzing large networks can be evaluated in
this example. As the difference between using identical and non-identical sections
of the ladder circuit is merely notational, the RC sections of this example are chosen
to be identical for simplicity. The resulting formulae will also be greatly simplified
if only R and C elements are present. Yet, the sizes of matrices will be the same for
identical and non-identical sections. Analyses of ladder networks with sections of
up to 1000 are also carried out with the aim of determining the time-complexity of
the program. A simple polynomial fitting shows that the time complexity is super-
quadratic with the number of sections as shown in Fig. 11. A significant reduction
in the processing time of this example is demonstrated when implementing the
macromodeling techniques. For example, the time required to analyze 1000 ladder
sections, using macromodeling, is found to be approximately 1.8 second compared
to approximately 451 second in the normal analysis, illustrated in Fig. 11.
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FIGURE 11. Analysis time versus number of sections in the ladder network

6. Conclusions

A symbolic linear analyzer that integrates the analysis of both lumped and dis-
tributed networks has been developed and implemented, using a consistent set of
notations. The developed analyzer prototype which is based on efficient symbolic
matrix solvers, allows the user to derive both transfer functions and formulae. The
analyzer performance that is assessed in terms of computation time and storage re-
quirement is further improved by automating the selection of appropriate analysis
method. Application examples of a typical 741 op-amp circuit and ladder RC net-
works are used to assess the overall performance of the developed prototype. The
obtained results which are found in agreement with results of previously reported
analyses confirm the validity of the proposed formula approximation techniques.
When macromodeling techniques are implemented, the analysis time of a network
with 1000 ladder sections is found to be only a small fraction (less than 0.4%) of
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that required in the normal analysis. Finally, compatibility of the proposed ana-
lyzer with the MATLAB makes it possible to use all features and benefits offered
by the MATLAB package as well.
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